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Abstract A theoretical analysis with numerical solutions is performed to explain the
flow characteristics of an unsteady MHD Newtonian fluid along a vertical porous plate
with rotation under the existence of heat and mass transfer. The governing equations of
the flow pattern are converted to non-dimensional form and then solved by using finite
difference scheme. The effects of different physical parameters like thermal radiation,
heat source and sink, thermal diffusion and Dufour number are considered. The impact
of these parameters on the fluid velocity, temperature and species concentration is de-
picted in the form of numerical results and graphical presentations. The current results
are compared with the previously published ones and they confirm the correctness of the
numerical method. The primary velocity of the fluid increases when the value of rotation
parameter increases and the secondary velocity decreases in the same case.
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1 Introduction

Rotating flows through porous media have received extensive importance in the modern research in
computational fluid dynamics. Tremendous treatises on this area with applications in geophysics and
planetary sciences have been in existence in the literature since the early 1950’s. The joint impacts of
heat and mass transfer in rotational hydrodynamics have largely been inspired due to their applications
in chemical engineering and manufacturing processes in the industries.
The theoretical concepts of rotating fluids are given by Greenspan [1]. Hydrodynamic resistance and
the heat loss of rotating solids are established by Dorfman [2]. Kreith [3] invented the convective
mode of heat transfer in rotating fields. The detailed information on higher order heat transfer from
a rotating sphere was given by Takhar and Whitelaw [4]. Hossain and Takhar [5] considered the
rotating bodies and established radiation-conduction interaction in mixed convection. Naroua et al. [6]
explained natural convection flow of rotating fluids with finite element method under the existence of
radiation mode of heat transfer. The nature of the fluid flow along an accelerated horizontal plate in
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a rotating fluid was given by Deka et al. [7]. Debnath [8] established exact solutions of the unsteady
hydrodynamic and hydromagnetic boundary layer equations in a rotating fluid system. Sarojamma
and Krishna [9] considered and analyzed transient hydromagnetic convective flow in rotating channel
with porous boundaries. Smirnov and Shatrov [10] analyzed the development of the boundary layer on
a plate in a rotating system. Page [11] reported the low Rossby number flow of a rotating fluid past a
flat plate. Wang [12] found the process of stretching a surface in a rotating fluid. Takhar and Nath [13]
established unsteady flow over a stretching surface in a rotating fluid under the presence of magnetic
field. Ganapathy [14] reviewed and gave a note on oscillatory Couette flow in a rotating system.
Singh [15] and Singh et al. [16] found an oscillatory hydromagnetic Couette flow in a rotating system
and also evaluated a periodic solution of oscillatory Coutte flow through porous medium in rotating
system. Ghosh [17] established the nature of unsteady hydromagnetic flow in a rotating channel with
oscillating pressure gradient. Seth et al. [18–20] explained hydromagnetic oscillatory Couette flow
in a rotating system by taking various parameters. MHD transient flow past an impulsively started
horizontal porous plate in a rotating system with Hall current was discussed by Ahmed and Sarmah [21].

In order to examine the flow pattern under the influence of Soret and Dufour effects we have gone
through the articles which involves these effects. Tsai and Huang [22] considered heat and mass trans-
fer for Soret and Dufour’s effects on Hiemenz flow through porous medium onto a stretching surface.
Narayana and Murthy [23] established Soret and Dufour effects in a doubly stratified Darcy porous
medium. Narayana and Sibanda [24] analyzed Soret and Dufour effects on free convection along a
vertical wavy surface in a fluid saturated Darcy porous medium. Alam et al. [25] illustrated cross dif-
fusion effects on steady free convection and mass transfer flow through porous medium. Makinde and
Olanrewaju [26] considered these effects under mixed convection through a binary mixture of chem-
ically reacting fluid. Mishra et al. [27] discussed in detail the chemical reaction and Soret effects on
hydromagnetic micropolar fluid along a stretching sheet. Rashidi et al. [28] evaluated and explained
group theory and differential transform analysis of mixed convective heat and mass transfer from a hor-
izontal surface with chemical reaction effects. Kumar and Singh [29] established the impact of induced
magnetic field on unforced convection in vertical concentric annuli under the existence of Newtonian
heating/cooling. Mythili and Sivaraj [30] found the impact levels of higher order chemical reaction
and non-uniform heat source/sink on Casson fluid flow over a vertical cone and flat plate. Sandeep et
al. [31] selected 3D-Casson fluid flow embedded by a surface at absolute zero under modified viscosity
model. Abbasi and Shehzad [32] gave conclusions for heat transfer analysis for three-dimensional flow
of Maxwell fluid with thermal conductivity by applying the Cattaneo-Christov heat flux model. Deka et
al. [33] analyzed transient free convection MHD flow past a vertical plate immersed in porous medium
with exponentially decaying wall temperature and radiation.

In view of the findings from the above studies we consider here the flow of an unsteady MHD heat and
mass transfer Newtonian fluid past a vertical porous plate with rotation and its properties are pointed
out. This study is the extension of the article by Deka et al. [33] with the novelty of including rotation
parameter, heat generation, chemical reaction and cross-diffusion effects.

2 Mathematical formulation

The laminar flow of a rotating fluid past a porous plate in conducting field with variable temperature
and variable concentration taking into account the chemical reaction, radiation, thermal diffusion and
Dufour effects is considered. X−axis is taken along the plate which is in vertical direction. Y−axis is
taken normal to the surface of the plate. The plate as well as the fluid in a state of rigid body rotates with
a uniform angular velocity Ω about Y−axis. Initially at time t∗ ≤ 0, both the fluid and the plate are at
rest with uniform temperature and concentration T∞ and C∞ respectively. At time t∗ > 0, the plate
starts moving in the X direction with uniform velocity U0a

∗t∗. The temperature and concentration

rises to T∞+(T ∗
s −T∞)

(

t∗

t0

)

and C∞+(C∗
s −C∞)

(

t∗

t0

)

respectively. Later it is maintained at uniform

temperature and concentration T∞ and C∞respectively. Under these considerations the equations that
govern the flow are as follows:

∂u∗

∂t∗
+ 2ΩV ∗ = ν

∂2u∗

∂y∗2
+ gβT (T ∗

− T∞) + gβC (C∗
− C∞)−

σB2
0u

∗

ρ
−

ν

k
u
∗ (2.1)
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∂V ∗

∂t∗
− 2Ωu∗ = ν

∂2V ∗

∂y∗2
−

σB2
0V

∗

ρ
−

ν

k
V

∗ (2.2)

ρCp
∂T ∗

∂t∗
= kT

∂2T ∗

∂y∗ 2
+Q

∗ (T ∗
− T∞)−

∂q∗r
∂y∗

+
DmkT ρ

Cs

∂2C∗

∂y∗ 2
(2.3)

∂C∗

∂t∗
= D

∂2C∗

∂y∗ 2
−K

∗
r (C

∗
− C∞) +D1

∂2T ∗

∂y∗ 2
(2.4)

The corresponding initial and boundary conditions are

u
∗ = 0, V

∗ = 0, T ∗ = T∞, C
∗ = C∞ for all y

∗
, t

∗
6 0

t
∗
> 0 : u

∗ = U0a
∗
t
∗
, V

∗ = U0a
∗
t
∗
, T

∗ = T∞ + (T ∗
s − T∞)

(

t∗

t0

)

,

C
∗ = C∞ + (C∗

s − C∞)

(

t∗

t0

)

at y∗ = 0,

u
∗ = 0, T

∗ = T∞, C
∗ = C∞ as y∗

→ ∞







































(2.5)

The term
∂q∗r
∂y∗

in equation (2.3) represents the change in the radiative flux with the distance normal to
the plate. For an optically thin gray gas, the local radiant is given by the relation

∂q∗r
∂y∗

= 4a′
σ
∗
(

T
∗4

∞ − T
∗4
)

where σ∗and a′are the Stefan-Boltzmann constant and mean absorption co-efficient respectively. We

assume that the differences within the flow are sufficiently small so that T ∗4 can be expressed as a

linear function of T ∗ after using Taylor’s series to expand T ∗4about the free stream temperature T ∗4

∞

and neglecting higher order terms. This results in the following approximation: T ∗4 ∼= 4T ∗3

∞ T ∗ − 3T ∗4

∞ .
Then equation (2.2) takes the following form

ρCp
∂T ∗

∂t∗
= k

∂2T ∗

∂y∗2
+ q0 (T

∗
− T

∗
∞)− 16a′

σ
∗
T

∗3

∞ (T ∗
− T

∗
∞) (2.6)

The non-dimensional quantities are as follows:

u =
u∗

U0
, V =

V ∗

U0
, t =

t∗U2
0

ν
, y =

y∗U0

ν
, θ =

T ∗ − T∞

T ∗
s − T∞

, C =
C∗ − C∞

C∗
s − C∞

, a =
a∗ν

U2
0

,
∂q∗r
∂y∗

= 4(T ∗
−T∞)I∗,

Gr =
νgβT (T∗

s −T∞)
U3

0

, (Grashof number)

Gm =
νgβC(C∗

s−C∞)
U3

0

, (Modified Grashof number)

M =
σB2

0
ν

ρU2

0

,(Magnetic parameter)

k2
1 = Ων

U2

0

,(Rotation parameter)

K =
kU2

0

ν2 ,(Permeability of the porous medium)

Pr =
ρνCp

kT
,(Prandtl number)

Q = Q∗ν2

kTU2

0

, (Heat absorption)

F = 4νI∗

ρCpU
2

0

,(Radiation parameter)

Sc = ν
D
, (Schmidt number)

S0 =
D1(T

∗

s −T∞)

ν(C∗

s−C∞)
(Soret number)

Df =
DmkT (C∗

s−C∞)

νCsCp(T∗

s −T∞)
(Dufour number)

Kr =
K∗

r ν2

U2

0

, (Chemical reaction parameter)

Introducing the non-dimensional quantities, the equations (2.1)–(2.4) reduces to following form

∂u

∂t
+ 2k2

1V =
∂2u

∂y2
+Gr θ +GmC −M u−

1

K
u (2.7)

 

Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics, Vol. 39 E, No. 1, January-June, 2020



Flow characteristics of unsteady MHD Newtonian fluid ... 125

∂V

∂t
− 2k2

1u =
∂2V

∂y2
−M V −

1

K
V (2.8)

∂θ

∂t
=

1

Pr

∂2θ

∂y2
+Qθ − Fθ +Df

∂2C

∂y2
(2.9)

∂C

∂t
=

1

Sc

∂2C

∂y2
−KrC + S0

∂2θ

∂y2
(2.10)

The corresponding initial and boundary conditions are

u = 0, V = 0, θ = 0, C = 0 for all y, t ≤ 0
t > 0 : u = eat, V = eat, θ = t, C = t at y = 0
u = 0, V = 0, θ = 0, C = 0 as y → ∞







(2.11)

3 Method of solution

We observe that (2.7)–(2.10) are linear partial differential equations and they are to be solved with the
initial and boundary conditions (2.11). In fact the exact solution is not possible for this set of equations
and hence we solve these equations by finite-difference method.

The equivalent finite difference schemes of equations for (2.7)–(2.10) are as follows:

ui,j+1 − ui,j

∆t
+ 2k2

1Vi,j = Gr θi,j +GmCi,j +
ui−1,j − 2ui,j + ui+1,j

(∆y)2
−M ui,j −

1

K
ui,j (3.1)

Vi,j+1 − Vi,j

∆t
− 2k2

1ui,j =
Vi−1,j − 2Vi,j + Vi+1,j

(∆y)2
−M Vi,j −

1

K
Vi,j (3.2)

θi,j+1 − θi,j

∆t
=

1

Pr

θi−1,j − 2θi,j + θi+1,j

(∆y)2
+Qθi,j − Fθi,j +Df

Ci−1,j − 2Ci,j + Ci+1,j

(∆y)2
(3.3)

Ci,j+1 − Ci,j

∆t
=

1

Sc

Ci−1,j − 2Ci,j + Ci+1,j

(∆y)2
−KrCi,j + S0

θi−1,j − 2θi,j + θi+1,j

(∆y)2
(3.4)

Here, the suffixes “i” refer to “y” and “j” to time. The mesh system is divided by taking ∆y = 0.1.
From the initial condition in (2.11), we have the following equivalent:

u(i, 0) = 0, V = 0, θ(i, 0) = 0, C(i, 0) = 0 ∀ i (3.5)

The boundary conditions from (2.11) are expressed in finite-difference form as follows

u(0, j) = eat, V (0, j) = eat, θ(0, j) = t, C(0, j) = t ∀ j

u(imax, j) = 0, u(imax, j) = 0, θ(imax, j) = 0, C(imax, j) = 0 ∀ j
(3.6)

(Here imax is taken as 200.)

The primary velocity at the end of time step viz, u (i, j + 1) , i = 1, . . . , 200 is computed from (3.1)
and the secondary velocity at the end of time step viz, V (i, j + 1) , i = 1, . . . , 200 is computed from
(3.2) in terms of velocity, temperature and concentration at points on the earlier time-step. After
that θ (i, j + 1) is computed from (3.3) and then C (i, j + 1) is computed from (3.4). The procedure is
repeated until t− 0.5 (i.e., j = 500). During computation ∆t is chosen as 0.001.

Skin-friction:

The skin-friction in non-dimensional form is given by the relation τ =
(

du
dy

)

y=0
.

Rate of heat transfer:

The dimensionless rate of heat transfer in terms of Nusselt number is given by Nu = −
(

dθ
dy

)

y=0
.

Rate of mass transfer:

The dimensionless rate of mass transfer in terms of Sherwood number is given by Sh = −
(

dC
dy

)

y=0
.
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4 Results and discussion

The physical parameters involved in the flow are changed numerically and we observe their influence on
velocity, temperature, concentration, local skin-friction coefficient, local Nusselt number (rate of heat
transfer) and the local Sherwood number (rate of mass transfer). The graphical presentations and tables
are helpful in this analysis. Initially the present methodology is verified by comparing a result with the
previous literature of Deka et al. [33] in the absence of newly introduced parameters. It is evident from
Fig. 1 that a good conformity is noticed among the present and previous results in the comparison.
Figs. 2, 3 exhibit the velocity profiles with the effect of Grashof number for heat and mass transfer.
It is noticed that the fluid velocity increases under the increment of both the cases of Grashof number
and modified Grashof number. This is due to the presence of thermal and solutal buoyancy which has
the tendency of leading to an increase in the velocity. The variation in velocity under diffusion thermo
effect is depicted in Fig. 4. The velocity grows when the values of Dufour number increases. The effect
of magnetic parameter on primary velocity and secondary velocity is illustrated in the Figs. 5, 6. The
velocity falls down when the values of magnetic parameter increases. This is due to the application of
transverse magnetic field, which has the tendency of reducing the velocity. This drag force is called
the Lorentz force. The impact of porosity parameter on primary velocity and secondary velocity is
presented in the Figs. 7, 8. The velocity grows for increasing values of porosity parameter. Figs. 9,
10 depict the changes in primary and secondary velocities under the influence of rotation parameter.
The primary velocity falls down for enhancing values of rotation parameter but an opposite nature is
observed in the case of secondary velocity. The variation in the primary velocity with the impact of
thermal diffusion is shown in Fig. 11 and an improvement in the velocity is noticed. The consequence
of Prandtl number on fluid temperature is shown in Fig. 12. It is evident that the temperature falls
down when the value of Prandtl number is increased. The basic reason behind this nature is that the
reduced fluid velocity would mean heat is not convected readily and hence the surface temperature
decreases. The consequence in temperature in the existence of heat source and sink is exhibited in Fig.
13. It reveals that the temperature falls down under the influence of heat absorption parameter whereas
the temperature grows in the presence of heat generation. The fact behind this effect is that the heat
absorption causes a decrease in the kinetic energy as well as the thermal energy of the fluid. Hence the
momentum and thermal boundary layers get thinner in case of heat absorbing fluids. Improved values
of radiation parameter lead to a lessening in the temperature which is experienced from Fig. 14. Fig. 15
reveals that the temperature becomes thinner under the existence of thermal diffusion. The variations
in temperature due to the impact of diffusion thermo effect are depicted in Fig. 16. The temperature
grows for enhancing values of Dufour number. Fig. 17 illustrates the impact of Schmidt number on
species concentration. It is noticed that as the Schmidt number increases, there is a decreasing trend in
the concentration field. Not much of significant contribution of Schmidt number is observed far away
from the plate. The variation in species concentration in the presence of chemical reaction is exhibited
in Fig. 18. The existence of chemical reaction leads to a decrease the concentration of the fluid. Fig.
19 reveals that the concentration of the fluid enhances under the existence of thermal diffusion.

The variations in skin friction under the impact of the physical parameters are observed with the help
of numerical values from Table 2. The primary skin friction as well as the secondary skin friction
decreases for increased values of Grashof number and modified Grashof number but a reverse trend
is seen in the case of magnetic field parameter and porosity parameter. The primary skin friction
increases under the influence of rotation parameter and the secondary skin friction enhances when the
values of rotation parameter are increased. Table 1 presents the effects of Prandtl number, heat source
parameter, radiation parameter and Dufour number on skin friction and Nusselt number. The primary
skin friction as well as the secondary skin friction decreases for increased values of radiation parameter
but an opposite nature is found in the case of diffusion thermo effect. The rate of heat transfer rises on
increasing the values of the Prandtl number, the radiation parameter and the Dufour number and on
decreasing the values of the heat source parameter. Table 3 gives numerical illustration of the changes
in Sherwood number. The Sherwood number increases under the influence of chemical reaction and
Schmidt number whereas an opposite trend is noticed in the case of Soret number.
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Fig. 1: Comparison of present result with that of Deka et al. [33] in the absence of porosity
parameter, thermal diffusion, radiation, mass diffusion and rotation parameter.
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Fig. 2: Effect of Grashof number on primary velocity.
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Fig. 3: Effect of modified Grashof number on primary velocity.
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Fig. 4: Effect of Dufour number on primary velocity.
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Fig. 5: Effect of magnetic parameter on primary velocity.
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Fig. 6: Effect of magnetic parameter on secondary velocity.
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Fig. 7: Effect of porosity parameter on primary velocity.
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Fig. 8: Effect of porosity parameter on secondary velocity.
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Fig. 9: Effect of rotation parameter on primary velocity.
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Fig. 10: Effect of rotation parameter on secondary velocity.
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Fig. 11: Effect of Soret number on primary velocity.
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Fig. 12: Effect of Prandtl number on temperature.
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Fig. 13: Effect of heat source and sink parameters on temperature.
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Fig. 14: Effect of radiation parameter on temperature.

 

2 4 6 8 10 12 14 16 18 20 22
0

0.05

0.1

0.15

0.2

θ

y

So=1, 2 , 3, 4

Gr=5;         Gm=5;

M=0.1;       K=0.2;

Sc=0.60;    Pr=1;

F=0.1;        Kr=0.2;

Df=0.2;      a=2;

Fig. 15: Effect of Soret number on temperature.
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Fig. 16: Effect of Dufour number on temperature.
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Fig. 17: Effect of Schmidt number on concentration.
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Fig. 18: Effect of chemical reaction parameter on concentration.
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Fig. 19: Effect of Soret number on concentration.

Table 1: Variations in skin friction and Nusselt number under the influence of Prandtl
number, heat source parameter and radiation parameter.

Pr Q F Df τx τy Nu

2 1 0.22 1 2.2134 0.0111 2.4191

4 1 0.22 1 1.5995 0.0288 4.4674

5 1 0.22 1 1.4054 0.0379 5.4853

2 1 0.22 1 1.2533 0.0471 2.5026

2 3 0.22 1 2.4729 0.0020 1.8595

2 4 0.22 1 2.3633 0.0031 1.0803

2 1 0.60 1 2.8319 0.1587 1.0492

2 1 0.78 1 2.7950 0.1488 1.0496

2 1 0.94 1 2.7366 0.1254 1.0498

2 1 0.22 1 2.9820 0.0847 1.1477

2 1 0.22 2 3.2820 0.1713 1.2472

2 1 0.22 3 3.7820 0.5178 1.6451
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Table 2: Variations in skin friction under the influence of Grashof number modified
Grashof number, magnetic parameter, porosity parameter and rotation parameter.

Gr Gm M K Ω τx τy
5 5 3 1.2 2.2 3.9445 0.0049

6 5 3 1.2 2.2 3.7070 0.0036

7 5 3 1.2 2.2 3.4695 0.0024

8 5 3 1.2 2.2 3.1321 0.0012

5 6 3 1.2 2.2 4.7479 0.2227

5 7 3 1.2 2.2 4.6309 0.1669

5 8 3 1.2 2.2 4.5138 0.0565

5 5 4 1.2 2.2 1.2790 0.0100

5 5 5 1.2 2.2 1.4619 0.0142

5 5 6 1.2 2.2 1.7387 0.0183

5 5 3 2.2 2.2 3.0392 0.0015

5 5 3 3.2 2.2 3.1400 0.0016

5 5 3 4.2 2.2 3.2403 0.0018

5 5 3 1.2 3.2 3.1162 0.0015

5 5 3 1.2 4.2 3.1264 0.0014

5 5 3 1.2 8.2 3.1369 0.0013

Table 3: Effect of chemical reaction parameter, Soret number and Schmidt number on
skin friction and Sherwood number.

Kr Sc S0 Sh

3 1 2 0.8081

5 1 2 1.2738

6 1 2 1.3198

3 1 2 0.1903

3 2 2 0.4004

3 3 2 0.9918

3 1 2 8.4572

3 1 4 7.9326

3 1 6 7.1524
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5 Conclusions

The effects of different physical parameters like the thermal radiation, the heat source and sink, the
chemical reaction, the thermal diffusion and the Dufour number are considered and the flow character-
istics are examined. The summarized points of this study can be stated as follows:

1. The primary velocity of the fluid increases when the values of the rotation parameter increased
and the secondary velocity decreases in the same case.

2. The temperature of the fluid enhances for increasing values of the heat source parameter and
the Dufour number whereas a reverse trend is found in the case of the heat sink parameter, the
Prandtl number, the radiation parameter and the Soret number.

3. The existence of thermal diffusion results in improving the concentration of the fluid whereas the
chemical reaction leads to decrease it.

4. The primary skin friction increases under the influence of the rotation parameter and the sec-
ondary skin friction enhances when the values of rotation parameter are increased.

5. The rate of heat transfer rises for increasing values of the Prandtl number, the radiation parameter
and the Dufour number and decreasing values of the heat source parameter.
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