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1. INTRODUCTION 

Delay Differential Equations (DDEs) are a type of differential equations in which the derivative of the unknown 

function at a certain time is given in terms of the values of the function at previous times. DDEs appear in 

chemical kinetics [1], population dynamics [2] and traffic models [3] and in several fields. 

The general first order DDEs of the form 

 ����� = ���, �, ��� − 
��,      � > �       (1) 

 ���� = ∅���,      � ≤  �  

Here, ∅��� is the initial function, 
��, ����� is called the delay term. If the delay is a constant, then it is called 

constant delay. If it is function of time �, then it is called time dependent delay. If it is a function of time � and ����, then it is called the state dependent delay. 
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Abstract 

In this paper, the Kamal Decomposition Method is proposed to solve nonlinear Delay Differential Equations. 

The proposed method is a combination of Kamal Transform and Adomian Decomposition Method. In this 

study, the solution is obtained as a series by first applying the Kamal Transform to the delay differential 

equations and then decomposing the nonlinear term by finding Adomian polynomial. Numerical examples are 

given to illustrate the effectiveness of our proposed method in solving nonlinear delay differential equations.  
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The general theory of DDEs have been widely developed by Bellman and Cooke [4], Hale [5], Driver [6]. Many 

numerical methods have been proposed by the researchers for the solution of DDEs. Some notable methods are 

Adomian Decomposition Method [7,12], Variational Iteration Method [8], Runge-Kutta Method [9], Modified 

Power Series Method [10].  

In this paper, Kamal Decomposition method is proposed to solve the nonlinear DDEs. This method is the 

combination of Kamal transform and Adomian decomposition method which is capable to solve nonlinear 

differential equations. This paper has been organized as follows: In Section 2, the Kamal transform and its 

fundamental properties have been discussed. In Section 3, Kamal Decomposition Method has been proposed for 

nonlinear DDEs. In Section 4, nonlinear numerical examples have been provided to demonstrate the efficiency 

of the proposed method. 

2. KAMAL TRANSFORM AND ITS FUNDAMENTAL PROPERTIES 

Kamal transform was recently introduced by Abdelilah Kamal and H. Sedeeg [11] in 2016. This transform is 

derived from the classical Fourier integral. It is defined for functions of exponential order in the set � defined 

by: 

 � = {����: ∃�, ��, �� > 0, |����| < �� |�|�� , �� � ∈ �−1�" × [0, ∞�} 

For a given function in the set �, � is a constant and finite number, ��, �� either finite or infinite. The Kamal 

transform is denoted by the operator '�·� defined by the integral equation: 

'[����) = *�+� = , �����-�. /�,       � ≥ 0,       �� ≤ + ≤ ��1    (2) 

In this transform the variable + is used to factor the variable � in the argument of the function  �. This transform 

has connection with the Fourier, Laplace and Elzaki transforms.  

The Kamal transforms of simple functions are given below: 

i. '[1) = + 

ii. '[�) = +�  
iii. '[�2) = 3! +25� where, 3 is a positive integer. 

iv. '[�67) = 8
�968 

v. '[sin =�) = 68>
�56>8> 

vi. '[cos =�) = 8
�56>8> 

Kamal Transform for derivatives are: 

i. '[�����) = �
8 *�+� − ��0� 

ii. '[������) = �
8> *�+� − �

8 ��0� − �′�0� 

iii. 'B��2����C = +�92�*�+� − ∑ +E925���E��0�29�EF  

3. KAMAL DECOMPOSITION METHOD FOR DDEs 

The Adomian Decomposition Method (ADM) has been developed by Adomian [12]. Kamal Decomposition 

Method (KDM), which is the combination of Kamal Transform and ADM, is proposed here to solve the 

nonlinear DDEs. The solution is obtained as a series. First, we apply the Kamal transform to DDEs and then 

decomposing the nonlinear term by finding Adomian polynomials.  
Consider the nonlinear delay differential equation in the form: 

 G� + I��, �J� + K��, �J� = L,  for  � > 0,     � = ∅,     for � ∈ [−
, 0) 
where  �J��� = ��� − 
�,   G is easily invertible, I is the nonlinear part and K is the remaining part and L is the 

source term.  

The nonlinear term shall be decomposed into an infinite series of Adomian polynomials as follows: 
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I��, �J� = M �2
1

2F
 

where�2 = �2��, ��, … , �2� are called Adomian polynomials and �2 is classically suggested to the computed 

form 

�2��, ��, … , �2� = 13! /2
/O2 PI QM OR�R

1

RF
, M OR�JR

1

RF
ST

UV
 

The Kamal Decomposition algorithm is implemented for the solution of the following first order nonlinear 

initial value problem �� = ���, �, ��� − 
��,     ��0� = W                (3) 

Applying the Kamal transform on both sides of (3) and using initial condition we get, '[��) = '[���, �, ��� − 
��) 1+ '[����) − ��0� =  '[���, �, ��� − 
��) 
'[����) = +W + +'[���, �, ��� − 
��) 

The Kamal decomposition technique now represents the solution as an infinite series,  '[∑ �212F ) = +W++'[∑ �212F )    (4) 

where  �2 is Adomian polynomials for nonlinear terms. 

From . (4), we get the following recursive algorithm 

 '[�) = +W 

 '[�25�) = +'[�2),  3 > 0. 

By taking inverse Kamal transform, we get �, ��, ��, …. The analytical solution of nonlinear DDEs by KDM is 

given as an infinite series 

 ���� = ∑ �2���12F . 
By finding sufficient number of �2 ′Y we get the numerical solution with good accuracy. 
 

4. EXAMPLES 

 

EXAMPLE 4.1: 

Consider the first order nonlinear DDE 

����� = 1 − 2�� [�2\ ,     ��0� = 0 

The exact solution is ���� = sin���. 
Applying Kamal Transform to the above first order nonlinear DDE, we obtain  

'[����) = +� − 2+' ]�� [�2\^ 

Then using Adomian Decomposition Method, we obtain '[∑ �2���12F ) = +� − 2+'[∑ �212F )    (5) 
From Eqn. (5), we get,  ���� = � 

����� = − 7_
`!,  ����� = 7a

b!,  
�`��� = − �c

7!,  … … 
The infinite series solution becomes, � = � + �� + �� + �` + ⋯ 

� = � − �`
3! + �b

5! − �c
7! + ⋯ 

which converges to the exact solution    ���� = sin��� as 3 → ∞. 
 

EXAMPLE 4.2: 

Consider the third order nonlinear DDE 

������� = −1 + 2�� [�2\ ,     ��0� = 0, ���0� = 1, ����0� = 0 

The exact solution is ���� = sin���. 
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Applying Kamal Transform to the above third order nonlinear DDE, we obtain  

'[����) = +� − +i + 2+`' ]�� [�2\^ 
Then using Adomian Decomposition Method, we obtain '[∑ �2���12F ) = +� − +i + 2+`'[∑ �212F )    (6) 

From Eqn. (6), we get 

���� = � − �`
3! ����� = 7a

b! − 7 j
c! + b

k
7l
m!, 

����� = 38 �m
9! − 632q

���
11! + 5052�

��`
13! − 2752��

��b
15! , … … 

The infinite series solution becomes, � = � + �� + �� + �` + ⋯ 

� = � − �`
3! + �b

5! − �c
7! + �m

9! − ⋯ 

which converges to the exact solution    ���� = sin��� as 3 → ∞. 
 

5. CONCLUSION 

 

In this paper we proposed Kamal Decomposition Method to solve nonlinear delay differential equations. It is the 

combination of Kamal transform and Adomian decomposition method to produce exact/approximate solutions 

of the nonlinear DDEs. Two examples have been considered to demonstrate the applicability of the proposed 

method. This method is very efficient to solve nonlinear DDEs and gives results with good accuracy. 
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