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Abstract In this work we develop the study of sequence spaces and dual space of
sequence spaces, by establishing some of the results. We also extend our study by es-
tablishing a few results in the case of function spaces and dual space of function space
analogous to that for sequence spaces. Our effort in this paper is to make a comparative
study of sequence and function spaces by proving some results. In the course of estab-
lishing some of the results we observed that by changing the technical results we can also
establish the results for function spaces analogous to that for sequence spaces. The reason
behind this is that in the study of sequences and sequence spaces we deal with positive
integers whereas in the study of functions and function spaces we play with variables.
From the theorems established in this paper it is clear that the behaviors of some of the
sequence and function spaces are almost identical although their methods of proofs differ.
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1 Introduction

Kothe and Toeplitz, [10] studied sequence and sequence spaces in detail. They introduced the notions of
different sequence spaces and the dual sequence spaces of the given sequence spaces. Later on the study
of sequence and sequence spaces was made by Allen, [1,2] who considerably developed and generalized
by establishing a large number of results specially for the dual space of different sequence spaces. A
few results were also established for the dual space of the dual space of a sequence space, an account of
which can be found in Cooke [3, chapter 10] and [4]. Later on Kumar [14, 15] developed the study for
function spaces by introducing some of the definitions for the concepts of function spaces analogous to
those for the sequence spaces and in these works numerous results are established by him.

2 Preliminaries and definitions

In this section we give below a collection of all the essential preliminaries, definitions and results by
the notions of which we shall establish a number of striking results in the subsequent sections. The
symbol K will stand for either the set of all real numbers or the set of all complex numbers.
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Definition 2.1. Sequence: Let X be a non empty set, by a sequence in X we mean a mapping
f : N → X of N into X where, N is the set of all natural numbers. Here the image of n ∈ N under f is
denoted by f (n) or simply by fn and we say that it is the nth term of the sequence thus obtained. Also
such a sequence f generally denoted by (fn : n ∈ N) or (fn) or (f1, f2, . . . , fn, . . .). Also a sequence is
said to be a finite or an infinite sequence according as it contains a finite or an infinite number of terms
respectively.

Definition 2.2. Real Sequence: When X = R ( the set of all real numbers) then a sequence in X

is called a real sequence or a sequence of real numbers. Evidently in this case for such a sequence f,

every fn is a real number.

We give below some examples of sequences:

Example 2.3.
(

an = n
n+1

: n ∈ N

)

, that is, (an) =
(

1
2
, 2
3
, 3
4
, . . .

)

.

Example 2.4.
(

bn = (−1)n

2n
: n ∈ N

)

, i.e., (bn) =
(

− 1
2
, 1
4
,− 1

8
, 1
16
, . . .

)

.

Example 2.5. (an = n;n ∈ N), i.e., (an) = (1, 2, 3, . . .).

Example 2.6. (an) = (2, 3, 5, 7, 11, 13, . . .) is a sequence of prime numbers.

Definition 2.7. Positive Sequence: A sequence (fn) in X is said to be positive if for some positive
t in X and some K ∈ N, fn > ε in X for some positive number ε, however small and for all n > K in
N.

Example 2.8. The sequence
(

1
n
: n ∈ N

)

is positive whereas the sequence
(

a+ 1
n
: n ∈ N

)

is positive
for every a > 0.

Definition 2.9. Bounded Sequence: A sequence {fn} is said to be bounded if its range {fn : n ∈ N}
is a bounded set. That is when m 6 fn 6 M where m and M are respectively the lower and upper
bounds. Also it is worth while to note that (fn) or (fn : n ∈ N) denotes a sequence and is a function.
But {fn : n ∈ N} denotes the range of the sequence and is a set.

Definition 2.10. Subsequence: Let (f1, f2, f3, . . . , fn, . . .) be a sequence. Now if (K1,K2,K3, . . . ,)
be a sequence of natural numbers such that K1 < K2 < K3 < . . . then a sequence of the form of
(fK1

, fK2
, fK3

, . . .) is called a subsequence of the sequence (f1, f2, f3, . . .).

Definition 2.11. Limit of a Sequence: Let (xn) be a given sequence. Let l be a given number.
Then l is said to be the limit of the sequence (xn) if for a given number ε, however small, we can find
a positive integer m such that |xn − l| < ε for all values n ≥ m and in this case we write, lim

n→∞
xn = l,

or, equivalently, as n → ∞ implies that xn → l.

Result 2.12. The limit of a sequence when it exists is unique. For the proof we refer to Natanson [16].

Definition 2.13. Convergence of a Sequence: Let (fn) be a sequence of points of R (the set of
all real numbers) then (fn) is said to converge to the real number l, or, equivalently, the real number l
is the limit of the sequence (fn) if given any real number t > 0, however small, there exists a natural
number m such that |fn − l| < ε for all n ≥ m. The fact that l is the limit of the sequence (fn) may
be denoted by writing lim

n→∞
fn = l, or, simply, lim fn = l, or, fn → l as n → ∞.

Definition 2.14. Convergent Sequence: A sequence which converges to a number l is said to be a
convergent sequence.

Result 2.15. A convergent sequence has a unique limit.

Result 2.16. Every convergent sequence is bounded. For proof of the above two result we refer to
Natanson [16].
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Definition 2.17. Linear Space: A structure of linear space on a set E is defined by the two maps:

(a). (x, y) → x+ y of E × E into E and is said to be vector addition.

(b). (a, x) → ax of K × E into E and is said to be scalar multiplication.

The above two maps are assumed to satisfy the following conditions :

(i). x+ y = y + x for every x, y in E.

(ii). x+ (y + z) = (x+ y) + z for every x, y, z in E.

(iii). There exists an element 0 in E such that x+ 0 = 0 + x = x for every x in E.

(iv). For every element x in E there exists an element denoted by x in E, such that x + (−x) =
(−x) + x = 0 for every x in E.

(v). a (x+ y) = ax+ ay for every a in K and all x, y in E.

(vi). (a+ b)x = ax+ bx for every a, b in K and all x in E.

(vii). (ab)x = a (bx) for every a, b in K and all x in E.

(viii). 1.x = x for every x in E.

Whenever all the above axioms are satisfied, we say that E is a linear space (or a vector space) over
field K Now if K be the set of all real numbers then E is called a real linear space and similarly if K
stands for the set of all complex numbers then E is called a complex linear space. Here every element
of E is called a vector and every element of K is called a scalar. The zero vector 0 is unique and called
the zero element or the origin in E.

Definition 2.18. Sequence Space: A linear space whose elements are sequences is called a sequence
space. Thus a set E of sequences is a sequence space if, it contains the origin and for every < xn >,<

yn > in E and for every scalar a,< xn > + < yn > and a < xn > are in E.

Notation 2.19. The notations of some special sequence spaces are being given below making the use
of which some comparative results are established in the subsequent section.

σ: the space of all sequences, S0: the zero sequence space which contains the origin only, φ (s): the
space of all finite sequences, γ (s): the space of all convergent sequences, Z: the space of all null
sequence, in which xk → 0 as k → ∞, 01: the space of all sequence such that x2k+1 = 0 for every k,
Er: the space of all sequences such that |xk| < Ar (r > 0) for every k, Fr: the space of all sequences
such that

∑∞
k=1 k

r |xk| converges (r > 0), σr: if r ≥ 1, and if
∑

|xk|
r and

∑

|yk|
r converge then we

have Minkowski’s inequality

(

∑∞

k=1
|xk + yk|

r
)1/r

6

(

∑∞

k=1
|xk|

r
)1/r

+
(

∑∞

k=1
|yk|

r
)1/r

.

Clearly the set of all {xk} such that
∑

|xk|
r converges form a space denoted by σr. Also the special

case r = 2 is Hilbert vector space σ2. σ1 is the the space of all {xk} such that
∑

|xk| converges. D:
the space of all stationary sequences, in which xk+1 = −xk for k ≥ k0. C: the space of all stationary
sequences, in which xk+1 = xk for all k ≥ k0, δ: the space of all sequences such that if dn is the number
of non zero coordinates in the first n coordinates then lim

n→∞
dn · n = 0.

Definition 2.20. Direction: When x is fixed, and c is a real scalar , the set cx corresponds to the
idea of direction, such points lie on a straight line, and c may be regarded as a parameter of points
on the line. If in a coordinate space of finite dimensions N , y is at unit distance from the origin, then
analogous to the 2 and 3 dimensional cases we define the projection of x on the direction of y to be
∑N

k=1 xkyk.

Definition 2.21. Projection: This definition can be extended to the sequence spaces of infinite
dimensions.The vector e(k) may be regarded as representing a point on the kth coordinate axis at a
unit distance from the origin, or else a unit vector along this axis. On taking y to be e(k), we see
that the coordinate xk may be considered as the projection of x on the corresponding axis, and the
projection of x on y defined as

∑∞
k=1 xkyk, whenever this series is absolutely convergent. Thus the

projection for a sequence space of infinitely many dimensions is by no means universal, but it depends
on convergence. It is evident that the yk in this definition are analogous to the direction cosines. To
each y 6= 0 there corresponds a direction (the aggregate of cy for all real scalars c) thus we may consider
the totality of directions in a given space α.
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Definition 2.22. Dual Space of a Sequence Space α is α∗: The dual space α∗ of α is the set of
points which can be projected on every direction in α. Also α∗ is a sequence space and α∗ means the
dual space of the sequence space α only.The dual space of α∗ is α∗∗, and evidently α∗∗ ≥ α. Also we
write α = β when the spaces α and β are identical, and α > β when α contains all points of β and
some other point or points.

Definition 2.23. Perfect Sequence Space: A sequence space α is said to be prefect when α∗ = α

(see Cooke [3]). Thus a perfect space contains every sequence which can be projected upon every
direction in its dual space. Clearly every prefect sequence space contains φ.

Definition 2.24. Function Space: A linear space whose elements are functions is called a function
space. Thus a set F of functions is a function space if it contains the origin and for f, g in F and for
every scalar k, f + g and kf are in F . Here we consider only real functions of real variables so, k is
taken to be a real scalar so that our purpose is served. We now give below some of the function spaces
suitably constructed or defined. Also, the integration has been taken throughout in Lebesgue sense in
the interval [0,∞). We denote the set [0,∞) by E.

We introduce a few more notations concerning the function spaces as described below:

γ denotes the space of all convergent and bounded functions.

L∞ denotes the space of all functions f such that |f (x)| < k for almost all x ≥ 0, where k is a constant.

ζ is the space of all functions continuous and bounded in [0,∞). Evidently, ζ < L∞.

φ: Let E = [0,∞). Let E′ be a subset of E such that m(E′) is finite, where m(E′) denotes the measure
of the set E′ and E′ ⊆ E . Then the set of all functions f such that f(x) is finite and bounded for
almost all x in E′ and is zero in the compliment of E′, is defined to be the space of finite functions and
is denoted by φ.

Definition 2.25. Dual Function Space: Let β be a function space then its dual space is denoted by
β∗ and is defined to be the space of all functions f such that

∫

E
|f (x) g (x)| dx < ∞ for every function

g in β. Also β∗ is a function space and β∗ is the dual space of the function space β only. Further,
γ∗ = L1,L

∗

∞
= L1, ζ

∗ = L1,L
∗

1 = L∞ (where, L1 denotes the space of integrable functions , that is,
L1 is the space of all functions f such that

∫

E
|f (x)| dx < ∞ and γ denotes the space of all convergent

and bounded functions). Here, we refer to Sharan [13].

Definition 2.26. Perfect Function Space: A function space β is said to be perfect when β∗∗ = β.
It is also to be noted that L1, L∞ are perfect .

3 Results for sequence spaces

Using the above preliminary definitions and notations we establish below a number of results for the
sequence spaces.

Theorem 3.1. For every sequence space α, the dual space of α is perfect.

Proof. Let α be a sequence space and its dual space be α∗. To prove that α∗ is perfect. For this it
is sufficient to show that α∗ = (α∗)∗∗ = α∗∗∗. But α∗∗ ≥ α. Thus follows that,

α
∗∗∗ ≥ α

∗ (3.1)

But if x ∈ α∗∗∗, then
∑

|ukxk| < ∞ for every u is in α∗∗. But in particular, for every u in α. Thus
x ∈ α∗ and hence

α
∗∗∗ ≤ α

∗ (3.2)

From (3.1) and (3.2) it follows that α∗ = α∗∗∗, thus proving the theorem.

Theorem 3.2. Let α and β be two sequence spaces such that α ≤ β , then α∗ ≥ β∗.
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Proof. Since by hypothesis α and β are any two sequence spaces and α ≤ β. To prove that α∗ ≥ β∗

or, equivalently, α∗ ⊇ β∗. For this, if x ∈ β∗then
∑

|xkyk| converges for y ∈ β. Or, equivalently
∑

|xkyk| < ∞ for y ∈ β. In particular, if y ∈ α then x ∈ α∗ for
∑

|xkyk| < ∞. Thus x ∈ β∗ implies
in particular that x ∈ α∗. Thus, α∗ ⊇ β∗.

Theorem 3.3. Let α be a sequence space then α∗∗ is smallest perfect sequence space containing α.

Proof. Let α be a sequence space. If α ≤ β then α∗ ≥ β∗, or, equivalently if β ≥ α then β∗ ≤ α∗.
Therefore, β∗∗ ≥ α∗∗ ≥ α. If β is perfect then β = β∗∗ ≥ α∗∗ ≥ α, whence, β ≥ α∗∗ ≥ α, thus
proving the result.

We now expand our results to look into the behavior of the dual spaces of some of the sequence spaces
by establishing a few results for which we refer to Dienes [5].

Theorem 3.4. (i). σ is the dual space of φ.
(ii). φ(s) is the dual space of σ.
(iii). The sequence spaces φ (s) and σ are perfect.

Proof. (i). Since φ (s) is the space of all finite sequences whereas, σ is the space of all sequences, we
have to prove that σ is the dual space of φ, i.e., φ∗(s) = σ. For this let x be in φ then

∑

|xkuk| < ∞
as u is in φ∗. Thus,

∑

|xkuk| converges for every u in φ∗(s). Hence, φ∗(s) = σ.
(ii). Since

∑

|ukxk| converges for every u if and only if {xk} is a finite sequence, for otherwise, by
putting ukxk = 1 when xk 6= 0, then we have a sequence {uk} for which the series diverges.Thus,
σ∗ = φ(s).
(iii). Since φ∗(s) = σ ⇒ φ∗∗(s) = σ∗ = φ(s) (from (ii) above). Thus φ(s) is perfect. Again
σ∗ = φ(s) ⇒ σ∗∗ = φ∗(s) = σ. This shows that σ is a perfect sequence. The theorem is now proved.

We now give below two theorems due to Köthe and Toeplitz [10].

Theorem 3.5. (i). σ∞ is the dual space of σ1.
(ii). σ1 is the dual space of σ∞.
(iii). σ1 and σ∞ are perfect sequence spaces.

Theorem 3.6. If r > 1, then σ∗

r
= σs, where

1
r
+ 1

s
= 1. Also σr is perfect.

Dienes [5] introduced the notion of γ(s). We prove below a connection between the dual space of γ(s)
and σ1 and we shall also see whether γ(s) is perfect or not.

Theorem 3.7. To prove that (i). γ∗(s) = σ1, and, (ii). γ(s) is not perfect.

Proof. Since γ(s) is the space of all convergent sequences and σ∞ is the space of all bounded se-
quences, thus clearly γ(s) < σ∞, then γ∗(s) ≥ σ∗

∞
= σ1 (by Theorem 3.5), which gives,

γ
∗(s) ≥ σ1 (3.3)

Let u ∈ γ∗(s) and xk = 1 for every k, then, x is in γ(s), therefore,
∑

|ukxk| =
∑

|uk · 1| =
∑

|uk| < ∞,
i.e,

∑

|uk| converges. Hence u ∈ σ1 but u is an arbitrary member of γ∗(s), which gives, γ∗(s) ≤ σ1,
or, equivalently,

σ1 ≥ γ
∗(s) (3.4)

It immediately follows from (3.3) and (3.4) that γ∗(s) = σ1. Further, γ∗∗(s) = σ∗

1 = σ∞ (from
Theorem 3.5), thereby showing that γ(s) is not perfect.

Theorem 3.8. To prove that (i). σ1 is the dual space of Z, and,
(ii). Z is not perfect.
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Proof. Since Z < σ∞, thus, Z∗ ≥ σ∗

∞
= σ1, which renders

Z
∗ = σ1 (3.5)

We now consider u which is not in σ1 and Sn =
∑n

i=1 |ui|, then
∑

|un|
sn

is divergent by Dini’s theorem

(we refer to Dienes [5, p.104]). Now
{

1
sn

}

is in Z. Thus u is in Z∗. We therefore have

Z
∗ ≤ σ1 (3.6)

From (3.5) and (3.6) it follows that Z∗ = σ1. Again, Z∗∗ = σ∗

1 = σ∞ , i.e. Z∗∗ = σ∞, which proves
that Z is not perfect.

4 Results for function spaces

We now readdress some of the results established in the previous section with an aim to extend these
results to the case of functions and function spaces. In this effort of our work we shall mainly concentrate
on extending some of the results for dual spaces to some of the function spaces analogous to those for
the sequence spaces. We shall also observe in the course of extending the relevant results to the function
spaces that if a result is true for one function space then whether it will be true for other function
space or spaces. It will also be observed that the proving of the results for the function spaces merely
results in a change in technique in comparison to the results established for the sequence spaces. The
reason behind this is that in the case of functions and function spaces we deal with the continuous
variables whereas, in the case of sequences and sequence spaces we deal with integers. Focus has also
been given on establishing a few results to know the connection between a function space and its dual
space. In this section efforts are also made to establish a few results on perfect function spaces for
this we consider some of the function spaces defined in the Definitions 2.24, 2.25 and 2.26 of Section 2
of the paper. Although we also fiund that one of the function spaces is not a perfect analogue of the
corresponding sequence space, yet we make a sincere effort to show a result for the case of function
space analogous to that for the Theorem 3.1 for the sequence space . Our study also makes it clear
that if the perfect space of a sequence space is obtained it does not give a green signal to obtain a
perfect space for the corresponding function space also. On the contrary our experience shows that a
perfect space could be positive for a function space but not for the corresponding sequence space. The
technique applied in the proof of these results is similar to that of the work of Sharan [13]. We proceed
now to deduce a few results for the function spaces as detailed below:

Theorem 4.1. For every function space α,α∗∗ ≥ α.

Proof. Let f(x) ∈ α then
∫

E
|f (x) g (x)| dx < ∞ for every g ∈ α∗. But then

∫

E
|f (x) g (x)| dx < ∞

for g is in α∗ and f is in α∗∗. Thus f is in α implies that f is in α∗∗, i.e., α∗∗ ≥ α.

Corollary 4.2. α∗∗∗ ≥ α∗ for any function space α.

proof. The proof follows on the similar lines as the proof of the Theorem 4.1.

Theorem 4.3. Let α be any function space then its dual space is always perfect.

Proof. Since from Corollary 4.2 it follows that for any function space α,

α
∗∗∗ ≥ α

∗

. (4.1)

Now for α∗∗∗, we have,
∫

E
|f (x) g (x)| dx < ∞ as g is in α∗∗. But then also

∫

E
|f (x) g (x)| dx < ∞ for

f ∈ α∗ and g ∈ α. Thus f ∈ α∗ implies that

α
∗ ≥ f ∈ α

∗∗∗

. (4.2)

From (4.1) and (4.2) it immediately follows that α∗ = α∗∗∗, i.e., α∗ is perfect.
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Theorem 4.4. Let α and β be any two function spaces such that α ≤ β then α∗ ≥ β∗.

Proof. Let f be in β∗ then
∫

E
|f (x) g (x)| dx < ∞ for g is in β. In particular,

∫

E
|f (x) g (x)| dx < ∞

as f is in α∗ and g is in α and α ≤ β. Therefore, g is in α implies that g is in β, so we have,
∫

E
|f (x) g (x)| dx < ∞ for f is in α∗ and g is in β. But the same conclusion we have for f is in β∗,

which gives, β∗ ≤ α∗, or, α∗ ≥ β∗.

Theorem 4.5. For every perfect function space α,α∗∗ is the smallest space containing α.

Proof. Since by the Theorem 4.4 we have already established that for any two function spaces α,β if
α ≤ β then α∗ ≥ β∗. Or, in other words, β∗ ≤ α∗ whenever β ≥ α, which yields that β∗∗ ≥ α∗∗ = α

(as α is perfect). Now if β is supposed to be perfect then β ≥ α∗∗ = α. Thus α∗∗ is the smallest
space containing α.

Theorem 4.6. L1 is perfect .

Proof. Since by the Theorem 4.1 we have, on writing L1 for α in it

L
∗∗

1 ≥ L1. (4.3)

Let f be in L∗∗

1 , then
∫

E
|f (x) g (x)| dx < ∞ for every g in L∗

1. But, in particular,
∫

E
|f (x) g (x)| dx <

∞ for f is in L1 and g is in L∗

1. Thus f is in L∗∗

1 implies that f is in L1, which gives

L1 ≥ L
∗∗

1 . (4.4)

Now, (4.3) and (4.4) at once show that L∗∗

1 = L1, which establishes that L1 is a perfect function space.

Theorem 4.7. To prove that L∞ is perfect.

Proof. On substituting L∞ for α in the Theorem 4.1 to get

L
∗∗

∞
≥ L∞. (4.5)

Let f ∈ L∗∗

∞
then

∫

E
|f (x) g (x)| dx < ∞ for every g ∈ L∗∗

∞
. But

∫

E
|f (x) g (x)| dx < ∞ for g is in L∗

∞

and f is in L∗

∞
. Thus f is in L∗∗

∞
implies that f is in L∞, which yields

L∞ ≥ L
∗∗

∞
. (4.6)

Hence from (4.5) and (4.6) it follows that L∞ = L∗∗

∞
, i.e. L∞ is perfect.

Theorem 4.8. The function space γ is not perfect.

Proof. From Theorem 4.1 by replacing α in it by γ we have γ∗∗ ≥ γ. Also
∫

E
|f (x) g (x)| dx < ∞

for f is in γ∗∗ and g is in γ∗. But by the Theorem 4.9 below γ∗ = L1. Thus g is in γ∗ implies that g
is in L1. Thus γ

∗∗ is the dual space of L1. Also γ∗∗ = L∗

1 = L∞ 6= γ, thus γ is not perfect.

Theorem 4.9. To prove that γ∗ = L1.

Proof. Let f be in γ∗. Then
∫

E
|f (x) g (x)| dx < ∞ for every g in γ. But γ ≤ L∞. Thus g is

in γ implies that g is in L∞. Hence |g (x)| 6 k, where k is a constant independent of x. Thus
k
∫

E
|f (x) g (x)| dx < ∞, i.e.,

∫

E
|f (x) g (x)| dx < ∞. Thus f ∈ L1, so, f is in γ∗ implies that f is in

L1. Hence,
γ

∗ ≤ L1. (4.7)

Also by the Theorem 4.4 it follows that (since, γ ≤ L∞) γ∗ ≥ L∗

∞
= L1. Hence,

γ
∗ ≥ L1. (4.8)

Now, (4.7) and (4.8) at once show that γ∗ = L1.
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Theorem 4.10. To prove that L∗

∞
= L1.

Proof. Let f ∈ L∗

∞
. Thus,

∫

E
|f (x) g (x)| dx < ∞ for g is in L∞. But g is in L∞ implies

that g is bounded .Thus |g (x)| 6 k, where k is a constant independent of x, which implies that
k
∫

E
|f (x) g (x)| dx < ∞. Thus f is integrable. Hence f is in L1. That is, f is in L∗

∞
, which implies

that f is in L1. Therefore,

L
∗

∞
≤ L1. (4.9)

Conversely, for every f in L∞ and g in L1,
∫

E
|f (x) g (x)| dx < ∞. Since f is bounded and g is

integrable, thus g is in L1 implies that g is in L∗

∞
. Hence,

L1 ≤ L
∗

∞
. (4.10)

The desired result follows from (4.9) and (4.10).

Theorem 4.11. To prove that L∗

1 = L∞.

Proof. Let f ∈ L∗

1 and g ∈ L1 then
∫

E
|f (x) g (x)| dx < ∞. But also

∫

E
|f (x) g (x)| dx < ∞ for

f ∈ L∞ and g ∈ L1. Since by the Theorem 4.10 L∗

∞
= L1, which gives

L
∗∗

∞
= L

∗

1. (4.11)

But by the Theorem 4.7 L∞ is perfect. Hence

L
∗∗

∞
= L∞. (4.12)

The result of the theorem is now evident from (4.11) and (4.12).

Thus with the help of the theorems established above it is obvious that the behaviors of some of the
sequence and function spaces are the same although the nature of proofs of the results for them differ.
We also emphasize that there is further a great scope for the formation of some other function spaces
to make a sincere study in order to establish some of the results which we leave for the other students
of this school of mathematics.
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