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1. Introduction

Parametric optimization is a fascinating area of study. It involves optimization problems that depend on a parameter,
and researchers have explored various aspects of these problems, including how the feasible set, value function, and
minimizers change with the parameter. In the context of set order relations, researchers have delved into several key
areas as seen in the referred papers [2, 4, 6, 7, 8].

Locally connected functions and their generalizations play a significant role in optimization theory. These functions [5]
were introduced in 1988. Later researchers [9] extended these functions to cone locally connected set-valued maps and
their generalisations. They also proved the optimality results under these maps.

Recently Das and Samei [2] have worked on set-valued p cone arc-wise connected maps and proved sufficiency
conditions for parametric set mathematical problems under contingent epiderivative and the said function. The main
objective of this paper is to introduce and employ a set-valued p-cone locally connected map to further generalise
optimality and duality results for (PSVP) under contingent epiderivative assumption.

This paper reviews some basic definitions and concepts concerned with our study. We define a set-valued p-locally
connected map over a cone called a set-valued p-K locally connected (p-K-LC) map. An example illustrates a case
where a set map is p-K-LC however it is non-K-LC. Further, one property of p-K-LC is proved which is very useful to
demonstrate the optimality and duality results in the paper. In

1

the next Section, we proposed a set-valued parametric mathematical programming over cone (PSVP). Next is the
Karush-Kuhn-Tucker criteria of sufficiency under p-K-LC and contingent epiderivative assumptions for (PSVP). The
last section is devoted to duality models of Mond-Weir kind. We investigate the duality result under the same
assumptions.

2. Background and Definitions

Suppose K is a closed convex pointed cone in Y with a non-empty interior where Y is a real normed space. The positive
dual cone K*is the set of all those points y of Y for which the inner product of y with x is non-negative for all x of K. If
this product is positive for all x of K\ {0} then it is called a strict positive dual cone K** of K. The interior of K is
denoted by int(K).
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Let (3, V)CR is the union of all the sets of the form (y,v) where v is an element of V" and V is a proper subset of V. Let
and > be any two subsets of Y. For y*€Y, the following notations will be used:

(i) O, Wi) >0 (or 0 < (5, 1)) ©(*w) >0, Vw EWy;

(ii) O W) = (s, Wa) (or (=, Wa) < (35, 1)) & wi) > (v, wa), Ywi EWand Vw, EW,,

(i)  Wi<0yew<0y,VweW,

(iv) W, <0yeow <0y ,Vw €W

(\%] W< Wrow <wy, VYw EW, wa EW,

The (v) inequality above still holds if there is <’ instead of "<’.
For a closed convex pointed cone XK in ¥, we have the following two types of cone orderings in Y.

Dy weyp-—ne , yLy€
(i) 1 <y2 S yo—y1 EMK,Vy,y2 €Y

The next definition is of contingent cone given by Aubin [1].

Definition 2.1. [1] If C €Y is non-empty,thenT(C,z*) represents the contingent cone to C at a point z*of C given as
T(Cz*)={z €Y : 3z, > z*, 2, €C, py, >0, n — o suchthat p,(z, — z*) — z}.

Suppose F :X — 2Ywhere X and Y are real normed spaces and K having a nonempty interior is a pointed closed and
convex conein Y.

The definitions mentioned below will be used in this paper.

Let dom F be the set of all those points x in X for which F(x) is non-empty, gr F is the set of points (x,y) where x
belonging to X and y belonging to F(x) and epi(F) is the set of points (x,y) where x belonging to X and y belonging to
F(x) tK.

Here domF stands for domain of F, grF stands for graph of F and epiF stands for epigraph of F.

Definition 2.2. [3] For a point (x*,y*) that is part of grF. Contingent epiderivative of F at (x*,y*) is the map DF(x*,y*) : X
— Y whose epigraph is the contingent cone to epiF at (x*,y*), DF is a contingent epiderivative if the contingent
epiderivative of F exist at every point in grF.

We now concentrate on the idea of set-valued maps over cones that are locally connected.

Definition 2.3. 4 locally connected (LC) set is a subset S X where for each x,x*€S, we have Hx (1) from [0,1] to S
with a maximum number a(x*,x) belongs to (0,1], so that Hyx (1) belongs to S where A lies between 0 and a(x*,x). In
addition Hy* (1) is continuous in (0,a(x*,x)), H* (1) is equal to x*when 1 = 0 and equal to x when 1 = 1.

Definition 2.4. [9] If Ja positive number b(x*,x) < a(x*x) satisfying the following condition for each x €S (having an
associated function Hyx (1) along with a maximum number a(x*,x) as in definition (2.3)) then map F is called as K-
locally connected (K-LC) at x*€S.

(1 = ADF(x*) + AF(x) SF(H* (1) + K, 0 < A < b(x*x)

F is called a K-locally connected set-valued map (K-LC) on S if S €X is LC and at each x*€S, the map F is K-LC.

We now introduce p-K-locally connected set-valued map.

Definition 2.5. If 3a positive number b(x*,x) < a(x*x) and p €R satisfying the below condition for each x €S (having an
associated function Hy* (1) along with a maximum number a(x*,x) as in definition (2.3)) then map F is called as p — K-
locally connected (p — K — LC) at x*€S pertaining to .

(1= F(x*)+AF(x) SF(Hy* x(A)HpA(1-A)llx — x*I>p+K, 0 < A < b(x*,x), where y € int(K).

When F is p-K-locally connected (p-K-LC) map at each x*€S and S is LC subset of X, F is referred to be p-K-LC set-
valued map pertaining to y on S.

RemarKk. (i) 4s defined in [2], F becomes p-K-arc-wise connected set map pertaining to y on S If b(x*,x) = a(x*,x) =1 at
all x*,x €S.

(i) If p = 0, then F becomes K-locally connected set-valued map as defined in

[9].

(iii) F is considered strongly p-K-locally connected if p| > 0, and weakly p-Klocally connected if p < 0. Every
strongly p-K-locally connected map is weakly p-K — locallyconnectedbecauseeverystronglyp-k-locally connected is k-
locally connected and every k-locally connected is weakly p-k locally connected.

Next, we take the case where a set map is p-K-LC however it is non K-LC.

Example 2.6. Let X = {(xi,x2) : x1 >0, x» >0}, Y is taken as R, K is taken as R+ and
S={(z1,2z2) 23 +23>1, 21 >0, 20 >0, 31 # 22}

H.* \is expressed as , .
1 1
Hye o) = (1= Nat + Mad)3, (1= Naz” + Mad) ),
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where®™ = (21,23), © = (z1,22), Clearly, S X will be LC.
Define F: X — 2'as
[0,2], if (z1,22) €S, 21> x2
F(z1,22) = ¢ [2,3], if (z1,22) €S, 71 < z2
(1,4], if (z1,22) & S.

Obviously F is not K-locally connected on S because for x*= (1,2), x =(2,1), A=1/72
(1= NF(a") + \F(z) = [1, g

52 5

F(Hx*,f()‘)) = [1’4]

=
D=

Therefore

(1 = D)F(™) + AF(x) €F(H* (1)) + R+

So Fis not K-LC for (1,2) and (2,1).

But by taking p =-1 and y =3, F is p-K-LC corresponding to y =3 on S for (1,2) and (2,1).

Theorem 2.7. Suppose F is p-K-LC on a LC subset S pertaining to y, x*€S and y*€F(x*). Prove that
F(z) —y* C DF(z*,y*)(H- - (07) + pllz — 2*|*v + K, Yz €S,

where

HI*J‘(/\) - HI*,.L(O)

Hj. .(0%) = lim+

A—=0
y € intK and assuming that for all*> z* €S, Hy. ,(07) holds.
Proof. As F is p -K-LC pertaining to y, so 3 a positive number b(x*x) < a(x*,x) and p €R satisfying the below condition
for each x €S (having a associated function H,* (1) along with maximum number a(x*x) as in definition (2.3))
(I=A)F(x*)+AF(x) SF(Hy* o(A)+HpA(1=Dllx — x*I>y+K, for 0 <1 < b(x*x).
Let y be an element of F(x). Let us take a sequence {4,} in R where 4, belongs to open interval 0 to 1, n €N and 4,
approaches to 0+ when n — oo. Taking x, = Hy* «(1,) and y» = (1 = An)y*+ Ay — pAn(1 — An)llx — x*12y, where y*€F(x*).
Therefore y, €F(x,) + K. Also
xn = Hx*x(An) — Hx*,x(0) = x*
and y, — »*, when n — oo.

Now
Tn — :L'* H.’I,‘*..’If (n) - H:I;*.:I:(O)

)\ = - )\ - —% H-JI?*,(I:(0+)
when A, — 0+, and
y’ﬂ _y* _ * )\ * (12
=Yy el = Az =2y

—y—y" —pllz -z, when 4, — 0+,

Thus

* * * |12 . k% . * %
(B2 (0),5 — " — pllo — ") € T(epi(F), (z*, ")) = epi( DF (s*,3))
As a result

y—y" = pllz — 2"y € DF(x",y")(H;. ,(01)) + K.

It is valid at every point y belonging to F(x). Hence

F(z)—y* € DF(z*,y*)(H}. ,(0M) + pllz —2* |y + K, VzeSg

3. Optimality Conditions

Below-mentioned parametric set-valued optimization problem (PSVP) is examined in this paper:

min F(z,a)
(z.a €SXA )

having Inequality constraint: G(x,a) N (—K2)~ ¢

and equality constraintp(x,a) =0

Here S €X is non-empty, X is a real normed space, x is the variable and A is an arbitrary set of parameters where a €A4.
FXxA—-2" G:XxA4—2%andp : X x 4 — Yswith § x 4 € dom(F) N dom(G). i, Y>and Y; are taken as real
normed spaces and K1, K> and K3 as closed pointed convex cones in Y1, Y>and Y3, respectively.

X={(x,a) €S x 4 : G(x,a) N (—K2) ~ pand p(x,a) = 0}.

is the feasible set of the above (PSVP) problem.

The following types of solutions to the above problem are examined in this paper.
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Definition 3.1. 4 point (2,0, y7) € X X A XY yith (x*,a*) €EX*and Y1 €
F(x*,a*) is called minimal of (PSVP) on a condition that point (x,a,y1) €EX X A x Y does not exist where (x,a) EX*and y
€F(x,a), for which

y1—yr€ Ko\ {0y}

and is called weak minimal of (PSVP), on a condition that a point (x,a,y1) €X X A x Y| does not exist where (x,a)
€X*and y1 €EF(x,a), for which

Y1 — U1 € ~intK,.

In this work, the below presum tions are Vahd

If (%, @), (xo a), (z,a°), (2°,a°) € X x A, 3 € F(z°,a° )andyQ € G(=°, a) then

(i) F(z,a) — F(z°,a) C K;,

) G(z,a) — G(z°,a) C Ko,

(iii) F(z,a%) —4? C —-K,, (3.1)
) G(z,a’) — 39 C — Ko,

) p(z,a®) + p(2°,a) € —K3.

Our next objective is to obtain KK T optimality sufficiency results for the problem (PSVP).
In the following results p'(,a®)(x°) denotes the Gateaux derivative.

Lemma 3.2. Suppose S €X is LC together with (z*,a*) € X x A and y €

F(2%,0°), y3 € G(2°,a") and p(z°,a°) > 0, Let e € intK|, e; € intK; and

es € intKs. Suppose that F(+,a®) : X — 2"V is p1-Ki-LC with respect to e1, G(-,a") : X — 2¥2 is p2-K>-LC with respect to e,
and p(-,a®) : X — Y is p3-KzLC with respect to eson S.

Assume that contingent epiderivativesDF(‘a a®)(@®,y?) anaDG (- a”)(2°,y9) ex-

ist together with p'(-,a®)(x°). In case (3.1) is met, the below inequality is valid

(i, F(@,0) - 12) + (43, G (2, 0) — 1)
> (y1, DF(-,a°)(2°,97)(H30 . (07)) + F(2°,a) — 37)
+ (Y5 DG(-,a°)(2°, y3)(H% . (07) + G(2°,a) — y3)
( 0

+ (y3,7'(-,a%) (2°) (HZo . (01)) + p(2°, a))
+ |lz = 2°)2(p1(yi, 1) + p2(y3, €2) + p3(ys,e2)), V (z,A)€ S xA. (3.2)

Proof. Let (x,a) €S x A. As F(-,a°) : X — 2"'is p;-K-LC with respect to e; on S andy? € F(a°, ao), so we obtain the
following from Theorem 2.7

F(x,a°) — y1° €DF(,a®)(x° y1°)(Hy*0.(0)) + pillx — x°lI%e1 + K, Vx €5.(3.3)

Again as G(-,a") : X — 27 1is p,-K-LC with respect to e;on S and¥s € G(2°, ao),
therefore by Theorem 2.7, we have

G(x,a®) — 12° €EDG(-,a®)(x°,y2°)(Hy*0.(07) + pallx — x°l%e2 + Ko, Vx €S.(3.4)
Again as p(-,a°) : X — Y3is P3— K — LC with respect to e; on S, we have

p(z,a%) — p(z°,a°) € p' (-, a®)(2°)(H}o ,(07) + psllz — 2°|%es + K3 3.5)

From equation(3.3), we have y*(F(x,a®) — y1°) + yi*(F(x°,a) — %) — y1*(F(x%a) — y1°)
= yi*"DF(-,a®) (X’ 1 °)(Hy*0.(0%) = yr*pullx — x°lI%e1 > 0, whereti € K1,

From equation (3.4), we have y,*(G(x,a’) — »2°) + 12*(G(x%,a) — 12°) — (G a) — 1.°)
= y2*DG(-,a%)(x°,y2°) (Hy*0,.4(0") = y2*pallx — x°|I%e2> 0, wheres € K3,

From equation (3.5), we have
Vi (p(,0”) — pla”. ) + pla”, ) = 43 (0 (,0°) ") (Hao,2 (0°) + (e )
—yzpslle — 27|"es 2 0, for some y3 € Ky
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That is

W1 F(x,a®) = i+ Fx%a) = y1°) + (72, G(x,a%) — y2°

+ G a) = 32") + (134, p(x.a°) — p(x°.a®) + p(x°,a)) > (1", DF(-,a®)(x° y1°)(Hi0(0") + F(x°.a) — y1°)
+ (12, DG(,a")(x° 2" ) Hi*0.(0%) + G(x°,a) — y2°)

+ (35,0 (La") () (H0.,(0Y) + p(x°,a))

+ llx = XN (p1 (i, e1) + pa(yar,e2) + p3{yses)).(3.6)

By equations (3.1)(i),

yi*(F(x,a) — F(x%a)) >0

= yi*F(x,a) > y*F(x%a)

= yrFEa) =y 2 e (FGEa) = 31°)

Again from equation (3.1)(i)

y3(G(z,a) —3) > y3(G (2, a) — )

From equation (3.1)(iii), we have

yi(F(z,a”) —y7) <0

and

y3(G(z,a°) —y3) <0,

From equations (3.1)(v), we have

y;(p(I aO) +p($07 a)) <0

Also, we have p(x°,a®) > 0. Adding all these inequalities, we get y1*(F(x,a) — y1°) + y2*(G(x,a) — »2°)
2y (F,a) = %) + 32(G(,a) = y2°) + y1r(Flx,a®) = 1) +32(G(x,a%) = »2°) + y3*(p(x,a”) + p(x°,a) — p(x°,a")).

That is

W1 Flx,a) = %) + (2%, G(x,a) — y2°)

> (15, F(x,a%) — y1°+ F(x°%a) — 1)

+ (27, G(x,a%) = y2° + G(x¥,a) = 32°)

+ (3%.p(x,a") = p(x°,a°) + p(x°,a)) (3.7

(3.6) and (3.7) give

o1 Fx,a) = »%) + (2, G(x,a) — 2°)

= (1, DF(,a”) (" 1) (Hx0.(07) + F(x",a) = »1°)

+ (12, DG(,a")(x*y2")(Hi'0.(07) + G(x,a) = 2°)

+ (3%p (,a") () (Hi'04(07) + p(x°,a))

+ llx = XN (o1 (i, e1) + pa{yar,e2) + p3(ys,es)).

Hence proved. o

We now demonstrate (PSVP) problem’s sufficiency conditions beneath the p-KLC and contingent epi-derivatives
presumptions.

Theorem 3.3. Suppose S €X is LC and (x°,a°) €X x A4, with (x°,a°) €X*, yi € F(2°,2%), y3 € G(2°,0°) N (—K2) gnd
p(%a®) > 0. Let e) €int(Ky), e2 €

int(K>), and e; €int(K3). Suppose that F(-,a’) : X — 2"V is p1-Ki-LC with respect to e1, G(-,a") : X — 2% is pr-K>-LC with
respect to e, and p(-,a°) : X —

Y3 is p3-Kz-LC with respect to ez on S. Also, suppose thatDF (-,a°)(z% 4?) and

DG(-,a”)(2°, y3)exist together with p'(-,a®)(x°). Let’s assume that the condition

of Lemma (3.3) is valid at (xo,ao,y(f,yg,yg,yi‘,y;,yg‘)for some (Y>3, 93) € Ki XKy % K5 ign v # Ov1 such
that

1 DFC,a")(x" 1) (Hy'0.x(01) + F(x",a) = 11°)

+ (125, DG(,a”)(x° 12 ) (Hy'0.x(07)) + G(x,a) = »2°)

+ (35,0 (,a) () (Hy0(00) + p(x%a)) >0, V (,a)ESxA (3.8)and

(v3,95) =0, (3.9)

then (2°,a°,47) is a (PSVPs) weak minimal provided

p1{yi,e1) + p2(ys, €2) + p3(ys, es) = 0,(3.10)

Proof. Let if possible the problem (PSVP) doesn’t have (xov a’, y(l)) as its weak minimal. This give (x,a) €X*and y;
€F(x,a) so that¥1 — Yy € —intK;,

As¥i € K /{0y }, so

<yT7y1 - y(1)> < 0

As (x,a) €X*, therefore there exist y» EG(x,a) N (—K2), so

(Y3,92) <0 as¥s € K5

Now

(02%,y2 = y20) = (y2%,y2) = (2%,y20)
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= (y2".2) (as (»25,32%) = 0) < 0.
Therefore,
Wy — ) + (W5, 2 —y9) <0, G.11)

Since at (mo’ a®, 1, y3, vi, Y3, Y3) Lemma 3.2 is valid, therefore the equations (3.2),

(3.9) and (3.10) give

(i, F(z,a) = 91) + (y3, Glz,a) —48) > 0,

Hence

Wiy — o)) + (5,92 —9) =0

which runs counter to (3.11). Hence (PSVP) has a weak minimal (29,0 97). 0 4. Duality
The above study leads us to correlate the primal problem (PSVP) with a belowmentioned dual of Mond-Weir type.
(PD) max y?’

WL, DEC,a) @,y 0)(Hi0.(0) + F(u,a) = 1)

+ (27, DGC,a) W, y2°)(H 0,07 + Gu',a) = y2°) + (p3*,p' (@) W) (Hir0.(0)) + p(u’, @) = 0,
v (1) €S % 4, (4.1)

(2132°) 2 0, 4.2)

where“o € 5’7 U’O € Av 7/(1) € F(u(]’aO)’ yg € G(uovao)v p(u()’a()) > 07 (y{vy;y;) €
K x K3 + K and (yf, e1) = 1.

A problem (PD) has (“Oa a®, Y1, 3, vi, v3. Y3) as a feasible point if it is true for all the constraints of (PD).

Definition 4.1. if there is no feasible point (u%,a®, 9, y& Y1 Yz, Y3) of (PD) such that¥1 —yi € int K1 gpen a feasible
point (u,a,y1,y2,1,V2,y3) of the problem (PD) is referred to as the weak maximal of (PD).

Theorem 4.2 (Weak duality). Suppose S CX is LC. Let (u*,a*) €X*and the problem (PD) has (W’ a”, 47,3, vi, y3, y3)
as its feasible point. Suppose that

F(-,a% : X — 2% is p1-K1-LC concerning ei, G(:,a%) : X — 27 is p>-K>-LC with respect to e>and p(-,a°) : X — Ysis ps-
K3-LC with regards to eson S.

Further suppose that theDF (-, a®)(u®, ¥?) andDG (-, a°)(u’, y8) exist together with p'(-,a®)(u®). Assume further that the
circumstances stated in Lemma 3.2 are true @ (0”5 a%, 38,98, Y5, U5 U5). Then

F(U*va*) - 7/(1) ctn \_intKl,

provided

p1(yi,e1) + p2(y3, €2) + p3(y3, e3) =2 0 (4.3)

Proof. Let if possible for some¥ € F'(u*,a*), y — Y E—  inK.

Then(¥i, ¥ — ¥1) <0 (as Oy, # yi € KY).

Again, since (u*,a*) €X*, we have G(u*,a")N(—K>) ~ ¢.

Letts € G(u*,a*) N (—K2).

Then(¥3,v3) <0 (as y3 € K5).

Therefore, the above equation together with (4.2) gives

(u3,y2 — y2) = (3, 92) — (¥3,42) <O,

Hence

iy — o) + (v3,y3 — y3) <O, (4.4)

Since at (“07 a®, 9,99, i, v3, yg), Lemma 3.3 is valid, therefore from equations (3.2),

(4.1) and (4.3) we have

(yi, Fu*,a") =) + (y5,G(u",a*) — y3) 2 0

Hence (U,y —4?) +(y3,v3 —v3) 20, which contradicts (4.4). Thus

F(u*,a*) =y} Y1\ —iny(K)).

m

Theorem 4.3 (Strong Duality). Suppose S SX is a LC, let (u®,a®9?) be a weak minimal of (PSVP) and
ys € G(u°,a%) N (—K2) gssume that for some

(wi,y5,93) € Ki x K x K,

with (yi,e1) = 1 Equations (3.8) and (3.9) are satisfied at the point (u®, a’, y(l),

Y9, YT, Y3: Y3 ) Then (PD) has a a feasible solution (u®,a® 7,98, yi. ¥3. ¥3). More-

over, if for each feasible point of (PD), the hypothesis of weak Duality Theorem holds, then (PD) has a weak maximal
(u®, 0,90, 93, Y1, 3, 03).

Proof. As at the point (UO> a® 1, y3, yi s v3, Y3), the equations (3.8) and (3.9) are true, therefore

1% DF(C,a”) (. 1) (Hit0.(01) + F(u’,a) = 11°)

+ (2", DG(,a")(w’,y2"Y(Hi0.(07) + G(u’,a) = y2°)
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+ (130 ()W) (H.*0,.(0%) + p(u®,a)) >0, V (u,a) €S x 4, and
(¥3.92) =0,
Also p(u®a®) = 0 as (u°,a®) €X*. Hence the equality (4.1) has the feasible solution (uO,aO,yg,yg Y1, Y2, Y3). Let’s

presume that the weak duality Theorem 4.2 is satisfied but (PD) doesn’t have the point (UO, a® 7,93, Y1, y3, Y3) as

weak  maximal. Let (  %&Y1,Y2,Y1,95,Y3) satisfy all the constraints of (PD) such that
Y —y1 € —intKy
The weak duality theorem is in conflict with it. As a result (PD) has a weak maximal (an a0, Y8, YT, Y3, ) o

Theorem 4.4 (Converse duality). Let S €X be a LC, pu®a®) > 0 and (4°,a°, 92,98, Y1, Y3, Y3 )satisfy all the constraints
of (PD). Suppose e € intK;, e; € intK, and e; € intKs. Suppose that F(-,a°) : X — 2™ is p1-Ki-LC with respect to e,
G(-,d% : X — 2% is pr-K>-LC with respect to es, and p(:,a°) : X — Ysis ps-K3-LC with regards to es on S. Assume
additionally that the p'(-,a®)(u°) exists together with DF(-,a°)(u’, 4?) ana DG (-, a®)(u®, ¥3). Further presume that the
Lemma 3.2 is true at (1’ a%, 1, yg,

it 2% y3*) and (4.3) is satisfied. Then (PSVP) has a weak minimal (u®,a®,y7) if W a® eX.

Proof. Let if possible (uova()’y(l)) be a non weak minimal of (PSVP). This implies that the (#,a) €X*along with y,
€F(u,a) giveyt < Y.

Now,

(Wi, — i) <0, as yf € Ki \ {Ov1}4.5)

Also as (1°,a°) EX*so there exists y» EG(u,a) N (—Ka).

This gives(¥3¥2) < 0 as y5 € K5

Using the dual feasibility of (4" a”: ¥7, 49, Y1+ Y3, ¥3), we have

(y3,92) 2 0,

Therefore

(3,92 —y9) = (y3,92) — (¥3,%5) <0, (4.6)

Adding (4.5) and (4.6), we get

Wi,y — 90 + (y3, 92 — 12) <O, 4.7)

As the Lemma 3.2 is staisfied at (" @, 47,49, y1, Y5, y3)-

So from (3.2), (4.3) and dual feasibility of this point, we get

(y)lkv F(uv a) - y(1)> + (y; G(U, a) - y(2]> Z O

Thus

Wi m —9) + (U5, 92 —49) > 0,

which does not satisfy (4.7). As a result (PSVP) has a weak minimal (an a®,?) o
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