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Abstract
This paper, we propose a new exponential product ratio estimator and an exponential regression estimator to estimate the mean

value Y of a finite population of the study variable y using the auxiliary variable for dealing non-response. Using a large sample
approximation, the expression of bias and mean error squared (MSE) are obtained for the proposed estimates. Under certain
realistic conditions, the proposed estimation has been found to be more or equal accurate than normal unbiased estimates. The
effectiveness of the proposed estimate is demonstrated by empirical studies in comparison with sample mean, ratio estimators
and other current estimates.

Keywords: Auxiliary Variable; Study Variable; Bias; Mean Squared Error; Non-Response; Ratio-product exponential
estimator; Regression exponential estimator; Searls Constant

1. INTRODUCTION

To improve the efficiency of the estimators, auxiliary information is generally used. Cochran (1940) proposed a ratio estimator
for estimating the population mean when the study variable is positively correlated with auxiliary variables. Murthy (1964)
proposed a product estimation that predicted the population mean when both study and auxiliary variables are negatively
correlated, in contrast to the ratio estimator situation. Hansen et. al (1953) proposed the difference estimator which was
modified to provide the linear regression estimator for the population mean or total.

Almost all surveys suffer from lack of response (non-response) in practice. If the subjects are refused, absenteeism occurs and
sometimes lack of information is a reason for not responding. The pioneering work of Hansen and Hurwitz (1946), assumed
that a sub-sample of initial non-respondents is recontacted with a more expensive method, suggesting the first attempt by mail
questionnaire and the second attempt by a personal interview. Sampling experts are sometimes using auxiliary information in
order to increase the accuracy of estimates when determining population parameters such as mean, total or ratio.

In the sampling literature, it is well known that the efficiency of the population mean estimator of study variable y can be
increased by using auxiliary information that is highly correlated with study variable y. Rao (1986), Khare and Srivastava
(1995, 1997), Okafor and Lee (2000) and Singh and Kumar (2008, 2009, 2010) have proposed a tool to estimate the population
mean of the study variable y by using auxiliary information in the presence of non-response.

The remaining part of the paper is organized as follows: in section 2, notations under nonresponse is introduced. In section 3,
existing estimators under non-response. In section 4, proposed estimator for estimating finite population mean is defined. In
section 5, theoretical comparison is done between existing and proposed estimator. In section 6, existing and proposed
estimators are compared numerically. Finally, section 7 condenses the principal discovery and culminate the document.
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2. NOTATION

For a finite population P= (Py, P, P; ... Py) of size N and a random sample of size n is drawn without replacement. Let the
characteristics under study, y (say) takes value y; on the unit P;, (i = 1,2,3 ... N). In survey on the human population, it is
often the case that n; unit respond on the first attempt while n, (= n — n,) units do not provide any response. In the case of
non-response at the initial stage, Hansen and Hurwitz (1946) proposed a double sampling plan for estimating the population
mean having the steps given below:

a) A simple random sample (SRS) of size n is drawn and the questionnaire is mailed to the sample units

b) A sub-sample of size ¢ = (n,/h), (h = 1) from the n, non-responding units in the initial attempt is contacted
through personal interviews.

In the Hansen and Hurwitz method the population is supposed to be consisting of response stratum of size N; and the non-

response stratum of size N, = (N — N;). Let ¥ = _21 1Y; and S5 2= —Z Y ,(y; — ¥)? denote the population mean and
variance of the study variable y. Let ¥}, = —Zl 1Y and Sy(l) ! 2: L - ¥,)? denote the mean and variance of the
respondent group (or strata). Similarly, let ¥, = —Zl , Vi and S2 @) = ! Zl 2, (y; — ¥,)? denote the mean and variance of

the non-respondent group (or strata). The population mean can be ertten as
Y = W1 }71 + Wz }72
where W; = (%) and W, = (%) The sample mean y; = %Z;:l y; denote the mean of the n; responding units and y, =
1
Zl 1 Yi denote the mean of the n, non-responding units.
Let ¥,4 = %Z?ﬂ y; denote the mean of the q sub-sampled units where q= % Hansen and Hurwitz (1946) suggested an
unbiased estimator for the population mean ¥ of the study variable y is given as:
V= wiy +weiag (CAY)

n n . . . . . —x
where wy = 71 and w, = 72 are responding proportions and non-responding proportions of the sample. The variance y* is

given below:

_/1- W,(h —
V(y*):y2[< nf)cy2+ Z(n )62(2) (2.2)

where CZ = and Cooxy = y(z)

Let xi(i = 1,2, ... N) denote the auxiliary variable correlated with the study variable y;(i = 1,2, ...,N).LetX = —Zl 1 x; and

= —Z ", (x; — X)? denote the population mean and variance of the auxiliary variable y. Let X; = N_12i=1 x; and 5x(1) =

N11 12._ (x; — X,)? denote the mean and variance of the respondent group (or strata). Similarly, let ¥, = iZ?]jl y; and
Sx(z) ! Zl 2 (g = X,)? denote the mean and variance of the non-respondent group (or strata). Let ¥ = % ™1 x; denote

the mean of all the n units. Let X; = niz ;1 X; denote the mean of the n; responding units and Xx, = ! Zl , x; denote the
1

mean of the n, non-responding units.

Let X,q = %Z?zlxi denote the mean of the g sub-sampled units where q = % With this background, define an unbiased

estimator of population mean X is given as:
Xt = Wlfl + szzq (23)

The variance of X* is given below:

V(z*) = X2 [(1 ;f) c2 + Wz U;_ D) 2y (2.4)

5;%(2)

where CZ = and Cipy =
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2.1 Bias and Mean Square Error (MSE) of the Proposed Estimators
Let us define the following terms:

y =Y +¢g)

=X1+¢g)

E(g) = E(e) =0

Wy(h—1)

1 —_
E(ed) = [( - f) Cz+ Cj(z)] = B (say)

1-— W,(h—1
E(sf)z[( nf)C,?+ Z(n )Cf(z)]zA(say)

1-f W,(h —1)
E(80€1) = [(T) pynyCx + 27pyx(Z)Cy(Z)Cx(Z) =C (Sa}’)
where
Pyx = yx/SxS 5

Pyx(2) = Syx@)/Sx@Sy(2)

N

1 _ _

Syx = mZ()’t -V —X)
i=

N>
1 _ _
Syx(2) = EZ(}G = Y)(x; — X3)
i=

3. Existing Estimator

(2.5)

(2.6)

2.7)

(2.8)

Where only a few observations are missing from the sample. Initial, estimators for estimating population mean ¥ was suggested
by Hansen and Hurwitz (1946). Many other authors work for the similar situation. In this case, few existing estimates of

population mean ¥ under nonresponse are given.

(1) Rao (1986) suggested a ratio estimator for estimation the population mean ¥ of the study variable y is given by
* bt X
B(t;)=Y(A-0)
MSE(t;) =Y?(B+A—20C)
N (AT 2
MSE(t}) =Y — {C2 +C2—2pyC,Cy}
Wo(h—1)
+—— G + G — 2o et (32)
(ii) Khare and Srivastava (1993) suggested a product estimator for the population mean ¥ of the study variable y
is given as
o= () 63)
ks =V X .
B(t;s) = YC
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MSE (t;s) = Y2(A+ B + 20)

* V4 1 — f
MSE (tis) = Y2 [(T) {C3 +CE+2pyCyC,)

Wz (h
[ @ T Gy + 20yx Oy Cxo)] (34)
(1ii) Singh et. al. (2008) suggested an exponential ratio type estimators for the population mean ¥ of the study
variable y are
= yrep | 35
= Ve |3 35)
Y
B(t;) = §(3A —40C)
_ A
MSE(t:,) = 72 <B +2- c)
/1= 2
MSE(tS,) = 72 (Tf) {cz — pyCyC }
N (h D[ |, e
|Gy + 22 P by e (3.6

Singh et. al. (2008) suggested an exponential product type estimators for the population mean Y of the study

(iv)
variable y are
. T -X 37)
B P '
Y
B(ts,) = gUc -4

_ A
MSE(t;,) = Y? (B ot C)

* V2 1- f 2 C’?
MSE(t;,) =Y (T) Cy + 5+ PyxCyC

Wy(h — 1

) Cx (2)
L Chy + =4+ Pyx@Cy@Ca (3.8)

4. Proposed Estimators

Strategy I: y*, X" and X are used. The non-response happens on both study variable y as well as auxiliary variable x, and the

population mean X of the auxiliary variable is known. In this strategy, we proposed a regression exponential type estimator

and the estimator is

7 X—x
tn=0 +BX —x ))eXp[X+_*]
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Case-1: We proposed estimator as regression exponential type estimator in which non-response occurs in study as well as

auxiliary variable

- X—x
tin = (7" +B(X %) exp [ﬁ] (4.1)

where f is a real constant to be determined such that the MSE of t, is minimum.

Now, expressing t3; in terms of €'s we have

_ - X-X1
= 71+ 20) 4 =X+ el enp [T g o

= [Y(1+ &) + BX(—&)] exp [2__5181]

-1

=[Y(1+ &) — BXelexp (— %1) (1 + %1) (4.2)

Expanding the right-hand side of equation (4.2) and neglecting the terms involving powers of €’s greater than two, we have

. - - & &g 3 _ g2

tsh_y:Y 50—?—T+§€12:|—BX[€1—7] (4—3)
Taking Expectation on both sides of (4.3), we get the bias of the estimator t;;, as

Y 1 _

B(t3) = 5 (34— 4C) + 5 pXA (4.4)
Squaring of (4.3) on both sides and neglecting terms of €’s involving power greater than two, we have
_ _ &t = e &t

(-2 =722 + -5 e+ B?X%e2 — 2BXY |ege, — > (4.5)

Taking Expectation on both sides of (4.5), we get the exact mean square error (MSE) of t;, and approximation of MSE (to the

first degree of approximation) of t3,, as
Y2 _ o
MSE(t;,) = 7(43 +A—4C) + B?X%A — BXY(2C - 4) (4.6)
Differentiate equation (4.6) w.r.to 8 and equating to zero for obtaining the optimum value of 8. The optimum value of f which
makes the MSE minimum of equation (4.6) is given by

_RQC-4)

= 4.7

B

where R =YV /X
Substitute the optimum value of ‘B’ from (4.7) in (4.6), we get the exact MSE of the optimum estimator t;h(opt)

_ c?
MSE (t3n(opr)) = min MSE (t3,) = ¥ [B’ - 7] (4.8)

: 7 [ 1-f Wa(h—1)
MSE(tinopry) = Y2 {( - )Cy2+ — G

|

{(¥) PyxCyCx + %—mez)cm)cx(z)}zl (4.8b)
(FDe+ B0} | |
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Strategy II: Donald T. Searls (1964) introduce a constant which results in higher efficient estimators. In this strategy, we
propose to use Searls (1964) type transformation (STT) under strategy 1. The STT is defined as

T =ay*
where « is a suitable chosen scalar. The following estimators under strategy I described above are proposed using the STT.
The proposed estimator under strategy II, when 7*, ¥* and X are used, is given by

X—f*]

tim = (@3 + B — %)) exp [X -

Case-2: We proposed estimator as regression exponential type estimator in which non-response occurs in study as well as

auxiliary variable

_ X - x
tsny = (@y” + B(X — x7)) exp [)? n i] (4.9)

where a and B is a real constant to be determined such that the MSE of t},; is minimum.
Now, expressing t3,, in terms of &’s we have
X-X(1+¢g)

tn = [aP(L+ &) + BLF ~ X(1 + e exp [X ey

= [aV(1 + &) + R (—e)] exp [~ ]

2+&
s - & e\ 7!
=[aY(1 + &) — BXe]exp (— ?) (1 + ?) (4.10)
Expanding the right-hand side of equation (4.10) and neglecting the terms involving powers of €’s greater than two, we have
* v v v 3 v 2
tia =¥ = (@= D7 +af [g -2 =22 4+ 22| — pX[e, - 2 @.11)
Taking Expectation on both sides of (4.11), we get the bias of the estimator t;;,; as
B(ti) = (@ — DY + (34 - 4C) +1 pXA (4.12)
Squaring of (4.11) on both sides and neglecting terms of €'s involving power greater than two, we have
3 21I°
N — — — &1 &oé1 — &1
(tshl — Y)z = [((X — 1)Y + aY [80 —7—74‘5812] — ﬁX [81 —7]]
_ _ g2 _ _ & && 3
= (a — 1)2Y? + a?¥? |l + &g |+ B2X%e2 4+ 2a(a — 1)V? [50 -5t gelz - 2(a
2 2
_ &f — &f
- 1BXY [el - 7] —2afXY [8081 - 7] (4.13)

Taking Expectation on both sides of (4.13), we get the exact mean square error (MSE) of t;;,, and approximation of MSE (to
the first degree of approximation) of t3;4, as
_ _ A _ —. I3 ——
MSE(t2y,) = (@ — 1)272 + a272 [B +o- c] + B2R2A + a(a — 1)7? [ZA - c] + (@ — 1)BAXY

— aBYX(2C - A) (4.14)
Differentiate equation (4.14) w.r.to a and 8 and equating to zero for obtaining the optimum value of a and . The optimum

value of @ and [ which makes the MSE minimum of equation (4.14) are given by

a=m=V0(say)
~ R A2 — 44— 4C% + 8C + 4AB — AC]| _
S — 8 = Vi(say)

where R =YV /X

Substitute the optimum value of ‘a’ and ‘B’ in (4.14), we get the expression of minimum MSE of the estimator t;hl(opt)
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* 2¢2 4 2 A 252 2 [3 7V
MSE(tih10p) = Vo — D?V2 +Y [B 7 C] +V2X2A+ Vo (Vy — DY [ZA - C] + (Vo — DV, AXY
—VohYX(2C - A4) (4.15)
5. Theoretical Efficiency Comparison

The MSE’s of the existing estimators to the first degree of approximation are derived as:

Var (%) = V2B (5.1)

MSE(t;) =Y?(B+A-20) (5.2)

MSE(t;s) = Y?2(A+ B + 2C) (5.3)
_ A

MSE(t},) = Y? (B + i C) (5.4)

MSE(es) = 77 (B + %’ +c) (5.5)

Below is the comparison between proposed estimators with another existing estimator.

Efficiency condition over some related existing estimators.
—x * 5 c?\ _ 5pcC?
D) Var (7) = MSE(tepn) = 72 (B—B+5) =725 20 (5.6a)

Var(y*) — MSE(tsn1(0pt)) if
_ I A _ 13
= V2B —(V, - D)9 -7 [B +o- C] — VXA -V (Vy — DY [ZA - C]

— (V — DV, AXY + VoV, PX(2C — 4) > 0 (5.6b)

1) MSE(t;) — MSE (tinopr) = Y2 (B +A-2C-B+ C{)

=724 zc+C2
B A

72 A? —2CA+C?
A

> =@A-0?2%=20 (57q)
MSE(t;) = MSE (t5n10p0)) if
_ o A _ 3
= V2(B+A4—2C) — (V, — 1)?7% - 72 [B +5- C] —V,2K24 — Vo (Vy — 1)72 [ZA - c]
— (Vo — DV,AXY + VoV, XQ2C—A) =0 (5.7b)
* * 72 c?
2)  MSE(tiy) — MSE(tieopn) = 72 (A+ B+ 20 - B +5)

C2
=72 (A+20+—
(a+2c+5)

Il
~l

A% +2CA+ C?
2 R E— = [A+0)?=0 (5.8a)
MSE(tI:s) — MSE (t;hl(opt)) if
_ _ _ A _ _. I3
=Y?2(B+A+2C)— (V, —1)?Y%2 —Y? [B +Z_ C] — V12X2A —Vo(Vp — 1Y? [ZA — C]

— (Vo — DVAXY + Vo, 7X(2C — A) = 0 (5.8b)
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— 2
3)  MSE(t) = MSE (thep) = V2 (B+2-C—B+5)
=(A-20)220 (5.9a)

MSE(t,) — MSE (t3n1¢0p0)) if
V2 A 2y2 V2 A 2y2 V2 3
=7 (B+Z—C)—(V0—1) Yz2-yv [B+Z—C]—V1 X2A-Vy(V, — 1Y [ZA—C]

— (Vo — DVLAXY + VoV, VX(2C—A) =0  (5.9b)

— 2
4y MSE(tsy) — MSE(tihopry) = V2 (B+2+C-B+5)

2
=Y? é+C+C—
4 A

= (A+20)2=0 (5.10a)
MSE(tsp) — MSE (t3n1(0pe)) if
_ A o A . _. 13
= y? (B+Z+C)—(V0— 1)272 — 72 [B+Z—C] —V,2X24 — Vo (V, — 1)72 [ZA—C]
— (Vo = DV,AXY + V1, 7X(2C—A) =0  (5.10b)

Under the condition derived above proposed estimator proves to be more efficient than the existing traditional estimator. In

the next section, the theoretical findings are supported by a numerical study.

6. Numerical Illustration
To illustrate numerical meaning of the theoretical results, consider a real dataset used by Khare and Srivastava (1993). The

description of the dataset is given below:

A list of 70 villages in India along their population in 1981 and cultivated area (in acres) in the same year is considered (Singh
and Choudhary, 1986). Here, the cultivated area (in acres) is taken as the main study variable and the population of the village

is taken as the auxiliary variable. The parameters of the population are as follows:

Y =981.29, X =1755.53, C, =0.6254, C,=0.8009, ¥, =7597.29, X, =1100.24,
Cyz) = 04087, Cyzy =0.5739, pyx =0.778, pyxz) = 0.445, W, =0.20,
N=70, n=35

We computed the percent-relative efficiency (PRE’s) of various existing estimators with respect to the usual unbiased estimator

y* for different values of h, by using the formulae

Var (y*
PRE(t",5) =~ 07D

= MsE () < 100

where t* = t], tys, tor, tops tsns tsnt
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Table 1: Percent-relative efficiency (PRE) of the various estimators

PRE(t',y") (1/h)
(1/2) (1/3) 1/4) (1/5)
PRE(t},7") 123.077 105.797 95.35 89.32
PRE(t}5,7") 21.62 21.92 22.16 22.60
PRE(t3,7") 204.8 182.50 169.95 162.12
PRE(t,, ") 41.83 42.44 43.16 44.072
PRE(t;n,7") 210.84 189.22 176.17 167.46
PRE(t:n, 7" 21221 190.71 177.80 169.24

7. CONCLUSION

In this paper, we have proposed twos new estimators (t3, & t3,;) of the finite population mean of the study variable using
auxiliary information. Compared to usual mean and other estimated estimates, the proposed estimation methods are compared.
To support the theoretical results, a numerical study is carried out. It should be considered from table 1 that the PRE of t;., t;,.,
ten, and tgp,, decreases while the PRE of ti; and tg,, increases with the value of h increase. Furthermore, it is observed that
the estimators tg, and t¢p,, are bestamong y™, t7, tys, te and tg, but best among all proposed estimators is tg,;. A comparative
study was performed and demonstrated that the proposed estimators perform better than the conventional estimator. Therefore,

the proposed estimators t3, and t},; should be recommended for use in practice.
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