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ABSTRACT 
 In this paper, we generalize the concept of Binayak S. Choudhury in complete 𝑆- metric space. Also, we 
give examples which strengthen our result. 
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INTRODUCTION  
Today lot of generalization of Banach contraction which is known as pivotal result in fixed point Theory. 

Also, weak contraction condition introduced by Alber. Ya. I and Guerre -Delabrieer in Hilbert spaces. In this way, 
Binayak S. Choudhury introduced the concept weak  
𝐶-contraction and also he established that every weak 𝐶-contraction in complete metric space has a unique 
invariant point. Here we generalize this condition in complete 𝑆-metric space. 
1. PRELIMINARIES 
Definition 2.1 [4] 

Let 𝑋 be a non empty set. An 𝑆-metric on 𝑋 is a function 𝑆: 𝑋 × 𝑋 × 𝑋 → 𝑅ା that satisfies the following 
conditions for each 𝜁, 𝓋, 𝓌, 𝑡 ∈ 𝑋, 

(S1) 𝑆(𝜁, 𝓋, 𝓌) ≥ 0. 
 (S2) 𝑆(𝜁, 𝓋, 𝓌) = 0 if and only if 𝜁 = 𝓋 = 𝓌. 
 (S3) 𝑆(𝜁, 𝓋, 𝓌) ≤ 𝑆(𝜁, 𝜁, 𝑡) + 𝑆(𝓋, 𝓋, 𝑡) + 𝑆(𝓌, 𝓌, 𝑡)  

Then the pair (X, S) is called an S-metric space. 
Example 2.2 [4] 

Define 𝑆: 𝑅ଷ → 𝑅ା by 𝑆(𝜁, 𝓋, 𝓌) = |𝜁 − 𝓌| + |𝓋 − 𝓌| ∀𝜁, 𝓋, 𝓌 ∈ 𝑅, then (𝑅, 𝑆) is  
𝑆-metric space. 
Definition 2.3 [4] 

If 𝑆(𝜂௡, 𝜂௡, 𝜂) → 0 as 𝑛 → ∞, then we say that {𝜂௡} in 𝑋 converges to 𝜂 ∈ 𝑋. (i.e.) for arbitrary 𝜀 > 0, 
there exists a natural number 𝑚 such that 𝑆(𝜂௡, 𝜂௡, 𝜂) < 𝜀 ∀ 𝑛 ≥ 𝑚. Also, we write it by lim

௡→ஶ
𝜂௡ = 𝜂. 

Definition 2.4 [4] 
A sequence {𝜂௡} in 𝑆-metric space (𝑋, 𝑆)  is said to be Cauchy sequence if for any  
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𝜀 > 0, 𝑚 ∈ 𝑁 such that 𝑆(𝜂௡, 𝜂௡, 𝜂௠) < 𝜀 ∀ 𝑛, 𝑚 ≥ 𝑛଴. 
Definition 2.5 [4] 

A 𝑆-metric space (𝑋, 𝑆) is said to be complete if every Cauchy sequence in 𝑋 is converges to a limit in 
𝑋. 
Definition 2.6 [4] 

Let (𝑋, 𝑆) be 𝑆-metric space. A mapping ℎ: 𝑋 → 𝑋 is said to be 𝑆-contraction if (ℎ𝜂, ℎ𝜂, ℎ𝜈) ≤

𝑡𝑆(𝜂, 𝜂, 𝜈) ∀ 𝜂, 𝜈 ∈ 𝑋 & 0 ≤ 𝑡 < 1. 
Lemma 2.7 [2] 
 In the 𝑆-metric space 𝑆(𝜁, 𝜁, 𝓋) = 𝑆(𝓋, 𝓋, 𝜁). 
Lemma 2.8 [2] 
 In the 𝑆-metric space, 

𝑆(𝜁, 𝜁, 𝓋) ≤ 2𝑆(𝜁, 𝜁, 𝓌) + 𝑆(𝓋, 𝓋, 𝓌) and 
𝑆(𝜁, 𝜁, 𝓋) ≤ 2𝑆(𝜁, 𝜁, 𝓌) + 𝑆(𝓌, 𝓌, 𝓋)         

Definition 2.9 [6] 
 Let (𝑋, 𝑑) be a metric space. Any self mapping 𝐶 on 𝑋 is called 𝐶-contraction if it satisfies the following 
inequality 

𝑑(𝐶𝜁, 𝐶𝓋) ≤ 𝜌[𝑑(𝜁, 𝐶𝓋) + 𝑑(𝓋, 𝐶𝜁)] 

with 𝜌 ∈ ቀ0,
ଵ

ଶ
ቁ and for all 𝜁, 𝓋 ∈ 𝑋. 

This concept was introduced by Chatterjee [6]. 
Theorem 2.10 [6] 
 Any 𝐶-contraction mapping on a complete metric space has a unique fixed point. 
Definition 2.11 [1] 
 Let (𝑋, 𝑑) be a complete metric space. A self mapping 𝐶 on 𝑋 is said to be weak  
𝐶-contractive if  

𝑑(𝐶𝜁, 𝐶𝓋) ≤
1

2
[𝑑(𝜁, 𝑇𝓋) + 𝑑(𝓋, 𝑇𝜁)] − 𝜌[𝑑(𝜁, 𝐶𝓋), 𝑑(𝓋, 𝐶𝜁)] 

where 𝜌: 𝑅ାమ
→ 𝑅ା and also a continuous mapping such that 𝜌(𝜁, 𝓋) = 0 iff 𝜁 = 𝓋 = 0. 

Theorem 2.12 [1] 
 Any weak 𝐶-contraction mapping on a complete metric space has a unique fixed point. 
 This statement was stated by Binayak S. Choudhury. 
 In the next section, we generalize this concept in complete 𝑆-metric space. 
MAIN RESULTS 
Definition 3.1 
A self mapping 𝐶 on a complete 𝑆-metric space 𝑋 is said to be weakly 𝐶௦

ᇱ-contraction if 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝓋) ≤
1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝓋) + 𝑆(𝓋, 𝓋, 𝐶𝜁) − 𝜌൫𝑆(𝑢, 𝑢, 𝐶𝓋), 𝑆(𝓋, 𝓋, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝓋)൯൧   (3.1.1) 

where 𝜌: 𝑅ାయ
→ 𝑅ା is a continuous function satisfying the condition that 𝜌(𝑢, 𝓋, 𝓌) = 0 iff one 

of 𝑢, 𝓋, 𝓌 is zero.  
Example 3.2 
Let 𝑋 = [0,1]. Define the metric 𝑆 on 𝑋 as 𝑆(𝑢, 𝓋, 𝑤) = |𝑢 − 𝑤| + |𝓋 − 𝑤| ∀ 𝑢, 𝓋, 𝑤 ∈ 𝑋. 

Define 𝐶: [0,1] → [0,1] by 𝐶𝑢 = ቐ

௨

ଶ
, 𝑢 ∈ ቂ0,

ଵ

ଶ
ቃ

ଵ

ସ
, 𝑢 ∈  ቀ

ଵ

ଶ
, 1ቃ

 

Solution.  
Define 𝜌( 𝑢, 𝑣, 𝑤) = 𝑚𝑖𝑛{𝑢, 𝑣, 𝑤} 
Case (i) 

Let 𝑢 =
ଵ

ଷ
∈ ቂ0,

ଵ

ଶ
ቃ , 𝑣 =

ଷ

ସ
∈ ቀ

ଵ

ଶ
, 1ቃ, Then 𝐶𝑢 =

ଵ

଺
 and 𝐶𝑣 =

ଵ

ସ
 

             𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
1

6
,
1

6
,
1

4
൰ = 2 ฬ

1

6
−

1

4
ฬ =

2 × 2

24
=

1

6
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            𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
1

3
,
1

3
,
1

4
൰ = 2 ฬ

1

3
−

1

4
ฬ =

2

12
=

1

6
 

            𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
3

4
,
3

4
,
1

6
൰ = 2 ฬ

3

4
−

1

6
ฬ = 2 ×

7

12
=

7

6
 

                𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
1

3
,
1

3
,
3

4
൰ = 2 ฬ

1

3
−

3

4
ฬ = 2 ×

5

12
=

5

6
 

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌 ൫𝑆(𝑢, 𝑢, 𝐶𝑣), 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣)൯൧ 

                                                                                  =
1

3
൤
1

6
+

7

6
− 𝜌 ൬

1

6
,
7

6
,
5

6
൰൨ 

                                                               =
1

3
൤
8

6
−

1

6
൨ 

                                                      =
1

3
൤
7

6
൨ 

                                                  =
7

18
 

                                              >
1

6
 

∴ Inequality (3.1.1) is satisfied. 
Subcase 

Let 𝑢 = 0 ∈ ቂ0,
ଵ

ଶ
ቃ , 𝑣 = 1 ∈ ቀ

ଵ

ଶ
, 1ቃ, then 𝐶𝑢 = 0, 𝐶𝑣 =

ଵ

ସ
 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬0,0,
1

4
൰ = 2 ฬ0 −

1

4
ฬ =

1

2
                               

𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬0,0,
1

4
൰ =

1

2
                                                 

            𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆(1,1,0) = 2                                                                 
               𝑆(𝑢, 𝑢, 𝑣) = 𝑆(0,0,1) = 2                                                                  

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝓋) + 𝑆(𝓋, 𝓋, 𝐶𝑢) − 𝜌൫𝑆(𝑢, 𝑢, 𝐶𝓋), 𝑆(𝓋, 𝓋, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝓋)൯൧             

=
1

3
൤
1

2
+ 2 − 𝜌 ൬

1

2
, 2,2൰൨ 

=
1

3
൤
5

2
−

1

2
൨                          

=
2

3
                                         

>
1

2
                                        

∴ Inequality (3.1.1) is satisfied. 
Case (ii) 

𝑢 =
ଵ

ହ
∈ ቂ0,

ଵ

ଶ
ቃ and 𝑣 =

ଵ

ଷ
∈ ቂ0,

ଵ

ଶ
ቃ,Then 𝐶𝑢 =

ଵ

ଵ଴
, 𝐶𝑣 =

ଵ

଺
 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
1

10
,

1

10
,
1

6
൰ = 2 ฬ

1

10
−

1

6
ฬ =

2 × 4

60
=

2

15
 

            𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
1

5
,
1

5
,
1

6
൰ = 2 ฬ

1

5
−

1

6
ฬ =

2

30
=

1

15
 

             𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
1

3
,
1

3
,

1

10
൰ = 2 ฬ

1

3
−

1

10
ฬ = 2 ×

7

30
=

7

15
 

                     𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
1

5
,
1

5
,
1

3
൰ = 2 ฬ

1

5
−

1

3
ฬ = 2 ×

2

15
=

4

15
 

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌 ൫𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣)൯൧          

                                                                                           =
1

3
൤

1

15
+

7

15
− 𝜌 ൬

1

15
,

7

15
,

4

15
൰൨ 

                                                               =
1

3
൤

8

15
−

1

15
൨       
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                                                      =
1

3
൤

7

15
൨         

                                                  =
7

45
            

                                     >
2

15
 

∴ Inequality (3.1.1) is satisfied. 
Subcase 

𝑢 = 𝑣 =
ଵ

ସ
∈ ቂ0,

ଵ

ଶ
ቃ, then 𝐶𝑢 =

ଵ

଼
, 𝐶𝑣 =

ଵ

଼
. 

       𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
1

8
,
1

8
,
1

8
൰ = 0 

            𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
1

4
,
1

4
,
1

8
൰ =

1

4
 

            𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
1

4
,
1

4
,
1

8
൰ =

1

4
 

                 𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
1

4
,
1

4
,
1

4
൰ = 0     

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌 ൫𝑆(𝑢, 𝑢, 𝐶𝑣), 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣)൯൧                                

                                                      =
1

3
൤
1

4
+

1

4
− 𝜌 ൬

1

4
,
1

4
, 0൰൨ 

                    =
1

3
×

2

4
 

                     =
1

6
> 0 

∴ Inequality (3.1.1) is satisfied. 
Case (iii) 

Let 𝑢, 𝑣 ∈ ቀ
ଵ

ଶ
, 1ቃ, 𝑢 =

ଷ

ସ
, 𝑣 =

ଶ

ଷ
, then 𝐶𝑢 =

ଵ

ସ
, 𝐶𝑣 =

ଵ

ସ
 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
1

4
,
1

4
,
1

4
൰ = 0                

           𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
3

4
,
3

4
,
1

4
൰ = 2 ฬ

3

4
−

1

4
ฬ = 1 

             𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
2

3
,
2

3
,
1

4
൰ = 2 ฬ

2

3
−

1

4
ฬ =

5

6
    

                 𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
3

4
,
3

4
,
2

3
൰ = 2 ฬ

3

4
−

2

3
ฬ =

1

6
      

 
1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌 ൫𝑆(𝑢, 𝑢, 𝐶𝑣), 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣)൯൧ 

                       =
1

3
൤1 +

5

6
− 𝜌 ൬1,

5

6
,
1

6
൰൨ 

=
1

3
൤
11

6
−

1

6
൨ 

=
1

3
൤
10

6
൨         

=
5

9
> 0         

∴ Inequality (3.1.1) is satisfied. 
Subcase: 

Suppose 𝑢 = 𝑣 =
ଶ

ଷ
∈ ቀ

ଵ

ଶ
, 1ቃ,  

then 𝐶𝑢 = 𝐶𝑣 =
ଵ

ସ
 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 0                                           

           𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
2

3
,
2

3
,
1

4
൰ = 2 ฬ

2

3
−

1

4
ฬ =

5

6
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             𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
2

3
,
2

3
,
1

4
൰ =

5

6
                          

                 𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
2

3
,
2

3
,
2

3
൰ = 0                           

 
1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌 ൫𝑆(𝑢, 𝑢, 𝐶𝑣), 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣)൯൧ 

                       =
1

3
൤
5

6
+

5

6
− 𝜌 ൬

5

6
,
5

6
, 0൰൨ 

=
1

3
൤
10

6
− 0൨ 

=
1

3
൤
10

6
൨         

=
5

9
> 0         

∴ Inequality (3.1.1) is satisfied. 
Thus, in all the cases, the self-mapping 𝐶 satisfies the inequality (3.1.1). 
Hence, 𝐶 is the weakly 𝐶௦

ᇱ-contraction for all values of 𝑢, 𝑣 ∈ 𝑋. 
Theorem 3.3 

Let 𝐶: 𝑋 → 𝑋, where (𝑋, 𝑆) is a complete 𝑆-metric space be a weakly  𝐶௦
ᇱ-contraction. Then 𝐶 has a 

unique fixed point.  
Proof. 

Let 𝑢଴ ∈ 𝑋 and 𝐶𝑢௡ = 𝑢௡ାଵ∀𝑛 ≥ 1. 
Suppose 𝑢௡ = 𝑢௡ାଵ = 𝐶𝑢௡, then 𝑢௡ is a fixed point of 𝐶. 
Let us assume that 𝑢௡ ≠ 𝑢௡ାଵ. Put 𝑢 = 𝑢௡ିଵ, 𝑣 = 𝑢௡ in (3.1.1). 
Then we have, 

𝑆(𝐶𝑢௡ିଵ, 𝐶𝑢௡ିଵ, 𝐶𝑢௡) = 𝑆( 𝑢௡, 𝑢௡ , 𝑢௡ାଵ) 
Again by (3.1.1) 

𝑆(𝐶𝑢௡ିଵ, 𝐶𝑢௡ିଵ, 𝐶𝑢௡) ≤
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝐶𝑢௡) + 𝑆( 𝑢௡, 𝑢௡, 𝐶𝑢௡ିଵ)                                           

                                          −𝜌 ൫𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝐶𝑢௡), 𝑆( 𝑢௡, 𝑢௡ , 𝐶𝑢௡ିଵ), 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡)൯] 

⇒ 𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ) ≤
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ) + 𝑆(𝑢௡, 𝑢௡, 𝑢௡)                                       

                                −𝜌 ൫𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ), 𝑆( 𝑢௡, 𝑢௡, 𝑢௡), 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡)൯] 

                    ≤
1

3
[2𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) + 𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)                        

           −𝜌 ൫𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ), 0, 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡)൯] 

[∵ by Lemma 2.8, 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ) ≤ 2𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) + 𝑆(𝑢௡, 𝑢௡, 𝑢௡ାଵ)] 

≤
1

3
[2𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) + 𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)]    

                  =
2

3
𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) +

1

3
𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)                        

⟹ 𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ) −
1

3
𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ) ≤

2

3
𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) 

                                        
2

3
𝑆(𝑢௡, 𝑢௡, 𝑢௡ାଵ) ≤

2

3
𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) 

                                       𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ) ≤ 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡) 
⟹ {𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)} is a monotonic decreasing sequence whose terms are non-negative real numbers 

and so is convergent. 
Let lim

௡→ஶ
𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ) = 𝑎 

To prove 𝑎 = 0. 
Suppose not. Then 𝑎 > 0. Now, 

𝑆(𝐶𝑢௡ିଵ, 𝐶𝑢௡ିଵ, 𝐶𝑢௡) ≤
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝐶𝑢௡) + 𝑆( 𝑢௡, 𝑢௡, 𝐶𝑢௡ିଵ)                          
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                                                         −𝝆 ൫𝑺(𝒖𝒏ି𝟏, 𝒖𝒏ି𝟏, 𝑪𝒖𝒏), 𝑺(𝒖𝒏, 𝒖𝒏, 𝑪𝒖𝒏ି𝟏), 𝑺(𝒖𝒏ି𝟏, 𝒖𝒏ି𝟏, 𝒖𝒏)൯] 

𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)  ≤
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ) + 𝑆( 𝑢௡ , 𝑢௡, 𝑢௡)                     

                                                   −𝜌 ൫𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝐶𝑢௡ାଵ), 𝑆(𝑢௡, 𝑢௡, 𝑢௡), 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡)൯ 

                    =
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ) + 0                                  

                            −𝜌 ൫𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝐶𝑢௡ାଵ), 0, 𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡)൯ 

 =
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ)]                     

(𝑖. 𝑒) 𝑆( 𝑢௡, 𝑢௡, 𝑢௡ାଵ)  ≤
1

3
[𝑆(𝑢௡ିଵ, 𝑢௡ିଵ, 𝑢௡ାଵ)] 

Taking 𝑛 → ∞, we get, 𝑎 ≤
ଵ

ଷ
𝑎. 

which is a contradiction. 
∴ 𝑎 = 0. 

Hence, 𝑆(𝑢௡, 𝑢௡, 𝑢௡ାଵ) → 0 as 𝑛 → ∞ 
Next to prove that {𝑢௡} is Cauchy. 

 Suppose not, then given 𝜖 > 0, there exists sequence of integers {𝑠௜} and {𝑡௜}, which is increasing such 
that for all 𝑖, 𝑖 ∈ 𝑍ା, 𝑛(𝑖) > 𝑚(𝑖) > 𝑖, 

𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)൯ ≥ 𝜀 ≥
ఌ

ଶ
 and  𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ < 𝜀 

Thus, we have, 

𝜀 ≤ 𝑆൫𝑢௠(௜) , 𝑢௠(௜), 𝑢௡(௜)൯                                                                                                                                   

= 𝑆൫𝐶𝑢௠(௜)ିଵ, 𝐶𝑢௠(௜)ିଵ, 𝐶𝑢௡(௜)ିଵ൯                                                                                                            

≤
1

3
ቂ𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝐶𝑢௡(௜)ିଵ൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝐶𝑢௠(௜)ିଵ൯

− 𝜌 ቀ𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝐶𝑢௡(௜)ିଵ൯, 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝐶𝑢௠(௜)ିଵ൯, 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ𝑢௡(௜)ିଵ൯ቁቃ 

=
1

3
ቂ𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯

− 𝜌 ቀ𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯, 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯, 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ𝑢௡(௜)ିଵ൯ቁቃ                 

𝜀 ≤
1

3
[𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯ 

      −𝜌(𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯, 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯, 

𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ𝑢௡(௜)ିଵ൯)]                                          

(3.3.1) 

Also, 

𝜀 ≤ 𝑆൫𝑢௠(௜), 𝑢௠(௜) , 𝑢௡(௜)൯ = 𝑆൫𝑢௡(௜), 𝑢௡(௜), 𝑢௠(௜)൯                                                          

                                               ≤ 2𝑆൫𝑢௡(௜), 𝑢௡(௜), 𝑢௡(௜)ିଵ൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯ 

[by Lemma 2.8] 

                                                = 2𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௡(௜)൯ + 𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ 

[by Lemma 2.7] 

       < 2𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௡(௜)൯ + 𝜀 

Making 𝑖 → ∞, we get 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௡(௜)൯ = 0 

The above inequality becomes, 

lim
௜→ஶ

𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)൯ = 𝜀 

Also,  

lim
௜→ஶ

𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ = 𝜀 

Again, ` 

𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ ≤ 2𝑆൫𝑢௠(௜), 𝑢௠(௜) , 𝑢௠(௜)ିଵ൯ + 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)ିଵ൯ 

[by Lemma 2.8] 

                                          = 2𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௠(௜)ିଵ൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)ିଵ൯ 
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[by Lemma 2.7] 

                                            = 2𝑆൫𝑢௠(௜), 𝑢௠(௜) , 𝑢௠(௜)ିଵ൯ + 2𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௡(௜)൯ 

                                                      +𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯                                        

 
∴ 𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ ≤ 2𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௠(௜)ିଵ൯ + 2𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௡(௜)൯ 

                              +𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯ 
(3.3.2) 

And, 

 
𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯                                                                                             

                                  ≤ 2𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௠(௜)൯ + 𝑆൫𝑢௠(௜) , 𝑢௠(௜), 𝑢௡(௜)൯ 
(3.3.3) 

Making 𝑖 → ∞ in the inequality (3.3.2) and (3.3.3), we get, 

𝜀 ≤ lim
௜→ஶ

𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯  and 

lim
௜→ஶ

𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯ ≤ 𝜀 

Combining the above inequalities, we get, 

lim
௜→ஶ

𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯ = 𝜀 

Inequality (3.3.1) can be rewritten as, 

𝜀 ≤
1

3
[𝑆൫𝑢௡(௜), 𝑢௡(௜), 𝑢௠(௜)ିଵ൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯                                             

               −𝜌 ቀ𝑆൫𝑢௡(௜), 𝑢௡(௜), 𝑢௠(௜)ିଵ൯, 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯, 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)ିଵ൯ቁ] 

  =
1

3
[2𝑆൫𝑢௡(௜), 𝑢௡(௜) , 𝑢௠(௜)൯ + 𝑆൫𝑢௠(௜), 𝑢௠(௜) , 𝑢௠(௜)ିଵ൯ + 𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯ 

−𝜌(2𝑆൫𝑢௡(௜), 𝑢௡(௜), 𝑢௠(௜)൯ + 𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௠(௜)ିଵ൯,                                       

𝑆൫𝑢௡(௜)ିଵ, 𝑢௡(௜)ିଵ, 𝑢௠(௜)൯, 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)൯)]                                    

     =
1

3
[2𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)൯ + 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௠(௜)൯ + 𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯ 

−𝜌(2𝑆൫𝑢௠(௜), 𝑢௠(௜) , 𝑢௡(௜)൯ + 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௠(௜)൯,                                   

𝑆൫𝑢௠(௜), 𝑢௠(௜), 𝑢௡(௜)ିଵ൯, 𝑆൫𝑢௠(௜)ିଵ, 𝑢௠(௜)ିଵ, 𝑢௡(௜)ିଵ൯)]                                     

Making 𝑖 → ∞, we get, 
𝜀 ≤ [2𝜀 + 𝜀 − 𝜌(2𝜀, 𝜀, 𝜀)] 

𝜀 ≤ 𝜀 −
𝜌

3
(2𝜀, 𝜀, 𝜀)              

⟹ 0 ≤ −
𝜌

3
(2𝜀, 𝜀, 𝜀)                         

⟹ 𝜌(2𝜀, 𝜀, 𝜀) ≤ 0                              
which is a contradiction. 
Since 𝜌(𝑢, 𝓋, 𝓌) > 0 if 𝓊 ≠ 𝓋 ≠ 𝓌 ≠ 0 and 𝜌(𝑢, 𝓋, 𝓌) = 0 only if one of 𝑢, 𝓋, 𝓌 is zero. 
Here, 𝜀 > 0. Which implies 2𝜀 > 0 and hence 𝜌(2𝜀, 𝜀, 𝜀) > 0.  
Thus we get, {𝑢௡} is cauchy.  
Also, our space (𝑋, 𝑆) is complet 𝑆-metric space, every Cauchy Sequence is necessarily convergent in 

𝑋.  
This leads us to {𝑢௡} is converge to a point in 𝑋. 
Let {𝑢௡} → 𝑧. 
Then  

𝑆(𝑧, 𝑧, 𝐶𝑧) ≤ 2𝑆(𝑧, 𝑧, 𝑢௡ାଵ) + 𝑆(𝑢௡ାଵ, 𝑢௡ାଵ, 𝐶𝑧)                     [by Lemma 2.8]       
= 2𝑆(𝑧, 𝑧, 𝑢௡ାଵ) + 𝑆(𝐶𝑢௡, 𝐶𝑢௡, 𝐶𝑧)                                         

≤ 2𝑆(𝑧, 𝑧, 𝑢௡ାଵ) +
1

3
[𝑆(𝑢௡, 𝑢௡, 𝐶𝑧) + 𝑆(𝑧, 𝑧, 𝐶𝑢௡)               

−𝜌൫𝑆(𝑢௡, 𝑢௡, 𝐶𝑧), 𝑆(𝑧, 𝑧, 𝐶𝑢௡), 𝑆(𝑢௡, 𝑢௡ , 𝑧)൯]                 

= 2𝑆(𝑧, 𝑧, 𝑢௡ାଵ) +
1

3
[𝑆(𝑢௡, 𝑢௡, 𝐶𝑧) + 𝑆(𝑧, 𝑧, 𝑢௡ାଵ)              

−𝜌൫𝑆(𝑢௡, 𝑢௡, 𝑧), 𝑆(𝑧, 𝑧, 𝑢௡ାଵ), 𝑆(𝑢௡ , 𝑢௡, 𝑧)൯]                   



MARY ANUSHIA. S , S. N. LEENA NELSON 
 

 

Library Progress International| Vol.44 No.3 |Jul-Dec 2024                                                 25216 

Taking 𝑛 → ∞ 

𝑆(𝑧, 𝑧, 𝐶𝑧) ≤ 2𝑆(𝑧, 𝑧, 𝑧) +
1

3
[𝑆(𝑧, 𝑧, 𝐶𝑧) + 𝑆(𝑧, 𝑧, 𝑧)              

−𝜌൫𝑆(𝑧, 𝑧, 𝑧), 𝑆(𝑧, 𝑧, 𝑧), 𝑆(𝑧, 𝑧, 𝑧)൯ 

𝑆(𝑧, 𝑧, 𝐶𝑧) ≤
1

3
𝑆(𝑧, 𝑧, 𝐶𝑧)                                                               

This is possible only if 𝑆(𝑧, 𝑧, 𝐶𝑧) = 0 
                         ⟹ 𝑧 = 𝐶𝑧                  [∵ by (S2)] 

(i.e) 𝐶 has a fixed point 𝑧. 
To prove the uniqueness 
Suppose 𝐶 has two fixed points say 𝑧ଵ and 𝑧ଶ. (i.e) 𝐶𝑧ଵ = 𝑧ଵ and 𝐶𝑧ଶ = 𝑧ଶ. 
Then, 

𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ) = 𝑆(𝐶𝑧ଵ, 𝐶𝑧ଵ, 𝐶𝑧ଶ)                                                                                  

≤
1

3
[𝑆(𝑧ଵ, 𝑧ଵ, 𝐶𝑧ଶ) + 𝑆(𝑧ଶ, 𝑧ଶ, 𝐶𝑧ଵ)                              

   −𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝐶𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝐶𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯]   

≤
1

3
[𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ) + 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ)                                    

          −𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯]              

                      ≤
1

3
[2𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ) − 𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯] 

⟹
1

3
𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ) ≤ −

𝜌

3
൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯                                         

Suppose 𝑧ଵ ≠ 𝑧ଶ.  

Since 
ଵ

ଷ
𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ) > 0 and 𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯ > 0 

⟹ 0 < −𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯ 

⟹ 𝜌൫𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ), 𝑆(𝑧ଶ, 𝑧ଶ, 𝑧ଵ), 𝑆(𝑧ଵ, 𝑧ଵ, 𝑧ଶ)൯ < 0    

which is a contradiction. 
∴ 𝑧ଵ = 𝑧ଶ. 

Hence proved. 
Example 3.4 

The self mapping 𝐶 defined in example (3.2) is weakly 𝐶௦
ᇱ-contraction in complete  

𝑆-metric Space.  
Hence by Theorem (3.3), the function 𝐶 has unique fixed point and the fixed  

point is ′0′. 
Example 3.5 

Define 𝐶𝑢 = ቐ

ଵ

ହ
, 𝑢 ∈ ቂ0,

ଵ

ଶ
ቃ

ଷ

ସ
, 𝑢 ∈ ቀ

ଵ

ଶ
, 1ቃ

  

the metric 𝑆 and the mapping 𝜌 as in Example (3.2). 

Let 𝑢 =
ଵ

ଷ
∈ ቂ0,

ଵ

ଶ
ቃ , 𝑣 =

ହ

଺
∈ ቀ

ଵ

ଶ
, 1ቃ, then,𝐶𝑢 =

ଵ

ହ
, 𝐶𝑣 =

ଷ

ସ
 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
1

5
,
1

5
,
3

4
൰ = 2 ฬ

1

5
−

3

4
ฬ =

2 × 11

20
=

11

10
 

            𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
1

3
,
1

3
,
3

4
൰ = 2 ฬ

1

3
−

3

4
ฬ = 2 ×

5

12
=

5

6
           

            𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
5

6
,
5

6
,
1

5
൰ = 2 ฬ

5

6
−

1

5
ฬ = 2 ×

19

30
=

19

15
         

               𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
1

3
,
1

3
,
5

6
൰ = 2 ฬ

1

3
−

5

6
ฬ = 2 ×

9

18
= 1             

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝓋) + 𝑆(𝓋, 𝓋, 𝐶𝑢) − 𝜌൫𝑆(𝑢, 𝑢, 𝐶𝓋), 𝑆(𝓋, 𝓋, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝓋)൯൧ 
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                            =
1

3
൤
5

6
+

19

15
− 𝜌 ൬

5

6
,
19

15
, 1൰൨ 

       =
1

3
൤
5

6
+

19

15
−

5

6
൨ 

=
1

3
൤
19

15
൨         

=
19

45
               

<
11

10
               

  𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) >
1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝓋) + 𝑆(𝓋, 𝓋, 𝐶𝑢) − 𝜌൫𝑆(𝑢, 𝑢, 𝐶𝓋), 𝑆(𝓋, 𝓋, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝓋)൯൧ 

 Hence, by Theorem (3.3), it has no unique fixed point. 

Here, the function 𝐶 has 2 fixed points 
ଵ

ହ
 and 

ଷ

ସ
. 

Example 3.6 

Define 𝐶𝑢 = ቊ
𝑢 +

ଵ

ଶ
, 𝑢 ∈ ቂ0,

ଵ

ଶ
ቃ

0, otherwise
  

the metric 𝑆 and the mapping 𝜌 as in Example (3.2). 

Let 𝑢 =
ଵ

ଷ
, 𝑣 =

ଶ

ଷ
, then 𝐶𝑢 =

ହ

଺
, 𝐶𝑣 = 0 

𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) = 𝑆 ൬
5

6
,
5

6
, 0൰ = 2 ฬ

5

6
− 0ฬ =

5

3
                             

𝑆(𝑢, 𝑢, 𝐶𝑣) = 𝑆 ൬
1

3
,
1

3
, 0൰ = 2 ฬ

1

3
ฬ =

2

3
                                

            𝑆(𝑣, 𝑣, 𝐶𝑢) = 𝑆 ൬
2

3
,
2

3
,
5

6
൰ = 2 ฬ

5

6
ฬ =

5

3
                                             

               𝑆(𝑢, 𝑢, 𝑣) = 𝑆 ൬
1

3
,
1

3
,
2

3
൰ = 2 ฬ

1

3
−

2

3
ฬ =

2

3
                                      

1

3
ൣ𝑆(𝑢, 𝑢, 𝐶𝓋) + 𝑆(𝓋, 𝓋, 𝐶𝑢) − 𝜌൫𝑆(𝑢, 𝑢, 𝐶𝓋), 𝑆(𝓋, 𝓋, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝓋)൯൧ 

=
1

3
൤
2

3
+

1

3
− 𝜌 ൬

2

3
,
1

3
,
2

3
൰൨              

=
1

3
൤1 −

1

3
൨                                         

=
1

3
൤
2

3
൨                                                  

=
2

9
                                                        

<
5

3
                                                        

                   𝑆(𝐶𝑢, 𝐶𝑢, 𝐶𝑣) >
1

3
[𝑆(𝑢, 𝑢, 𝐶𝑣) + 𝑆(𝑣, 𝑣, 𝐶𝑢) − 𝜌(𝑆(𝑢, 𝑢, 𝐶𝑣), 𝑆(𝑣, 𝑣, 𝐶𝑢), 𝑆(𝑢, 𝑢, 𝑣))] 

 Hence, by Theorem (3.3), 𝐶 has no unique fixed point. 
Here, the function 𝐶 h as no fixed point. 
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