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ABSTRACT
In this paper, we generalize the concept of Binayak S. Choudhury in complete S- metric space. Also, we
give examples which strengthen our result.
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INTRODUCTION

Today lot of generalization of Banach contraction which is known as pivotal result in fixed point Theory.
Also, weak contraction condition introduced by Alber. Ya. I and Guerre -Delabrieer in Hilbert spaces. In this way,
Binayak S. Choudhury introduced the concept weak
C-contraction and also he established that every weak C-contraction in complete metric space has a unique
invariant point. Here we generalize this condition in complete S-metric space.
1. PRELIMINARIES
Definition 2.1 [4]

Let X be a non empty set. An S-metric on X is a function S: X X X X X — R™ that satisfies the following
conditions for each {, v, w, t € X,

(S1) S({,v,w) = 0.

(S2) S({,v,w) =0ifand only if { = v = w.

(83) S(¢,v,w) <S5, {,t)+ S, v, t) + S(w,w,t)

Then the pair (X, S) is called an S-metric space.
Example 2.2 [4]

Define S:R®*—>R* by S v,w)=|{—w|+|v—w|V{,v,w€R, then (R,S) is
S-metric space.
Definition 2.3 [4]

If S(Mn, My n) = 0 as n — oo, then we say that {,,} in X converges to n € X. (i.e.) for arbitrary € > 0,
there exists a natural number m such that S(n,,, 1, 1) < € Vn = m. Also, we write it by Al_r)rolo Nn = 1.

Definition 2.4 [4]
A sequence {n,} in S-metric space (X,S) is said to be Cauchy sequence if for any
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€ > 0,m € N such that S(,,, Ny, M) < €V N, M = ng.
Definition 2.5 [4]
A S-metric space (X, S) is said to be complete if every Cauchy sequence in X is converges to a limit in
X.
Definition 2.6 [4]
Let (X,S) be S-metric space. A mapping h: X — X is said to be S-contraction if (hn, hn, hv) <
tSm,n,v)VnveEX&O<t<1.
Lemma 2.7 [2]
In the S-metric space S({,{,v) = S(v, v, ).
Lemma 2.8 [2]
In the S-metric space,
S, {,v) <25, ¢, w)+ S(v,v,w) and
S, ¢v) <25, ¢, w)+ S(w,w,v)
Definition 2.9 [6]
Let (X, d) be a metric space. Any self mapping C on X is called C-contraction if it satisfies the following
inequality
d(Cy,Cv) < pld({, Cv) + d(v, C])]
with p € (O,%) and for all {,v € X.

This concept was introduced by Chatterjee [6].
Theorem 2.10 [6]
Any C-contraction mapping on a complete metric space has a unique fixed point.
Definition 2.11 [1]
Let (X,d) be a complete metric space. A self mapping C on X is said to be weak
C-contractive if

1
d(C, Cv) < Z[d(¢, Tv) +d(v, TO] = pld({, Cv), d(w, (O]

where p: R** - R* and also a continuous mapping such that p({,v) = 0 iff{ = v = 0.
Theorem 2.12 [1]
Any weak C-contraction mapping on a complete metric space has a unique fixed point.
This statement was stated by Binayak S. Choudhury.
In the next section, we generalize this concept in complete S-metric space.
MAIN RESULTS
Definition 3.1
A self mapping C on a complete S-metric space X is said to be weakly C;-contraction if

S(Cu, Cu,Cv) < %[S(u, u, Cv) + S(v, v, C0) — p(S(w, u, Cv), S(v, v, Cu), S (u, u,v))] (3.1.1)

where p:R+3 — RT is a continuous function satisfying the condition that p(u,+,w) = 0 iff one
of u, v, w is zero.

Example 3.2

Let X = [0,1]. Define the metric S on X as S(u, v,w) = lu —w| + |[v —w|Vu,v,w € X.
e

Define C:[0,1] - [0,1] by Cu = 1, )
-,u € (—,1]
4 2

Solution.

Define p(u, v, w) = min{u, v, w}

Case (i)

Letu=le[0,1],v=§€(1,1],ThenCu=land(,‘17=l
3 2 4 \2 6 4
111 1 1 2x2 1
S(Cu, Cu, Cv) = 5<_,_,_) - | 2x2_
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w1 oL 1 _2 1
wwv) =S (334) 3 4112 6

31 7 7
Swv.Cu) =S5 <446) |4 6| 1276
s ) 5113 2| |_2 5_5
wwv) = (334) 374 71276

1

3 [S(w,u, Cv) + S, v, Cu) — p (S(u, u, Cv), S(w, v, Cw), S(u, u,v))]
1 1+7 175 ]
3676 p(6’6’6)
=§[€_5

34

7

~ Inequality (3.1.1) is satisfied.
Subcase

Letu=0€[0,%],v=1€( 1] then Cu = 0,Cv =1
S(Cu, Cu, Cv) = S (00 >_2|0—_|

S cv)=S 001—1
(w,u,Cv) = (,,4>—2

S(w,v,Cu) =5(1,1,0) =2
S(u,u,v) =5(00,0,1) =2

%[S(u, u, Cv) + S(v, v, Cu) — p(S(w, u, Cv), S (v, v, Cw), S(w, u, v))]

R .
_3[2+ p( )]
A1

312 2

N~ W

~ Inequality (3.1.1) is satisfied.

Case (i)
u=1¢ [o,l] andv =€ [o,l],ThenCu =i Cv =1
5 2 3 2
sicu cucor— s (L2 ° 2x4 2
(Cw, Cu, Cv) (mma) E_E 0 15
St C 11h_ _2_1
(wu, Cv) = (5’5 6)_ | 30 15
swocwy=s(ri L)oo —ox L=
(v,v, Cu) = <3'3’10>_ |3 10|_ 30 15

S N N O Y
wwv) = ( ’ )‘ |5_3|_ 15~ 15

1
3 [Sw,u, Cv) + S(w,v,Cu) — p (S(u,u, CV) + S, v, Cw), S(u, u,v))]
_1 1 + 7 1 7 4
_3[15 15 p(15'15’15)]
1718 1

~3[15 7 15
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_1r7
_3LJ
_ 7
45
S 2
15
~ Inequality (3.1.1) is satisfied.
Subcase
u=v=le[O,l],thenCu=l,Cv=l.
4 2 8 8
S(Cu,Cu,Cv) =S8 111 =0
(Cu, Cu,Cv) = (8,8,8)—
S Co) = S 111 1
(w,w, Cv) = (4'4'8) T4
s cu) = S 111 _1
00 =5(3.5.5) =3
s y=s 111 _ o
v = <4’4’4) B

%[S(u, u, Cv) + S(w, v, Cu) — p (S(u,u, Cv), S(v, v, Cu), S(u,u,v))]

oot
_3L 4 p&%'ﬂ

1 2
==X -
374
L
"6
~ Inequality (3.1.1) is satisfied.
Case (iii)
Letu,v € G,l],u =Z,v = -, then Cu —i,Cv =1
S(Cu,Cu,Cv) =S 111 =0
WL L) = M4%)_
¢ c _5331 _43 1
(wu,Cv) = !ya_ R
s C)_5221 _22 1 5
v, o LU= y3%)_ 3 4" 6
s _5332 _23 2] 1
wwv) = Q%%)‘ 2 376

%[S(u, u, Cv) + S(v,v,Cw) — p (S(w,u, Cv), S(v, v, Cu), S(u,u,v))]

_1[1+5 151'
=3 "6 p('€6>
1111 1

3le 6
1710
_3[A

—5>0
9

~ Inequality (3.1.1) is satisfied.
Subcase:
2 1
Suppose u = v = ;€ (5, 1],
then Cu = Cv ==

4
S(Cu,Cu,Cv) =0

swucy)=s(22 N2, =
(ww, Cv) = (3’3’4) - |3 476
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s cu) = § 221
@00 =5(5.5.5)

S(u,u,v) =S(Ezz) =
3'3'3
%[S(u, u, Cv) + S(v,v,Cuw) — p (S(w,u, Cv), S(v, v, Cu), S(u,u,v))]
115 5 55
=3le+5-r (G50

1[10
=___0]

5
6
0

316
_ 1 [10]
“3le
> >0
)
~ Inequality (3.1.1) is satisfied.
Thus, in all the cases, the self-mapping C satisfies the inequality (3.1.1).
Hence, C is the weakly C¢-contraction for all values of u, v € X.
Theorem 3.3

Let C: X — X, where (X,S) is a complete S-metric space be a weakly C;-contraction. Then C has a
unique fixed point.
Proof.

Letuy € X and Cu,, = u,1Vn = 1.

Suppose u,, = u,4q = Cuy,, then u,, is a fixed point of C.

Let us assume that u, # U, . Putu = u,_4,v =u, in (3.1.1).

Then we have,

S(Cup-1, Ctpq, Cuy) = S( Uy, Up, Un41)
Again by (3.1.1)

S(Cup—y,Cup_y,Cuy) < % [S(Un-1,Un-1, Cup) + S(un, up, Ctiy_1)
—p (S(un—p Up—1, Cty), S, Up, Cp—1), S(Up—q, Up—1, un))]
= S(Un, Upy Upyp) < % [SQUn-1, Un—1, Uns1) + S(Un, U, up)
—p (S(un—p Up—1, Un+1)s S (U, U, Up), S (Upy— g, Upp 1, un))]
=< % (28 (un—1, Un-1, Up) + S(Up, Up, Un41)
—p (S(un—p Un—1,Uns1), 0, S (Un_1, Un_1, un))]
[ by Lemma 2.8, S(up_1, Up_1, Uns1) < 25 (Up_1, Up_1, Up) + S(Up, Uy, Uny1)]

1
< § [Zs(un—lr Up—1, un) + S( Up, Up, un+1)]

1
= §S(un—1r Up_1,Uy) + §S( Up, Un, Uns1)

1 2
= S(Up, Up, Upy1) — §S( Up, Up, Upp) < §S(un—1r Up_1,Up)
2 2
§S(un! Un, un+1) = §S(un—1! Un-1, un)
S( Un, Un, un+1) = S(un—lr Un-1, un)
= {S( Uy, Uy, Uyy1)} is a monotonic decreasing sequence whose terms are non-negative real numbers
and so is convergent.

Let lim S(uy,, Uy, Upyq) = a
n—-oo

To prove a = 0.
Suppose not. Then a > 0. Now,

1
S(Cup-1, Cup—y,Cuy) < § [S(Un-1, Un-1, CUn) + S(Up, Up, Cliy—1)
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—-P (S(un—l! Up-1, Cun)' S(un! Uy, Cun—l)' S(un—lr Up-1, un))]
1
S( Up, Up, un+1) < § [S(un—l! Unp—1, un+1) + S( Up, Up, un)

—-p (S(un—lr Up—-1, Cun+1)r S(unr Unp, un)r S(un—lr Up-1, un))
1
= § [S(Un-1, Un—1,Uns1) + 0

—p (S(un—ll Up—1, Cun+1)r 0, S(un—lr Up-1, un))

= § [S(Un—1, Un—1, Un41)]

. 1
(l-e) S(unr unrun+1) < § [S(un—l!un—lrun+1)]
Taking n — oo, we get, a < %a.

which is a contradiction.

Hence, S(uy, Uy, Upsq) = 0asn - o

Next to prove that {u, } is Cauchy.

Suppose not, then given € > 0, there exists sequence of integers {s;} and {t;}, which is increasing such
that for all i,i € Z*,n(i) > m(i) > i,

&

S (i), U@y Un@) = € = 5 and S(Um(y, U@y, Uny-1) < &

Thus, we have,
& < S (@), (o) Un(i))
= S(Cttp(i)—1, Cth(i)-1) Clhn(i)—1)

= %[S (Um@-1 (-1 Cn(y-1) + S (Un()-1, Un(-1, Clhim(iy-1)
—P (S(um(”‘l' U (-1 Cn(i)=1)> S (Un()-1 Un()-1> Cltim(iy-1), S (Umety -1 um(i)—:lun(i)—l))]
= % [5 (U —1 Um(i)—1 Un())) F S (Uniy— 1> Uniy)—1> Um() )
= 2 (S (U= Umir-1rUn) S (i1 U1 U S (-1 Uiy -1nci-1) )|

1
sy [S (Ui -10 Um(iy—1> Unciy) + S(Un(i)—10 Un(i) -1, Um(i) )

3.1
—p(S (Umiy -1, Um@i)—1 Un(@) ) S (Un(iy—1> Un()—1, Um@) ) (3.3.1)

S(Um(iy-1) Um(iy-1Un(i)-1))]
Also,
& < S(Um iy Um(i) Un()) = S (Un(iyr Un(i)» Um(i))
< 25 (n(py, Un@ey Uniy-1) + S(Un(-1 Un(iy-1, Um(o))
[by Lemma 2.8]
= 25 (Un()-1 Un()-1 Un@o)) + S (Um(iy, Uiy Un(i-1)
[by Lemma 2.7]
< ZS(un(i)_l, Un(i)-1s un(i)) + €
Making i = o0, we get S (U (i)-1, Un(iy—1, Un(i)) = 0
The above inequality becomes,
lim $ (i), U@y Uncy) = €
Also,
lim $ (tm(iy, U, Uny-1) = €
Again,
S (Um(iy Umiy Un(iy-1) < 25 (Umiy Um(@y Umi)-1) + S (Um()-1 Um(i)~1> Un(i)-1)
[by Lemma 2.8]
= 25(Um(iy Um(iy Um@-1) + S(Un()—1 Un(i)-1> Um(i)-1)
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[by Lemma 2.7]
= 28 (W@, Um(iy» Um(-1) 28 (Un(i)-1, Un()-1 Un()
+S (Um(i)-1 Um( -1, Un(p))
S (Um(@y, Uiy Un(y-1) = 25 (Um(y, Uiy, Umy-1) + 25 (Un(y-1, Un(y-1, Un(i)) (332)
+S (Um(i) -1, Um()-1, Un(i)) o
And,
S (-1, Um(i)-1, Un(p))

< 28 (Um()-1 U@ -1 Um@®) + S (Um(o) oy, Uncp))

Making i = oo in the inequality (3.3.2) and (3.3.3), we get,

(3.3.3)

£ < lim S(Um(i)-1) Um(i)-1> Un(p) and
}ljg}, S (U -1, Um@-1, Un ) < €
Combining the above inequalities, we get,
}Lrg S(um(i)—l! Um()-1- un(i)) =&

Inequality (3.3.1) can be rewritten as,
1
£z [S (Unciy Unciy Umciy-1) + S (Un(iy-10 Un(iy—1, Um(i))
-p (S(Hn(i); Un (i) Um(iy-1)» S (Un(iy—10 Un(iy—10 Um () )» S (Ui —1» Um(iy-1» un(i)—l))]

1
=328 (Un(iyr Un(iy Um()) + S(Umiy iy Um(iy-1) + S (Un() -1 Un(i) -1, Um(i))

=P (28 (tn@ey, Un(y Um) + S (Umciys Uy Umcy-1),

S(Un()-1 Un(d)-1 Um(@) )» S (Uim( -1 Um(iy-1> Un(y )]

1

=3[28 (U@ Um(@ Un(@) + S (Um() -1 U@ -1 Um@) + S (Um(y Um(iyr Un(i)-1)
=P (2S(Um(iy, Um(iyr Un(@)) + S (Um()-1 (-1 Um())»
S(Umys Um(iy Un()-1)r S (Um()—1 Um(i)=1 Un()-1))]
Making i — oo, we get,

e<[2e +e—p(2¢¢€)]
e<¢ —g(Ze,e,s)

=0< —g(Ze,s,s)

= p(2¢,66)<0
which is a contradiction.
Since p(u, v, w) > 0ifu # v # w # 0 and p(u, v, w) = 0 only if one of u, v, w is zero.
Here, € > 0. Which implies 2& > 0 and hence p(2¢, ¢, €) > 0.
Thus we get, {u,,} is cauchy.
Also, our space (X,S) is complet S-metric space, every Cauchy Sequence is necessarily convergent in

This leads us to {u,} is converge to a point in X.
Let {u,} - z.
Then
S(z,2,Cz) <25(z,z,ups1) + S(Upyq, Ungq, C2) [by Lemma 2.8]
= 25(z,2z,up41) + S(Cuy, Cu,, Cz)

1
<25(z,2z,Upsq) + 3 [S(up, Uy, C2) + S(2, 2, Cuy,)
_p(s(u’n' un: CZ), S(Zr z, Cun); S(un: un: Z))]
1
=25(z,z,Upsq) + 3 [SCup, up, €C2) + 52,2, upyq)

_p(s(un! Un, Z)' S(Zr z, un+1)' S(un' Un, Z))]
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Taking n — oo
1
S(z,z,Cz) <25(z,z,2z) + = [S(Z 2,Cz) + S(z,2,2)

—p(S(z,z, z),S(z, 2,2),5(2,2,2))
1
S(z,2,Cz) < §S(Z, z,Cz)

This is possible only if S(z,z,Cz) = 0
=z=C(z [+ by (S2)]

(i.e) C has a fixed point z.

To prove the uniqueness
Suppose C has two fixed points say z; and z,. (i.e) Cz; = z; and Cz, = z,.

Then,
S(Zl, Zq, Zz) = S(CZl, CZl, CZZ)

< %[S(zl,zl, Cz,) + 5(2,5,2,,Czy)
_P(S(Zp 21,Cz2,),5(23,25,€21),5(24, 21, Zz))]

= % [S(z1, 21, 22) + S(22, 22, 21)
_P(S(ZpZ1:Zz):5(zz:zz:z1):5(21:21:22))]

[25(z1,21,25) — p(S(Zth'ZZ) $(23, 23, 21), 5(21:21:22))]

wl»—\

1
= 55(21’21:22) < _§(5(21:Z1;Zz);5(22:22’21)’5(21’21’22))

Suppose z; # z,.

Since %S(zl,zl,zz) > 0 and p(S(2y, 21, 25), S(25, 25, 21), (21, 21, 2,) ) > 0
= 0 < —p(85(21,21,22),5(22, 22, 21), 5 (21, 21, 2,))
= P(S(ZpZl’Zz):S(Zz’22:21):5(21:21:22)) <0

which is a contradiction.

5 Zy = Zp

Hence proved.

Example 3.4

The self mapping C defined in example (3.2) is weakly Cs-contraction in complete

S-metric Space.
Hence by Theorem (3.3), the function C has unique fixed point and the fixed
point is "0’
Example 3.5
l,ue [O 1]
Define Cu = 35
€ (1]

4’
the metric S and the mapping p as in Example (3.2).

Letu:§€[0,%],v=§€( ]thenCu—%,C

3 2x11 11
S(Cu, Cu, Cv) = S (EEZ)Z |___ -
Stuuwcmos(il3 _2| |_ y 5 5
(w1, Cv) =5 (3’3’4)‘ 3 4 “"12 6
s( Cu) =5 551_2| |_ 19 19
nn i = <6’6'5)_ 6 51 “"30 15

1 9

I»—\
|U'l

1
= = —_— X —=
S u,v) (3 3’ 6) 2|3 6| 2x1g=1

%[S(u, u, Cv) + S(v, v, Cw) — p(S(w, u, Cv), S(v, v, Cu), S(w, u, v))]
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19 5191
3[6 15 p(6 15’ )]
[ 19 5]
~ 316 6

1719
3 15]
19

"5
11

< J—
10
1
S(Cu, Cu, Cv) > 3 [Sw,u, Cv) + S(v, v, Cw) — p(S(w, u, Cv), S (v, v, Cw), S(w, u, )]
Hence, by Theorem (3.3), it has no unique fixed point.
Here, the function C has 2 fixed points § and Z.
Example 3.6
u+ 3, ue€ [0, 1]
2 2
0, otherwise

the metric S and the mapping p as in Example (3.2).
Letu =§,v = g,thenCu =§,Cv =0

Define Cu = {

s(Cu, Cu,cv) = 5 (2,20) = of =2
(Cu, Cu, Cv) = $ (6'6')_ |6 |_3
S u, Cv) 5110—2|1|—2
P = 3’3')_ 3173
oo cur = s (2 25\ (5 5
w,v, Cw) = 3'3’6)_ |6|_3
. 112y 1 2 _2
W) =S5 <3'3'3)_ |3 3|_3

%[S(u, u, Cv) + S(v, v, Cw) — p(S(w, u, Cv), S(v, v, Cu), S(w, u, v))]
112 1 212
~3l+370G33)
1 1
=313
3[3]

<

1
S(Cu,Cu,Cv) > §[S(u, u,Cv) + S, v, Cu) — p(S(w,u, Cv),S(v,v, Cu), S(u, u,v))]

Hence, by Theorem (3.3), C has no unique fixed point.
Here, the function C h as no fixed point.
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