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Abstract: In this paper we suggest a ratio type exponential estimator, a chain ratio-type estimator, a chain
ratio-type exponential estimator and a chain ratio-ratio-type exponential estimator in cluster sampling.
Further we consider a generalized class of chain ratio-ratio-type exponential estimator. The properties of the
suggested class of estimators are studied under large sample approximation. Conditions are obtained under
which these estimators are more efficient than the usual unbiased estimators.
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1. INTRODUCTION

In random sampling, it is presumed that the population has been divided into a finite number of distinct and
identifiable units defined as sampling units. The smallest units into which the population can be divided is called
an element of the population. A group of such elements is known as a cluster. When the sampling unit is a
cluster, the procedure is called cluster sampling. Usually the cluster sampling is extensively used in large scale
sample surveys because it not only reduces the cost of the surveys, but also ensures that the investigator can
have a longer sample size than if he or she was using the technique of simple random sampling (SRS).

Besides, it may also be used when it is either difficult or costly or empirical to prepare sampling frame of the
units, to select a sample. It is well known that the use of auxiliary information improves the efficiency of the
estimates of the population parameter. Ratio and regression estimators are good examples in this context. In
practice, a ratio estimator is commonly used when the study variable y is highly correlated with the auxiliary

variable x . When the population mean X of the auxiliary variable x is known, a number of modified versions

of ratio estimators have already been suggested by various authors, Bahl and Tuteja [1], Kadilar and Cingi [2],
Singh [3], Singh et al.[6,7], Solanki et al.[8] etc.

Further, many authors such as Singh et al. [9], Sisodia and Dwivedi [10], Upadhyaya and Singh [12], and others
have used some population parameters of the auxiliary variable to improve the precision of ratio estimators. In
addition to these studies, Kadilar and Cingi [2] developed a chain ratio estimator along with its properties in
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SRS. We consider a finite population of size IV , cluster each of size M from which a sample of size n cluster
is drawn according to the simple random sampling without replacement. Consider a finite population U of size

N identifiable distinct unit (U U, WU n). It is assumed that the study variable y and the auxiliary
variable x defined onU .

Let (y,.j ,x,.j) be the values of the (study, auxiliary) variables respectively on the i" cluster (i =12,.. .,I’l)
and jth unit (j=1,2,...,n).

The following notations will be used throughout this work:

Z Vi : total of all the units in the cluster of y,
j=1

_ 1 &

Y = N z : the population mean of the i cluster,
i=1

- = 1o 1 1 d¥

Y=Y=—"Y =—=)>y = y,; : the population mean of y ,
M ' NM ; NM ;]ZI: !

— 1 ¥

= — . -th
j M Zy ;j : the mean per element of y of the i" cluster ,

1 N M
2
= (v, =Y )" :the population mean square of y,
TO(NM-D)S ]Z=1: !
o= (x;; —X)" : the population mean square of x
(NM -1 5557
2 1<
i = M 1 Z(y” Y ) the mean square of y between elements in the i cluster
) j=1
M p—
S fl Z(xlj -X, )?: the mean square of x between elements in the i cluster,
(M 1) j=1
w =— ZS : the mean square of y within clusters,
S fw =— Z S f, : the mean square of x within cluster,
i=1
2 1 v
S W= Z(Y, —Y): the mean square of y between cluster means,
N=-D'3
1 N
2
be MZ(X X ) : the mean square of x between cluster means,
i=l

X, = Z X total of all the units in the cluster of x,
j=1

™M=
M=

X_j= X. =

L
1 N ‘

=z |~
.MZ

Il
Il
~.
Il

(8]
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N __
Z X i. : the mean of cluster means of x whole population,

N M — —
o = m Z:‘ ZI: (y; — Y)(xij — X)) : the covariance between x and y .
=l j=

Let a simple random sample without replacement (SRSWOR) of size n (clusters) be drawn from finite population
U of size N (clusters).

Y 1 n M
j _ﬁ;yi’ yj_]Z:l:yij’

N M
y= ﬁ Yj = ] Z Z Y;; + the mean of cluster means of y in the sample,

n },_(l—f) (NM -1)
N’ n MY*N-1)
N M M — —
ZZZ()]U _Y)(yik _Y)
i=l j=1 k#j . . . . . .
= is the intra class correlation coefficient between pair of units of y,
P, (M -1)(NM -1)S;

pHPNEH ~X)(x, — X)

P, = ; 1) (NM I)S 5 is the intra class correlation coefficient between pair of units of x,

N M = =

220 = X)(y; = X)

i=l j=I . . . .
Py = is the population correlation coefficient between x and y,

NM -1)S.S,

N M M — —

DDy =Y —X)
p;y = Ak is the intra class correlation coefficient between x and y .

(M -1)(NM -1)S.S

Further, we have

Var(y) =5, {1+ (M -1)p, } = ¥ *C} {1+ M - Dp, }. (1.1

Similarly

MSE(x)=Var(y)=yS:{1+M -Dp,} (1.2)
3 Bulletin of Pure and Applied Sciences
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and

Cov (3, X)=yS .S {p, +(M-Dp.}. (1.3)

1.1.  Ratio estimator in cluster sampling

The usual ratio estimator for population’s mean Y of the study variable y in cluster sampling is defined by

_ Y\w

yRC = (;jX . (14)
X

where the population mean X ofthe auxiliary variable x is know in advance.

To the first degree of approximation (FDA), the bias and mean squared error (MSE) of the ratio estimator y,.

are respectively given by
P, +M-Dp, | C,

B(¥ye) = 7YCH1+(M —1)p Y 1-
(yRC) }/ y { ( )px pxy —+ (M _l)pxy C)c

= yYCHi+ (M -1)p J1-k). (1.5)
MSE(¥ee) = YV 2 [CH{1+(M —)p, } + CH{1+ (M ~1)p,} -2 p,, + (M ~1)p/,}C,C.]
= yY 2 [C2{1+ (M ~D)p,} + C2{1+ (M ~1Dp, }(1-2k)]. (1.6)
M-Dp’ | C S
where k=|1-— pxy+( )pxy —~|,C.==Zand C =S?X.
X

PutM-Dp |C | Y '
From (1.1) and (1.3) we have
MSE(Y) = MSE(¥,.) == *[C3{1+(M ~1)p, }(1-2k)] > Oif

1 1

k>—, - 1.7
> Py > 7 1 (L.7)

The ratio estimator Yy, is more efficient than the usual unbiased estimator Y as long as the condition

k > (1/2) is satisfied.

In this paper we have suggested ratio type exponential estimator, chain ratio-type estimator, chain ratio-type
exponential estimator and chain-ratio-ratio-type exponential estimator in cluster sampling. Further a generalized
class of chain ratio-ratio-type exponential estimators has been considered. Properties of the suggested class of
estimators have been studied under large sample approximation. Conditions are obtained under which the
suggested estimators are more efficient than the usual unbiased estimator and ratio estimator.

2. SOME ESTIMATORS BASED ON AUXILIARY INFORMATION IN CLUSTER SAMPLING
2.1. Ratio-type exponential estimator

Motivated by the work of Bahl and Tuteja [1] we define a ratio-type exponential estimator for population mean
Y as

- X-Xx
d =yexp =——| . 2.1
X+x

To obtain the bias and mean squared error (MSE) of the estimator dl , We write

y=Y(+e,), x=X(1+e,),

4 Bulletin of Pure and Applied Sciences
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such that E(e},):E(ex)zo
and E(e2)= 30 {1+ (M ~1)p, }. E(e?) =301+ (M = 1)p,}
E(eyex) = }/Cny {pxy +(M _l)p;y}‘

Putting ; = 7(1+€y) and X = )?(1+ex) in (2.1) we have

-1
d, =Y (l+e,)exp _;X (1+%’“j . 2.2)

Expanding the right hand side of (2.2) and multiplying out we have
= e e\ e\
d=Y(l+e J1-Z) 142 | + 814 s)
2 2 8 2

2

— e ee. 3¢ 3ee

=Y|l+e, —————+—F+—"—.
2 8 8

Ignoring the terms of e ’s having power greater than two we have

— ee 2
d =Y|1l+e —e—)‘—¥+3i
Y2 2 8
or
= = e e
(d, —Y)EY{ey —%‘+3e§ —%} 2.3)

So bias of dl to the first degree of approximation is
B(d,)=y(¥ 18)C{L+(M -1)p, }3-4k). (2.4)
Squaring both side of (2.3) and ignoring terms of e ’s having power greater than two we have

e

— — 2
d,-Y) 5Y2{e§—exey+j‘}, 2.5)

Taking the expectation of both side of (2.5) we get the MSE of dl to the FDA as

= CHl+M -1
MSE(dl)z7Y{C§{1+(M—1)py}+ A )px}(1—4k)}, (2.6)
2.2.  Bias Comparisons of y,. and d,
From (1.5) and (2.4) we have [B(d,)| < [B(¥¢ ) it
48k*> =104k +55>0. (2.7)

Thus proposed ratio-type exponential estimator dlis absolutely less biased than the ratio estimator Y. as long

M-1

as the condition (2.7) is satisfied and the intra class correlation coefficient 0. >

5 Bulletin of Pure and Applied Sciences
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2.3.  MSE comparison of y and Yre

From (1.1) and (1.6) we have

MSE(Y)~ MSE(¥.) = 7

{Cx{lwf —1>px}}(4k_l)>0 y

k>l > -1
2P

Thus dl is more efficient than usual unbiased estimator Y as long as the condition (2.8) is satisfied.

From (1.7) and (2.6) we have MSE (d1 ) < MSE (YiRC ) if

(2.8)

1
1-k)<4(1-2k), p
( ) ( ) x>M

ie. if
3 1
k<—,p >- .
4 M -1
So the proposed ratio-type exponential estimator dlis more efficient than ratio estimator Y. if the condition

(2.9) is satisfied.

(2.9)

Combining the inequalities (2.8) and (2.9) we get that the ratio-type exponential estimator dl is more efficient
than }:1 and Yp if the

l<k<E >—L (2.10)
4 2P Ty '

holds good.

2.4. Estimator based on square root transformation

Motivated by Swain [11] we define the following ratio type estimator for Y in cluster sampling as
(X )
d, = y[?J (2.11)

Putting §= )7(1+ey) and X = )?(1+ex) in (2.11) we have

1

d, = §(1 +e, )(1 +e, )7
Now expanding the right hand size of (2.11) and multiplying out we have

= 1 1
d, = Y[1+ey —Eex —Eexey +§e§ +§eye§ —J

Ignoring e” (0> 2) we have

277 8"
Taking expectation of both sides of (2.12) we get the bias of d , to the FDA as

#2CHI+(M ~)p,)
8

(dz—?)z?[ey—%ex—le e +§ez] (2.12)

B(d,) =

(3—4k), (2.13)

6 Bulletin of Pure and Applied Sciences
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= B(d,) (from (2.4)) .

Squaring both sides of (2.12) and neglecting terms of e ’s having power greater than two we have
= = 1
2 _vy2| 2 12
d,-Y) =Y [ey ee, +4ex} (2.14)

So the MSE of d2 is given as

MSE(d,) = iQ{Ci{H(M—l)pmCx{”UZ—l)px}

(1- 4k)} 2.15)

=MSHd,) (from (2.6)).
It can be easily shown from (1.1), (1.6), and (2.15) that d2 is more efficient than:
-1

() Sitk>t.p >
i i —, .
y 1 Py M1

L 3 -1

(i) Vges lf’k>Z’p">M—1'

(iii) yand Yy if l<k<§,,ox> L
4 4 M—1

Further from (2.6) and (2.13) it is concluded that both the estimators dl and d2 are equally efficient at least up to

the first degree of approximation.

2.5. Chain ratio type estimator

re 10 (1.4) we get the chain ratio-type estimator for population mean Y as

{Xx)_ Jx°
= y(? (?J = y(z_zJ (2.16)
X X X

Writing (2.16) in terms of ¢ ’s we have
Vere =Y (1+¢,)(1+¢,)”
= 7(1+ey)(1—2ex +3e? —)
= 7(1+ e, —2e —2ee, + 3el + Seyef...)
which is approximated as
Vere = 17(1+ey —2e, —2ee, +3ef)
or
(Yere = ?) = ?(e}, —2e — Zexey + 363) (2.17)
So that bias of Y o to the FDA is given by
B(epe) = WCH{I+(M —1)p, }(3-2k) . (2.18)

The approximate value of (Y cpc — Y)z given by

7 Bulletin of Pure and Applied Sciences
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(Yere —?)2 =Y? (ei —4exey +4ef) ) (2.19)
So the MSE of Y - to the FDA is given by

MSB(3 i) = 7 2[C{L+ (M —V)p, J+4C2 {1+ (M 1)p, J1-K)]. (2.20)
From (1.3) and (2.20) it follows that

[B(Fere | <[B(Fec ) if

§<k<2, (2.21)

Thus Y g is absolutely less biased than y,. if the condition (2.4) is satisfied.
From (2.4) and (2.21) we have

|B(yCRC)| < |B(d1 ] if

1 —

3-2k)<—|3-4k),p, > ) 2.22
(6-26) <5 |B-4k).p, > )
2.6. Efficiency compression
From (1.1) and (1.6) we have MSE(Y o) < MSE(Y) if

-1
k>0, > . 2.23
P M -1 (2.23)

From (1.6) and (2.20) we have
MSE(Foe) < MSE(F,.) it

k>3/2)=15. (2.24)
Further from (2.6) and (2.20) we have
MSE(Y ) < MSE(d,) if

k>(5/2)=1.25, (2.25)
From (2.23), (2.24) and (2.25) we note that the sufficient condition for the proposed chain ratio-type estimator
Ycre to be more efficient than }=1 » Ygre and dl is thatk >1.50.

2.7. Chain ratio-type exponential estimator

Replacing }=1 by dl in (2.1) we get a chain ratio-type exponential estimator for Y as

_ 2()?—?)
de,, =Y expy—=—" (2.26)
(X +x)
Putting §= 17(1+ey) and X = )?(1+ex) in (2.26) we have
= 2AX-X—Xe)
d.. =Y\l+ ——
=71 ey)eXp{ (X+X+Xex)}

— -1 2 -2
:Y(l+ey{l—ex[l+%‘j +%(l+%‘j —}

o)

Bulletin of Pure and Applied Sciences
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= 17(1+ey —e . —ee, +e’ +eyef -...)
Ignoring e’ (U > 2) we have

-y 2
de, 2Y(+e, —e —ee +e;)

or
(dey, — 17) = ?(ey —e —ee + ef) (2.27)
So the bias of d -, to the FDA is given by
B(de, )= WCHi+(M -1)p, Y1 -k) 228)
= B(Yrc)

2
The approximate value (dCle -Y ) is given by

d., —Y)y=Y (€] —2ee +e)) (2.29)
So the MSE of d -, to the FDA is given by
MSE(d,) = yY [C2 {1+ (M —1)p, }+C2{i+ (M ~1)p, Y1 - 24)]
= MSE(F4.) 230)
It is observed from (2.28) and (2.30) that the bias and MSE of d ., are the same as that of J .. Thus Ve is

less biased and more efficient than d c1. if the conditions (2.22) and (2.24) are respectively satisfied.
2.8. Chain ratio-ratio-type exponential estimator

If we replace }=1 in (2.1) by

Yre =Y

=1 el

then we obtain a chain ratio-ratio-type exponential estimator for Y as

;CRRe:yRCeXp = _
X+Xx

|| =1l

=l

(X X—
=5 2 |expl = (2.31)
X X+Xx

Writing (2.31) in terms of e ’s we have

§CRRe :?(I+ey)(1+ex)il exp{ —% }

2+e,
= e e\ e e )"
=Y(+e Jl+e, ) 1= 1422 | #2142 -
e ive) - 1e2] v {1+%]
- 303 15, 11 ,
=Y|l+e ——e ——ee +—e +—ee —..
2 2 8 8

Ignoring " (1) > 2) in the above expression we have

9 Bulletin of Pure and Applied Sciences
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or

= == 3 3 15 ,
(yCRRe_Y)ZY(ey —Eex—zexey+§exj (2.32)

So the bias of ;CRRe to the FDA is given by

B(§CRR3)=§77C3{1+(M ~1)p, Y5 - 4k) 233)
The approximate value of (Y gre — Y )?is given by

(Yerre _?)2 5?2[65 —3e.e, +%e§} (2.34)
So the MSE of Y gg. to the FDA is given by

MSE (enp) = . Z[Cf,{n (M -1)p, }+ %ci fi+(m —1)px}(3—4k)] (235)

2.9. Efficiency comparison
From (1.1) and (2.35) we have

CHl+(M -1)p J3-4k)<0 if

_ _ 3
MSE(3 py. )~ MSE(3) = Z{

(3-4k)<0.p, > it

3 —
k>—=0.75p, > . 2.36
From(1.6),(2.30) and(2.35) we have
MSE (5 cgue) — MSE (5 ) = W 2C2 {1+ (M ~1)p, )(%— 3k—1+ 2k)
22 5
=2 cii+(m —ﬂpJ(Z—k)
which is negative if
5 -1
——k|<0,p, > ie. if
4 M -1
k>2 =125 p > 2.37)
iV '
From (2.6), (2.15) and (2.35) we have
MSE (5 opy.) — MSE(d,0rd,) = & C2{1+ (M —l)px)(% -3k —i+ k)
=2 {1+ (M -1)p N1-k)<0 it
k>1,p, >— . 2.38
P> 238)
Further from (2.20) and (2.35) we have
10 Bulletin of Pure and Applied Sciences

Vol. 38E (Math & Stat.) No.1/January- June 2019



Some New Developments in Chain Type Estimators for Estimating Population Mean in Cluster Sampling

MSE (5 pre) ~ MSE (S ) = 7Y 2CH1+ (M ~1)p, )(%— 3k —4+4kJ

=yy2c{i+(m —1)px)[k—%j<0 if
-1
M-1

Thus from (2.36 - (2.39) we conclude that the proposed chain ratio-ratio-type exponential estimator §CR Re 1S

7
k > Z,px > (2.39)

more efficient than:

G yif k> 3 p. > !
) Y1 -, - ;
47" M -1

(ii) the ordinary ratio estimator §RC and chain ratio-type exponential estimator d cle 1

5 1
k>—,p >— ;

4 M -1
(iii)  the chain ratio-type exponential estimator dl and d2 it k>1,p, >— M1 ;
and
: - N -] 1
(iv) the chain ratio-type exponential estimator Y qpp if k>—,p >— .

4 M -1

Form the above it is concluded that the ;CR re is more efficient than the estimators ;, §RC ,d Cle> dl s d2 and

Yere if the following condition is satisfied:

5 7 1
—<k<—,p, >—
4 4 M -1

(2.40)

3. A MORE GENERAL CLASS OF CHAIN-TYPE ESTIMATORS FOR Y IN CLUSTER
SAMPLING

Let @¢and O be constants or functions of known parameters associated with (study, auxiliary) variates, for
instance, see Sisodia and Dwivedi [10], Upadhyaya and Singh [12], Singh and Tailor [4], and Kadilar and Cingi

[2]. Then we define the class of chain type estimators for population mean Y as

— 14 = —
5. =5 oX +0 ox qa'(X—)_c) G
(p.q) — — = _ ) .
" ox+6 o\X +%)+28
where (p, q) are design parameters which take real values . We mention that for (p,q) = (1,1), i( 1.q) Yields

chain ratio-ratio-type exponential estimator while for (p,q)=(-1,-1), i( .q) generates chain product-

product-type exponential estimator for Y . Expressing (3.1) in terms of e ’s we have

-1
= = - (/4 T
Yipa) :Y(l+ey)(l+z’ex) P expi— qz" (l+5exj , (3.2)
aX

where 7 = —— .
iaX +§i

Now expanding the right hand side of (3.2) and multiplying out we have

11 Bulletin of Pure and Applied Sciences
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= v p(p+D)7’ qre %\ ¢rle’ w )
Y(p,q):Y(1+€y{1—pwx+26?—..) 1—2)‘(1+ 2*} +8X(1+ 2XJ

— 2 2 2
=7(1+ey>{1_(2p+q)wx+qu o2y P+l o alq+2ye ez_“}

2 2 " 2 ' 8 !

= 2p+ 2 (2p+q)2p+g+2)re’
zy[1+ey_(2p—i-2q)1zzx _( 14 Z)@xey +(2p+q)(2p;—q+2)rzex +( 14 51)( 14 2q ) eze, _J

Ignoring e’ (l) > 2) in the above expression we have

_ = 2 2p+q)re, 2 2 2)7%e?
5. =7 1Jrey_( pra)e, (2p+qlr.e, L 2p+q)2p+q+2)ze;
2 8
or
. =) = 2p+qle, (2p+alre, (2p+q)2p+q+2)rie’
(y(M)—Y)=Y[ey—( p ZQ)w e, L (2p+q) p8 q RN
So the bias ofi(p’q)to the FDA is given by
_ YC?
B(5,.,)=" . {i+(M -1)p Ye* 2p +q)2p +q+2)-42(2p + g )]
2p+q)YC?

_2pralCiy Ly . Ylr2p+q+2)-4k]. (3.4)
The approximate value of (i( a) ?)2 is given by
= = = 2 (2p+q)’é
(y(,,,q)—Y)zzY{ei—r(2p+q)exe},+—( p4 9) e . 3.5)

So the MSE of i(p o o the FDA is given by

MSE(|, )= Z[Ci fi+(m-1)p, }+ ’(2’1“’) ci+(M -1)p Ne2p+ q)—4k}} .66

3.1.  Efficiency compression
Subtracting (2.1) from (3.6) we have
— - Y2r(2p +
MSE(¥(,,)~ MSE(y) = w cHi+ M -1)p Kr(2p + q)- 4k} < 0if

2 2 -
k<1(p+q),1(p+q)<0,px>—l. 3.7
4 4 M -1

3.2.  Special cases

We consider another class of estimators Y as

= , (3.8)
ox+0

p*

=<l

where p* being a suitable chosen scalar.

12 Bulletin of Pure and Applied Sciences
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To the FDA the bias and MSE of ¢ . are respectively given by
B(tp*):%ch{l+(M ~1)p Help” +1)-2k} . (3.9)

MSE(t,.)= 7V [C2{i+ (M =1)p }+ ' C2i+ (M ~1)p Yo" — 2]

=yy2¢cg{1+(M_1>px»{f{(2p2+q>_p*}{(zp;cﬂ+p*}_2k{(zp2+q>_pﬂ

(3.10)

Subtracting (3.10) from (3.6) we have

— 2
MSE(3,, )~ MSE( ) = ¥ *1C}{L+(M —D/%J{M—k@pw)—wﬂ +2kp$}

R L e e
which is less than zero if

either k >%{@+f},{@—p*} >0,p, >—;

t((2p+q), .| [Cp+q) -
= p e p <0, p, >~
2{ > pH P P,

G.11)

k<
or (M—l)

Further we consider a family of exponential-type estimators for ¥ as

- q*a()?—)zc)
lq* =yexp —— R (3.12)
a\X +x|+20

*
where ¢ is a suitably chosen scalar.

To the FDA the bias and MSE of t,. are respectively given by

B(r,.)= WT‘fzcj {1+ -1)p Helg™ +1)-4k}. (3.13)
and
MSE(,.)= i{cﬁ {t+(M-1)p }+ %*cj {1+ -D)p Mg —4k)} . (3.14)

From (3.6) and (3.13) we have

= = (2p+q) N
MSE(y,,,) — MSE(t,.) = 7Y21Cf{1+(M—DA){%—HMW)— Tq4 +kg }

= * T *
=i+ (M -1)p Y2p+g-q {Z(2p+q+q )—k}
which is less than zero if
(2p+q+q*) -1
M -1

either k > T,(2P+q)>(]*’Px>

( ) (3.15)
2p+q+q . -1
k<——————,(2p+q)<q ,p.> .
or 1 (2p+a)<dq’.p. > —
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Thus i(p,q) is more efficient thani, y; and y; as long as the conditions (3.7), (3.11) and (3.15) are

respectively satisfied.

4. IMPROVED CLASS OF ESTIMATORS FOR 7 IN CLUSTER SAMPLING

We define an improved version of the suggested class of estimator i(p g) 88

Yip.a) Gy

pu— V4 = j—
—|aX +9 qa(X—)_c)
=Gy —=—— | &Xpy—= = ; @1
[006-%5} {aix+)‘ci+25}

where G is a suitably chosen constant.
Expressing (4.1) in terms of e ’s we have

-1
== o _ e T
Ypa :GY(1+€},)(1+16X) ! exp{_qTx(l‘f'Eer } 4.2)

Expanding the right hand side of (4.2), multiplying out and ignoring terms of e ’s having power greater than
two in the above expression we have

v Yy 2p+ 2 2
Yora EYG(I-Fey _(2p+q)7'ex _( P Q)Texey +(2p+q)(2p+q+2)z- exj

2 2 8

or

R 2+q)e, Rp+alme, (2p+q)2p+q+2)re
(y(p,q)_Y):y{G{Hey_( p 261) ~ v, p+a)2p+q 4l

2 8
4.3)

So the bias of ;:p,q) to the FDA is given by

=] 2 —_
B(?{M) )= Y{G{l .o U ;)p Jr(2p +4) [(2p+q+2)- 4k]} - 1} . .4
Ignoring e“(v > 2) in (;:p’q) —?)2, we have
3,y —Y) =7 {1+G2{1+Zey —d2p+qle, —22p+qlee, +€+ (2 +q>£2p +q+]) ej‘H

2 2 (2 2 1
G 1+e'_f( ”+‘7)ex—f( p+Q)exe,+T (2p+q)(2p+q+ )ej s
! 2 2 ! 8

Thus the MSE of ;:p’q) to the FDA is given by
MSE(S,, ) =Y?[1+G*A-2GB], 4.6)

where

_ {H }/{Cf (1401 -1)p. p@qﬁ 1+ ~1)p Ne(2p + +1)—4k)H

B= [Hy%c i+ (M —l)px}{7(2p+q+l)—4k}]
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The MSE(5,,,,) in (4.6) is minimized for

B
G =" = Gl 29) 4.7
So the resulting MSE of ;:p,q) given by
= = B2
MSE,, (5,,,)=7" {1 - 7} . (48)
The MSE (i(p,q) ) in (3.6) can be expressed as
MSE(5,,,)=Y*(1+A-2B). 4.9)
So from (4.8) and (4.9) we have
= = = B2 =, \A-B i
MSE(S, )~ MSE(,,.,) =¥ (A ~2B- TJ -y? % >0. (4.10)

Thus it follows from (4.10) that the improved family of estimators i*w) is more efficient than the family of

estimators i(p 0

5. CONCLUSION

In this paper we have suggested some chain estimators in cluster sampling on the line of Kadilar and Cingi [2].
The bias and mean squared error of the suggested estimators are divided under large sample approximation. The
regions of preferences are derived under which the suggested estimators are better than the conventional
unbiased estimators. A generalized version of the proposed chain ratio-ratio-type exponential estimators is given
along with its properties. An improved version of the generalized classes of chain ratio-ratio-type exponential

estimators is also proposed with its properties. Finally it is shown that improved class of estimators i*/u/) beats

the class of estimators i(p » discussed here.
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