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1. INTRODUCTION 

 

In random sampling, it is presumed that the population has been divided into a finite number of distinct and 

identifiable units defined as sampling units. The smallest units into which the population can be divided is called 

an element of the population. A group of such elements is known as a cluster. When the sampling unit is a 

cluster, the procedure is called cluster sampling. Usually the cluster sampling is extensively used in large scale 

sample surveys because it not only reduces the cost of the surveys, but also ensures that the investigator can 

have a longer sample size than if he or she was using the technique of simple random sampling (SRS). 

 

Besides, it may also be used when it is either difficult or costly or empirical to prepare sampling frame of the 

units, to select a sample. It is well known that the use of auxiliary information improves the efficiency of the 

estimates of the population parameter. Ratio and regression estimators are good examples in this context. In 

practice, a ratio estimator is commonly used when the study variable y is highly correlated with the auxiliary 

variable x . When the population mean X  of the auxiliary variable x  is known, a number of modified versions 

of ratio estimators have already been suggested by various authors, Bahl and Tuteja [1], Kadilar and Cingi [2], 

Singh [3], Singh et al.[6,7], Solanki et al.[8] etc.  
 

Further, many authors such as Singh et al. [9], Sisodia and Dwivedi [10], Upadhyaya and Singh [12], and others 

have used some population parameters of the auxiliary variable to improve the precision of ratio estimators. In 

addition to these studies, Kadilar and Cingi [2] developed a chain ratio estimator along with its properties in 
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SRS. We consider a finite population of size N , cluster each of size M  from which a sample of size n  cluster 

is drawn according to the simple random sampling without replacement. Consider a finite population U of size 

N identifiable distinct unit ( )nUUU ,....,, 21 .  It is assumed that the study variable y  and the auxiliary 

variable x  defined onU . 

Let ),(
ijij

xy  be the values of the (study, auxiliary) variables respectively on the 
th

i  cluster ( )1,2 ,,i n= …  

and 
thj  

unit ( )1,2 ,,j n= … . 

The following notations will be used throughout this work: 
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Let a simple random sample without replacement (SRSWOR) of size n (clusters) be drawn from finite population  

U  of size N  (clusters). 
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 We note that the sample means ( ,, yx ) are unbiased estimates of population means 

XXYY == , respectively. 
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Further, we have 
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and 

})1({),( xyxyyx MSSxyCov ρργ ′−+= .                                                                                              (1.3) 

 

1.1.  Ratio estimator in cluster sampling  

 The usual ratio estimator for population’s mean Y  of the study variable y  in cluster sampling is defined by  

X
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From (1.1) and (1.3) we have 
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The ratio estimator RCy  is more efficient than the usual unbiased estimator Y as long as the condition 

)2/1(>k
 
is satisfied. 

In this paper we have suggested ratio type exponential estimator, chain ratio-type estimator, chain ratio-type 

exponential estimator and chain-ratio-ratio-type exponential estimator in cluster sampling. Further a generalized 

class of chain ratio-ratio-type exponential estimators has been considered. Properties of the suggested class of 

estimators have been studied under large sample approximation. Conditions are obtained under which the 

suggested estimators are more efficient than the usual unbiased estimator and ratio estimator.  

     

2. SOME ESTIMATORS BASED ON AUXILIARY INFORMATION IN CLUSTER SAMPLING 

  

2.1.   Ratio-type  exponential estimator  

 

Motivated by the work of Bahl and Tuteja [1] we define a ratio-type exponential estimator for population mean 

Y  as  
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To obtain the bias and mean squared error (MSE) of the estimator 1d , we write 
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such that  ( ) ( ) 0== xy eEeE  

and  ( ) ( ){ }yyy MCeE ργ 1122 −+= , ( ) ( ){ }xxx MCeE ργ 1122 −+=
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Expanding the right hand side of (2.2) and multiplying out we have 
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Ignoring the terms of  e ’s having power greater than two we have 
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So bias of 1d
 
to the first degree of approximation is  
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Squaring both side of (2.3) and ignoring terms of e ’s having power greater than two we have 
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Taking the expectation of both side of (2.5) we get the MSE of 1d  to the FDA as 
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2.2. Bias Comparisons of  RCy  and 1d  

 

From (1.5) and (2.4) we have ( )RCyBdB <)( 1     if 
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Thus proposed ratio-type exponential estimator 1d is absolutely less biased than the ratio estimator RCy  as long 
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2.3. MSE comparison of y  and RCy  

 

From (1.1) and (1.6) we have  
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Thus 1d  is more efficient than usual unbiased estimator y as long as the condition (2.8) is satisfied. 

From (1.7) and (2.6) we have   ( ) ( )
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So the proposed ratio-type exponential estimator 1d is more efficient than ratio estimator RCy  if the condition 

(2.9) is satisfied. 

Combining the inequalities (2.8) and (2.9) we get that the ratio-type exponential estimator 1d  is more efficient 

than y  and RCy   if the  
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holds good. 

 

2.4. Estimator based on square root transformation 

 

Motivated by Swain [11] we define the following ratio type estimator forY in cluster sampling as 
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Taking expectation of both sides of (2.12) we get the bias of 2d  to the FDA as 
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           )( 1dB=
 
(from (2.4)) . 

Squaring both sides of (2.12)    and neglecting terms of e ’s having power greater than two we have  
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It can be easily shown from (1.1), (1.6), and (2.15) that 2d  is more efficient than: 
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Further from (2.6) and (2.13) it is concluded that both the estimators 1d and 2d are equally efficient at least up to 

the first degree of approximation. 

 

2.5. Chain ratio type estimator  

 

 Replacing y by RCy  in (1.4) we get the chain ratio-type estimator for population mean  Y  as 
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Writing (2.16) in terms of e ’s we have   
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So that bias of CRCy to the FDA is given by  
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The approximate value of
2)( YyCRC −  given by 



Surya K. Pal, Housila P. Singh and Shrasthi Srivastava  

8 Bulletin of Pure and Applied Sciences  
Vol. 38E (Math & Stat.) No.1 / January- June 2019 

 

( )2222
44)( xyxyCRC eeeeYYy +−=−  .                                                                                            (2.19)  

So the MSE of CRCy to the FDA is given by   
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2.6. Efficiency compression 

 

From (1.1) and (1.6) we have )()( yMSEyMSE CRC < if   

0>k , 
1

1

−

−
>

M
xρ  .                                                                                                                       (2.23) 
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)()( RCCRC yMSEyMSE <   if 

5.1)2/3( =>k .                                                                                                                               (2.24) 

Further from (2.6) and (2.20) we have 
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From (2.23), (2.24) and (2.25) we note that the sufficient condition for the proposed chain ratio-type estimator 

CRCy  to be more efficient than y , RCy  and 1d  is that 50.1>k . 

 

2.7. Chain ratio-type exponential estimator 

 

Replacing y  by 1d  in (2.1) we get a chain ratio-type exponential estimator for Y as 
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        ...)1( 22 −++−−+= xyxyxxy eeeeeeeY       
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So the bias of eCd 1 to the  FDA is given by  

( ) ( ){ }( )kMCYdB xxeC −−+= 1112

1 ργ                                                                                         (2.28)                                                     

   
( )RCyB=

 

The approximate value ( )
2

Cled Y− is given by  

2 2 2 2

1( ) ( 2 )C e y x y xd Y Y e e e e− = − +                                                                                                   (2.29) 

So the MSE of eCd 1  to the FDA is given by 

( ){ } ( ){ }( )]211111[)( 222

1 kMCMCYdMSE xxyyeC −−++−+= ρργ  

                      )( RCyMSE=                                                                                                                  (2.30) 

It is observed from (2.28) and (2.30) that the bias and MSE of eCd 1 are the same as that of RCy . Thus CRCy   is 

less biased and more efficient than eCd 1  if the conditions (2.22) and (2.24) are respectively satisfied. 

 

2.8. Chain ratio-ratio-type exponential estimator    

 

 If we replace y in (2.1) by 







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
=
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then we obtain a  chain ratio-ratio-type exponential estimator for Y as    
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Writing  (2.31) in terms of e ’s we have   
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Ignoring ( )2>υυe in the above expression we have 
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3
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So the bias of ReCRy to the FDA is given by  

 ( ) ( ){ }( )kMCYyB xxCR 4511
8

3 2
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The approximate value of
2

Re )( YyCR − is given by 
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
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
+−≅− 2222
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4

9
3)( xyxyCR eeeeYYy                                                                                     (2.34)  

So the MSE of ReCRy  to the FDA is given by 
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2.9. Efficiency comparison 

 

From (1.1) and (2.35) we have 
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From(1.6),(2.30) and(2.35) we have 
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From (2.6), (2.15) and (2.35) we have 
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M
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Further from (2.20) and (2.35) we have 
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Thus from (2.36 - (2.39) we conclude that the proposed chain ratio-ratio-type exponential   estimator ReCRy  is 

more efficient than:  

(i) y  if  
4

3
>k ,

1

1

−
−>

M
xρ ;    

(ii) the ordinary ratio estimator RCy  and chain ratio-type exponential estimator  eCd 1  if 
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M
xρ ;  

(iii) the chain ratio-type exponential estimator  1d  and 2d   if  1>k ,
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M
xρ ;  

and    

(iv)  the chain ratio-type exponential estimator  CRRy  if 
7

4
k > ,

1

1

−
−>

M
xρ .   

Form the above it is concluded that the ReCRy  is more efficient than the estimators y , RCy  , eCd 1 , 1d , 2d and  

CRCy  if the following condition is satisfied: 

4
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5
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−
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M
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3.    A MORE GENERAL CLASS OF CHAIN-TYPE ESTIMATORS FOR  Y  IN CLUSTER 

SAMPLING 

 

Let α and δ  be constants or functions of known parameters associated with (study, auxiliary) variates, for 

instance, see Sisodia and Dwivedi [10], Upadhyaya and Singh [12], Singh and Tailor [4], and Kadilar and Cingi 

[2]. Then we define the class of chain type estimators for population mean Y as 
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where (p, q) are design parameters which take real values . We mention that for ( , ) (1,1)p q = , ( )qpy ,  
yields 

chain ratio-ratio-type exponential estimator while for ( , ) ( 1, 1)p q = − − , ( )qpy ,  
generates chain product-

product-type exponential estimator for Y .  Expressing (3.1) in terms of e ’s we have   
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where 
( )δα

α
τ

+
=

X

X
. 

Now expanding the right hand side of (3.2) and multiplying out we have 
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Ignoring ( )2>υυe  in the above expression we have 
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So the bias of ( )qpy , to the FDA is given by 
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So the MSE of
),( qpy  to the FDA is given by 
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3.1. Efficiency compression 

 

Subtracting (2.1) from (3.6) we have 
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3.2. Special cases   

 

We consider another class of estimators Y  as 
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where 
*p
 
being a suitable chosen scalar. 
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To the FDA the bias and MSE of 
*pt  are respectively given by  

( ) ( ){ } ( ){ }kpMC
pY

tB xxp 2111
2

*2
*

* −+−+= τρτ
γ

 ,                                                                     (3.9) 

( ) ( ){ } ( ){ }( )[ ]kpMCpMCYtMSE xxxyp 21111 *2*22

* −−++−+= τρτργ  

                

( ){ }
( ) ( ) ( )


















−
+

−








+
+









−
+

−+= ***22

2

2
2

2

2

2

2
11 p

qp
kp

qp
p

qp
MCY xx τρτγ           

                                                                                                                                                                   (3.10) 

 

Subtracting (3.10) from (3.6) we have 
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Further we consider a family of exponential-type estimators for Y as  
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where 
*q is a suitably chosen scalar. 

To the FDA the bias and MSE of 
*qt  are respectively given by 
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From (3.6) and (3.13) we have 
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Thus ( )qpy , is more efficient than y , 
*

py and
*

qy as long as the conditions (3.7), (3.11) and (3.15) are 

respectively satisfied. 

 

4. IMPROVED CLASS OF ESTIMATORS FOR y
 
 IN CLUSTER SAMPLING  

We define an improved version of the suggested class of estimator ( )qpy ,
as 
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where G  is a suitably chosen constant. 

Expressing  (4.1) in terms of e ’s we have 
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Expanding the right hand side of (4.2), multiplying out  and ignoring terms of e ’s having power greater than 

two in the above expression we have 
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So the bias of
*

),( qpy to the FDA  is given by  
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Ignoring ( )2>υυe  in ( )
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Thus the MSE of
*

),( qpy  to the FDA is given by 
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The )( *

),( qpyMSE  in (4.6) is minimized for 
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The MSE ( )),( qpy  in (3.6) can be expressed as  
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So from (4.8) and (4.9) we have  
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Thus it follows from (4.10) that the improved family of estimators *

).( qpy  is more efficient than the family of 

estimators
),( qpy . 

 

 

5. CONCLUSION 

 

In this paper we have suggested some chain estimators in cluster sampling on the line of Kadilar and Cingi [2]. 

The bias and mean squared error of the suggested estimators are divided under large sample approximation. The 

regions of preferences are derived under which the suggested estimators are better than the conventional 

unbiased estimators. A generalized version of the proposed chain ratio-ratio-type exponential estimators is given 

along with its properties. An improved version of the generalized classes of chain ratio-ratio-type exponential 

estimators is also proposed with its properties. Finally it is shown that improved class of estimators *

).( qpy beats 

the class of estimators 
),( qpy
 
discussed here. 
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