Original Article Bulletin of Pure and Applied Sciences.
Vol. 38E (Math & Stat.), No.1, 2019. P.99-116

Awvailable online at Print version ISSN 0970 6577
www.bpasjournals.com Online version ISSN 2320 3226
DOI: 10.5958/2320-3226.2019.00010.9

CONSTRUCTION OF FINITE FIELDS

N.V. Ramana Murtyl’*, B.N. Padmavathi’

ﬁuthor Affiliation: \

'Dept. of Mathematics, Andhra Loyola College, Vijayawada, Andhra Pradesh 520008, India
E-mail: raman93in @ gmail.com

2Dept. of Mathematics, Andhra Loyola College, Vijayawada, Andhra Pradesh 520008, India
E-mail: padma9480@ gmail.com

*Corresponding Author:

N.V. Ramana Murty, Dept. of Mathematics, Andhra Loyola College, Vijayawada, Andhra Pradesh
520008, India

E-mail: padma9480 @gmail.com

Qeceived on 27.09.2018, Received on 27.01.2019, Accepted on 25.02.2019 /

Abstract: The theory of Finite fields plays a significant role in the theory of Galois extensions. Finite fields
have many applications in Coding theory, Computing and Statistics. Therefore, this paper makes an
attempt to study some finite fields and their properties. Especially it concentrates on the construction of
finite fields. It is known that the characteristic of a finite field is a prime number. Here, first we construct
the finite fields containing 4, 8, and 16 elements of characteristic 2, then the fields with 9 and 27 elements
of characteristic 3, and finally the fields of 25 elements with characteristic 5. It is well known that the
multiplicative group of a finite field is a cyclic group. Therefore, the generators of all the cyclic groups of
the finite fields are also found.
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1. INTRODUCTION

A non-empty set F' together with the operations addition (+) and multiplication (.) is known as a field if
(F ,+) and (FO,-) are abelian groups and two distributive laws hold in F, where F; is the set of all non-zero

elements of F. For example, (F2 ,+ ,><2) is a finite field containing two elements. If the number of elements in

F is finite, then it is called a finite field and the number is defined to be the order of the field F' . The least
positive integer 7, if it exists, such that na=a+a+---+a (n—terms) =0 for all a€ F, then nis called the

characteristic of the field F, and the field F is said to be of finite characteristic. It is well known that the

characteristic of a finite field is a prime number. The set F [x] of all polynomials in xover a field F' forms an
Integral domain which is called the Polynomial domain. The Polynomial domain F [x] is a Principal ideal
domain. That is, every ideal in the Polynomial domain F [x] is generated by a single element. A polynomial
f(x) is said to divide a polynomial g (x) in F [x] if there exists a polynomial r(x) in F [x] such that
g(x)=7r(x)r(x). I deg(g(x)) >deg(f(x)) >0, then f(x) is called a proper divisor of g(x). If

deg( g(x))Zl and it has no proper divisors, then it is called an irreducible polynomial in F [x] A
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polynomial is called monic if its leading coefficient is 1. An Ideal I of a Commutative ring R with identity is
called a maximal ideal of R if there does not exist any other ideal J of R such that I < J < R. The Mobius

1 if n=1
A —function is defined as ¢£(n) =10  if n hasa square factor

(—l)t if n has t distinct prime factors

For example, ,11(4) =0, ,[1(2) :(—1)l =—1.

If F isasubfield of a field E,then E is called an extension field of F. It is well known that the multiplicative
group of a finite field is cyclic. Also, a finite cyclic group of order 7 has ¢(n) generators, where ¢ is Euler’s

¢ — function. Hence, F, is a finite field of order 71, then the order of its multiplicative group F, “is n—1.

Since the multiplicative group is cyclic, the order of its generators is also n —1as the order of a cyclic group is
equal to the order of its generators. Throughout this paper, F' denotes a field with respect to the operations
addition (+) and multiplication (-), and F, denotes a finite field, containing 7 elements, with respect to the

operations addition and multiplication modulo n. R stands for a Commutative ring with unity. The ideal

generated by an element x of a Commutative ring with unity is denoted by <x>
2. MAIN RESULTS

Lemma 1: An element f (x) in a Polynomial domain F [x] is irreducible if and only if the ideal< f (x)>
generated by f (x) is a maximal ideal.

Proof: Since F [x] is a polynomial integral domain (PID), g(x) divides f (x) implies
<f(x)>g<g (x)>CF[x]. The maximality of the ideal <f(x)> implies <f(x)>=<g (x)> and hence

f (x) has no non-trivial divisors which implies the irreducibility of f ( x). If f (x) is irreducible, then it has
no non-trivial divisors and hence the ideal generated by f (x) is maximal. o

Lemma 2: The ideal / of a Commutative ring R with unity is maximal if and only if the quotient ring R/I is a

field.
Proof: See [1]. [
By combining Lemmas 1 & 2, we get

Theorem 3: The Quotient ring F (x) / <f (x)> is a field if and only if f (x) is irreducible.
Proof: Follows immediately from the Lemmas 1 & 2. °

Theorem 4: If f ( x) is a polynomial of degree nin the Polynomial domain F [x] , then the Quotient ring

F [x]/(f(x» :{ao +ax+--+ aHx'H ‘a, € F} forms an 7 — dimensional vector space over the field F

with basis {l, a0, -,0{"71} , where & =x+ <f (x)> Also, (¢is aroot of the polynomial f (x)

Proof: Follows from Lemma 2 and Theorem 3. °

The following theorem gives the existence of finite fields.
Theorem 5: For any prime number p and any positive integer 7, there exists a finite field F with
characteristic p containing p" elements.

Proof: See Dummit and Foote [1]. °
Towards the context of irreducible polynomials, the following theorem is crucial.

Theorem 6: For any positive integer 7, there exists an irreducible polynomial of degree nin F, [x] , wWhere
F] , is a finite field containing p elements and P is a prime.

Proof: See Bhattacharya, Jain and Nagpaul [2]. °
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Since the construction of irreducible polynomials over finite fields is a separate process, we are not discussing it
here. But, the number of monic irreducible polynomials over a finite field is given by the following Lemma.

Lemma 7: If ¢ is a prime number and F, is a finite field containing ¢ elements, then the number of monic

1 p
irreducible polynomials of degree nover F, is —z ,u(d )qK’ , where u (d ) is the Mobius function and d is
- din

a divisor of n.
Proof: See Dummit and Foote [1], page 568. °

Example 1: If n=2, g =2, then the number of monic irreducible polynomials of degree 2 over the field F, is
1 1

given by 5(”(1)22 +,u(2)2‘)=5(4—2) =1.

Example 2: If n =3, g =2, then the number of monic irreducible polynomials of degree 3 over the field

1 1
F, is given by 5(/1(1)23 +u(3)2' ) =§(8 -2)=2.
Example 3: If n =4, =2, then the number of monic irreducible polynomials of degree 4 over the field F, is
. 1 4 2 n_1 _

given by Z(;1(1)2 +u(2)2° +u(4)2 )—2(16—4+0)—3.

Example 4: If n =2, g =3, then the number of monic irreducible polynomials of degree 2 over the field F, is
1 1

given by E(ﬂ(1)32 +u(2)3") =E(9— 3)=3.

Example 5: If n =2, g =35, then the number of monic irreducible polynomials of degree 2 over the field F; is
1 1

given by E(ﬂ(l)52 +u(2)5") =§(25—5) =10.

Example 6 : If n =3, g =3, then the number of monic irreducible polynomial of degree 3 over the field F is

given by %(,11(1)33 +,u(3)3‘)=%(27—3)=8.

Before we proceed to construct the finite fields of orders 4, 8, 16, 9, 27 and 25, it is required to find at least one
monic irreducible polynomial of the required degree over each of the finite fields F, , F}, F .

Field containing 4 elements:

To construct the field F22 containing 4 elements, it is required to find a monic irreducible polynomial of degree
2. From Example 1, it is clear that there exists only one monic irreducible polynomial of degree 2 in the
Polynomial domain F, [x] By trial and inspection, it is clear that the polynomial f (x) =x>+x+1 is a monic
irreducible polynomial of degree 2 in the Polynomial domain F, [x] over the field F,. Therefore, the Quotient
F[x

]
(£(x))

o ¢ F, is aroot of the polynomial f(x) Therefore, F,  F, (), where F, () is an extension filed of

ring is a field by the Theorem 3, and its elements are in the form of @+ b by the Theorem 4, where

F,, generated by . Hence the elements of the field F), are {0, ,ar,r+1} .The composition tables of F),

with respect to addition and multiplication modulo 2 under the condition
@ +a+1=0 (A)
are the following:
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Table 1:
+, 0 1 a a+l
0 0 1 o a+1
1 1 0 a+1 o
o o a+l1 0 1
a+1 a+1 o 1 0
Table 2:
X, 0 1 a a+l1
0 0 0 0 0
1 0 1 a a+l1
o 0 o a+l 1
a+1 |0 a+l 1 (04

From the composition tables, it is clear that set F22 satisfies all the axioms of a field and hence it forms a field
containing 2* = 4 elements. Since (F 4*,><2) is a cyclic group of order 3, it has ¢(3) =2 generators. We have
o(1)=1. Also, (@) =a; (@)’ =a+1 (@) =a.a’ =a(a+1)=a* +a=1.=o(@) =3 and
(@+1) =a+1; (a+1)" =a; (@+1)’ =a(a+1)=a* +a@=1; = o(a+1) =3(by condition (A)).

Since the orders of & and & +1are equals, the order of the multiplicative group(F4*,><2) , &, +1are the

gener ators.

Field containing 8 elements:

To construct the field F23 containing 8 elements, it is required to find a monic irreducible polynomial of degree
3. By Example 2, it is clear that there exist two monic irreducible polynomials of degree 3 in the Polynomial
domain F’ 53 [x] By trial and inspection, it is clear that the polynomial f (x) =x’ 4+ x+1 is a monic irreducible
polynomial of degree 3 in the Polynomial domain F, [x] over the field F,. Therefore, the Quotient ring
F[]
{f(x))

a¢ F, is aroot of the polynomial f(x) Therefore, F, C F, (0:) , where F, (0:) is an extension field of

is a field by Theorem 3 and its elements are in the form of a+ba+ca® by Theorem 4, where

F,, generated by ¢¥. Hence the elements of the field F23 are {0, 1, a,a+l,0r, 0’ +,a" +a, 0" +a+1 }.
The composition tables of F, with respect to addition and multiplication modulo 2 under the condition

@ +a+1=0 ...(B)
are the following:
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Table 3:
" 0 ! a a+l o’ o' +1 a+a a’+a+l
0 0 ! o a+l o’ a’+1 a+a ad+a+1
! ! 0 a+1 a a*+1 ot ad+a+l] P +a
o o a+l 0 ! a+a ad+a+l | & a’+1
a+1 a+1 o 1 0 ad+a+l| P +a o’ +1 o’
o’ a o +1 a+a a+a+1"° ! o oa+1
o’ +1 o’ +1 o’ , ad+a |! 0 a+1 a
a +a+1
ad+a ad+a ad+a+l| o a’ +1 a a+1 0 1
ad+a+l | dra+l | P +a o’ +1 ot a+1 o 1 0
Table 4:

X, 01 o a+l o o +1 a+a o +a+l

0 00 0 0 0 0 0 0

1 01 a a+l o o +1 a+a & +a+l

o 0 a a’ a+a a+1 1 ad+a+l | a?+1

a+l 0] a+l ad+a o +1 ara+l | o 1 a

a? 0] o2 a+1 ad+a+l | P +a o a’+1 1

o’ +1 0 a?+1 1 o’ o ad+a+l | a+l a+a

a+a 0l &’ +a o +a+l | ! ol +1 a+l a o

a+a+1 |0 ?+a+1 | a?+1 o 1 a+a o’ a+l

From the composition tables, it is clear that set F ) satisfies all the axioms of a field and hence it forms a field

containing 2° = 8 elements. Since (F;,XZ) is a cyclic group of order 7, it has ¢(7) =6 generators. We have

0(1) =1. Therefore, all other non-zero elements &, a+1, &, &’ +1, & + &, & + a+1 are generators of

this cyclic group as their orders also equal to 7.

Field containing 9 elements:

To construct the field F;z containing 9 elements, it is required to find a monic irreducible polynomial of degree

2. By Example 4, it is clear that there exist three monic irreducible polynomials of degree 2 in the Polynomial

domain F3[x]. By trial and inspection, it is clear that the polynomial f ()c):)c2 +x+2 is a monic

irreducible polynomial of degree 2 in the Polynomial domain F; [x] over the field F;. Therefore, the Quotient
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ring F [x]
(£ ()

o ¢ F, is aroot of the polynomial f (x) Therefore, F, © F, (&), where F, () is an extension filed of F,,

is a field by Theorem 3 and its elements are in the form of a+ba by the Theorem 4, where

generated by . Hence the elements of the field F, are Fz4 ={0,1, 2.a,ac+l,a+2 2a,20+1,20 + 2} . The

composition tables of F,, with respect to addition and multiplication modulo 3 under the condition

at+a+2=0 ...(O)
are the following:
Table 5:
+3 0 1 2 o a+1 2x 20+ 1 200+2
a+?2
0 0 1 2 a a+1 200 20+1 | 2a+2
a+2
1 1 2 0 a+1 a+?2 o 20+1 | 2a+2 | 2«
2 2 0 1 a+2 a o+l 200+2 | 2« 200+1
o o a+1 a+2 2x 20+ 1 200+2 |0 1 2
a+1 a+1 a+?2 o 20+1 | 2a+2 | 2« 1 2 0
a+?2 a+?2 a a+l1 20+2 | 2 20+1 |2 0 1
2x 2a 20+1 | 2a+2 |0 1 2 o a+l a+?2
20+1 | 2a+1 | 2a+2 | 2« 1 2 0 a+1 a+?2 a
20+2 | 2a+2 | 2« 20+1 |2 0 1 a+?2 o a+1
Table 6:
X, 0 1 2 a a+1 20 20+1 | 2a+2
a+?2
0 0 0 0 0 0 0 0 0 0
1 0 1 2 o a+1 2x 20+ 1 20+ 2
a+?2
2 0 2 1 2o 20+2 | 2a+1 o a+?2 a+1
o 0 o 2x 20+1 |1 a+1 a+?2 20+2 |2
a+1 0 a+1 20+2 | 1 a+?2 200 2 o 20+1
a+?2 0 a+?2 20+1 | a+l 200 2 20+2 | 1 a
2o 0 2a o a+?2 2 20+2 | 2a+1 a+l1 1
20+1 |0 20+1 a+?2 20+2 | & 1 a+1 2 2o
20+2 |0 200+ 2 a+l1 2 20+1 o 1 200 a+?2

From the composition tables, it is clear that set F32 satisfies all the axioms of a field and hence it forms a field

containing 3* = 9 elements. Since (F;,X3) is a cyclic group of order 8, it has ¢(8) =4 generators. Since the

order of an element of group divides the order of the group, we check the powers 1, 2, 4 and 8 of all elements of
the cyclic group as they are only the divisors of 8. Using the condition (C), we get

o(1)=1:0(2)=2 (@) =a; (@)’ =2a+1; (a)' =2; (@)’ =1= o(@) =8;
(a+1) =a+1; (@+1) =a+2(a+1)' =2(a+1) =1=o0(a+1)=8;
(a+ ) =a+2(a+2) =2(a+2) =1=o(a+2)=4;

(2a) =2a; (20)" =2a+1; (2a)' =2;(2a)" =1= o(2a0) =8;
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(20+1) =2a+1; 2a+1)" =2 (2a+1)' =1= 0(20+1) = 4;
(20+2) =20 +2;(2a+2)" =a+2;(2a+2)" =2;(20+2)’ = 1= 0(20 +2) =8,

Therefore, the elements ¢, 2¢/, o/ +1, 2cr+ 2 are the generators of this group.

Field containing 16 elements:
To construct the field F24 containing 16 elements, it is required to find a monic irreducible polynomial of
degree 4. By Example 3, it is clear that there exist three monic irreducible polynomials of degree 4 in the

Polynomial domain F, [x] By Trial and Inspection, it is clear that the polynomial f (x) =x'+x+1 isa

monic irreducible polynomial of degree 4 in the Polynomial domain F) [x] over the field F,. Therefore, the
[

]
(£(x))

Theorem 4, where & & F2 is a root of the polynomial f(x) Therefore, F, C F, (a) , where F, (a) is an

is a field by Theorem 3 and its elements are in the form of a+ba +ca’ +da’ by

Quotient ring

extension filed of F, generated by & Hence the elements of the field F, are

F,={0La.a+1.0’.0’ +1.& +a.a’ +a+l.&.’ +L.&’ +a.@’ +a+ .0’ + &’ & + &+l + & v a0’ + &’ +a+1}

The composition tables of [, with respect to addition and multiplication modulo 2 under the condition
a'+a+1=0 ...(D)

are given in the Tables 7(a) and 7(b) and the Tables 8(a) and 8(b) respectively.

Field containing 25 elements:

To construct the field F;z containing 25 elements, it is required to find a monic irreducible polynomial of degree

2 in the Polynomial domain F [x] . By Example 5, it is clear that there exist 10 monic irreducible polynomials

of degree ten in the Polynomial domain Fj [x] By trial and inspection, it is clear that the polynomial

f (x) =x"+x+1 is a monic irreducible polynomial of degree 2 in the Polynomial domain F; [x] over the

A
(£ (x))

a+ba by Theorem 4, where ¢ F; is a root of the polynomial f( x). Therefore, F, C F; (a), where

field F,. Therefore, the Quotient ring is a field by Theorem 3 and its elements are in the form of

F; (a) is an extension filed of F; generated by . Hence the elements of the field F,are
_{0,1,2,3,4,a,2a,3a,4a,a+1,a+2,a+3,a+4,2a+1,2a+2,2a+3,2a+4,}

S Ba+l3a+23a+33a+4,4a+ 1 40+2,40+ 3,4+ 4

The composition tables of F,, with respect to addition and multiplication modulo 5 under the condition
a’+a+1=0 ...(E)

are given in the Tables 9(a) and 9(b) and the Tables 10(a) and 10(b) respectively.

Table 7(a):
+; 0 1 o o+1 o’ o’+1 o+a o+a+l
0 0 1 o o+1 o’ o’+1 o+a o+a+l
1 1 0 o+1 o o’+1 o’ o+a+1 o+a
o o o+1 0 1 o’ +o+1 o+ o’ o +1
o+1 o+1 A 1 0 o’ +a+1 o'+ o o’+1 o
o’ o’ o’+1 o+aL o +or+1 0 1 o o+1
o’+1 o’+1 o’ o +at1 o+al 1 0 o+1 o
o+ o+al o’+a+1 o’ o+1 o o+1 0 1
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o +ot1 ool o’+al o*+1 o’ o+1 o 1 0
K] K] 3 K] K] 3 2 3 N K] 2 K] 2
o o o+1 o+ o’ +o+1 o+ ot +1 | U0+ o +o +o+1
o’+1 o’+1 o a’+a+l o+al o’ +a+1 o’+1 oC+ol+a+l | o+ o*+a
o+a o+al o+atl o o’+1 o’+a’ +a o+ o’ | o+ a2 o +o’+1
+o+1
o+a+1 o+o+1 oo+al o+l o o+ar+o+l | o'+ of 4o | o+ o+l o+o”
o+a o+a’ oo+a’+1 a+a’+o, o+o+o+l | o o++1 o+al o+o+1
o> +a+1 oo+ +1 o+’ O+l ++at+l | oo+l +a a3 +1 o o+a +1 o+a
o+l +a o+l +a o+a+o+l | o’+o? o’ +o’+1 o+a o’ +ot1 o o’+1
o*+o+atl | o+’ +o+l | oP+oP+a o’ +a+1 o+o? o’ +atl o+a o+1 o
Table 7(b):
+2 o o+1 o+oL oC+or+1 o+o’ oo+l o+l +a o +ol+a+l
0 o o'+1 o+ oC+or+1 o+o’ oo+l o+l +a o +ol+a+l
1 o+1 o ookl o+al o +ol+1 oo +a+1 oC+o+atl | o+a’+a
o o+a o +o+1 o o+1 oC+ol+a o+al+o+l | od+o? o +ol+1
o+1 o3+o+1 o+al o’+1 o oC+o+o+l | o +a’+a o +a+1 o+o’
o’ 03+0” o +oC+1 0+ +0 o+ +otl | o o'+1 3+a o+l
2 3+ 2 3 2 3 K] 2 K] 3 K] K]
o +1 o+l | oa'+a oC+o+atl | o+a’+a o+1 o o +o+1 o’+o
o+ o o+ +0+1 3+a o+1 A'ta o +o+1 a3 o+1
+a’+a
ookl o o+’ +a oo +a+1 o’+o’ oo+l oo+al o+1 o
+o o+l
o 0 1 o o+1 o’ o’+1 o+aL o +or1
o+1 1 0 o+1 o o+1 o’ o’+at1 o+al
o+ o o+1 0 1 o+a o’+o+1 o’ o+1
o+o+1 o+1 A 1 0 o +0+1 o+ o’+1 o
oo+’ o’ o’+1 o+ o+a+1 0 1 o o+1
o> +a+1 o+1 o’ o’+at1 o+al 1 0 o+1 o
o+l +a o+al o’+at1 o’ o’+1 o o+1 0 1
o*+o+a+l | o+atl o+a, o+1 o’ o+1 o 1 0
Table 8(a):
% 0 1 o o+1 o’ o?+1 o+a oP+or+1
0 0 0 0 0 0 0 0 0
1 0 1 o o+1 o’ o’+1 o+aL o +ort1
o 0 A o’ o+al o o+al o+’ o+l +a
o+1 0 o+1 o+al o’+1 o+o’ o+al+o+1l | o+ o+1
o’ 0 o’ o oo+’ 1+a o’+at1 o +ot1 o +ol+a+l
o+1 0 o+1 o+al o+ol+o+l | o +1+a o o> +a+1 o
o+ 0 o+ o+ o+a o+a+l o+ +1 o+o+1 1
o +ot1 0 o’ +at1 o+olta | o+l oC+o+o+l | o+a’+a 1 o+al
o 0 o o+1 o+l o+a o +o+1 o’+1 oo+ +1
o+1 0 o+1 1 o o +o+1 o L+o! o+
o+ 0 o+ o+1 oo+ +1 o+a’+a o+1 o+1
ookl 0 ookl o+rotl | P+t o+al o+l oo+o+atl | o
o+a’ 0 o+’ 1+a’+0 1+a+o’ o’+1 o o+ +a o
o +a+1 0 o’ +a+1 o’+1 o’ 1 o+’ o o’+1
o+l +a 0 o+l +a o +ol+1 1 o +o’+1 o+1 o o’+o’
o’+a+o+l | 0 o+a+o+l | o+’ | @ o+1 o+aL o’ o +or+1
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Table 8(b):
X 3 3 3 3 3,2 3,2 3,2 (13+(12+(1+
2 o o+1 o' +ol o +o+1 o +0ol o+o+1 o0 +0 1
0 0 0 0 0 0 0 0 0
3 7z
o’ +0 +0+
1 o o’+1 o+ o +o+1 o+’ o+’ | oP+oi+a 1
2 2 3 3 C+CHat | 3 o
o 1+a 1 o +o+1 o +1 o +o+1 o'+1 1 o+ +1
o+1 o+a+1 o o+l | oo+a’ta | al+atl o’ 1 o
o’ o+a A O+ | oo+a o’+1 1 o+t +l | o+l
o+1 o+l +a oo+l o’ 1 o+l o+’ o+1 o+o”
3 2
o’ +0 +ort+
o>+ o*+1 l+a o' +1 1 o+t | o o o’
ookl o +or+1 o+al o+1 o’ o o’+1 o’+o’ o+or+1
3 2
o’+o ot
o o>+’ o’ 1 o?+at+1 o+a o o’ +1 1
o+ Ot
o’+1 o? oC+o’+l | o+l o+’ oP+a 1 oP+o+1 o +ol+a
5 o+t | o 3 3 > 2.3
o +o 1 o +1 o o 1 o +o+1 o +a o+
ookl o +ort1 o+o’ o o +at1 o> +a+1 o+1 o o+1
K] 2
o’+0 40+
o*+a? o+ o*+a 1 o’ +a+1 1 1+ o’ o’
o+’ +at
o+l | a 1 o +o+1 o+ 1+a o+olta | oP+a oP+a+l
oo+ar+a | o+l o +o+1 o +a o o o+al o+o+1 o +1
3 7z
o+ 40+
1 1 o+a’+a | oo’ o+1 o o*+1 o*+1 o+a

From the composition tables, it is clear that set F24 satisfies all the axioms of a field and hence it forms a field

s

containing 2* = 16 elements. Since (Fls’xz) is a cyclic group of order 15, it has ¢(15) =8 generators. Since

the order of an element of a group divides the order of the group, we check powers 3 and 5 of all elements of the
cyclic group as they are the only divisors of 15. Using the condition (D), we get

o()=1; (@) =& +a=(a)’ =1= o(a)=15;

(@+1)' = +& +a+l;(a+1) =’ +a = (a+1)" =1=o(a+1)=15

a2)3 =’ +a2;(a2)5 =’ +a+l :>(052)15 =1=o(a’)=15;

o’ +1)3 =’ +1; (0{2+1)5 = +a+l = (0{2+1)15 =1=o(a’ +1)=15; (052+05)3 =1=o(a’ +a)=3;

053)5 =1=o(a’)=5 (" +05+1)3 =l=o(a’ +a+1)=3;

o’ +01)5 =1=o(a’ +a)=5;
3 1)3 =a’+a’; (o +05+1)5 =o' +a=(a’ +05+1)15 =1=o(a’ +a+1)=15;

3

(

(

(

(0{3+1)3 =0 +a’ +a+l; (& +1)5 =2’ +a+l=(a +1)15 =1=o(a’+1)=15;
(

( +

(ax +0f)5 =l=o(a’ +a*)=5;
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(043+052+1)3 = +a; (o +0f+1)5 = +a=(a’ +0f+1)15 =1=o(a’ +a’ +1)=15;

3 5 15
(@ +a’ +1) =a; (& +a@* +a) =’ +a+1= (@’ +a’ +a) =1=o(a’ +a’ +a)=15;

5
(& +a& +a+1) =1z o(a’ + & +a+1)=5;
There are 8 elements of order 15 and their orders are equal to the order of the group. Therefore, the generators
ae a,a+,0’ 0 +l,a +l,& +a+l, &+’ +, a + o’ +

Table 9(a):
+5 0 1 2 3 4 o 20 3a 4o o+1 o+2 o+3 o+4
0 0 1 2 3 4 o 20 3a 4o o+1 o+2 o+3 o+4
20+ 30+ | 4o+
1 1 2 3 4 0 o+1 1 1 1 o+2 | o+3 o+4 o
20+ 30+ | 4o+
2 2 3 4 0 1 o+2 | 2 2 2 o+3 | o+4 o o+1
20+ 30+ | 4o+
3 3 4 0 1 2 o+3 |3 3 3 ot+d | o o+1 o+2
20+ 30+ | 4o+
4 4 0 o+1 2 3 otd | 4 4 4 o o+1 o+2 o+3
204+ 204+
o o o+1 1 o+3 | o+4 | 2a 3a 4o 0 1 2042 | 2043 | 20+4
20+ | 30+ | 20+ | 20+ 3o+
20, 20, 1 1 3 4 3a 4q, 0 o 1 3042 | 3043 | 30+4
30+ | 4o+ | 3o+ | 3o+ 4o+
3a 3a 1 1 3 4 4o 0 o 20 1 4do+2 | 4043 | do+4
4o+ 4o+ | 4o+
4o 4o 1 o+2 |3 4 0 o 20, 3a 1 2 3 4
20+ 3o+ | 4o+ 204+
o+1 o+1 o+2 o+3 o+4 | o 1 1 1 1 2 2043 | 20+4 | 2a
20+ 3o+ | 4o+ 204+
o+2 o+2 o+3 o+4 | A o+1 2 2 2 2 3 2044 | 20 2041
20+ 3o+ | 4o+ 204+
o+3 o+3 | o+d |« o+1 o+2 |3 3 3 3 4 20, 2041 | 2042
204+ 20+ 3o+ | 4o+
o+4 o+4 o 2 o+2 o+3 4 4 4 4 20 2041 2042 | 2043
20+ | 204 | 204+ | 20+ 3o+ | 4o+ 3o+
2041 |1 2 3 4 20, 1 1 1 o+l 2 3043 | 3044 | 30
204+ | 204+ | 204+ 20+ | 30+ | 4o+ 3o+
2042 | 2 3 4 20, 1 2 2 2 ot+2 |3 30+4 | 3a 3a+1
204+ | 204+ 20+ | 204+ | 30+ | 4o+ 3o+
2043 | 3 4 20, 1 2 3 3 3 ot+3 | 4 3a 3a+1 | 3042
204+ 304 | 204+ | 204+ 3o+ | 4o+
20+4 | 4 20 2 2 3 4 4 4 o+d | 3a 3041 | 3042 | 3043
30+ | 30+ | 30+ | 3o+ do+ 20+ | 4o+
3041 | 1 2 3 4 3a 1 1 o+1 1 2 4do+3 | 4a+4 | 4o
30+ | 3o+ | 3o+ 3o+ | 4o+ 20+ | 4o+
3042 | 2 3 4 3a 1 2 2 o+2 | 2 3 4o+4 | 4a 4o+1
30+ | 3o+ 30+ | 3o+ | do+ 20+ | 4o+
3043 | 3 4 3a 1 2 3 3 o+3 3 4 4o 4o+l | 4a+2
3o+ 4o+ | 3o+ | 3o+ | do+ 20+
3044 | 4 3a 2 2 3 4 4 o+4 | 4 4o 4o+l | 4a+2 | 4043
4o+ | 4o+ | dot+ | 4ot 204+ | 3o+
do+1 | 1 2 3 4 4o 1 o+1 1 1 2 3 4 0
4o+ | 4o+ | 4o+ 4o+ 204+ | 3o+
do+2 | 2 3 4 4o 1 2 o+2 | 2 2 3 4 0 1
108 Bulletin of Pure and Applied Sciences

Vol. 38E (Math & Stat.) No.1/January- June 2019



Construction of Finite Fields

4o+ | 4o+ 4o+ | 4o+ 204+ | 3o+
4o+3 | 3 4 4o 1 2 3 o+3 3 3 4 1 2
4o+ 4o+ | 4o+ | 4o+t 204+ | 3o+

do+4 | 4 4o, 1 2 3 4 otd | 4 4 0 2 3
Table 9(b):

+5 2041 | 2042 | 2043 | 2044 | 30+1 3042 | 3043 | 3a+4 | 4o+1 4o+2 4o+3 | 4a+4
0 2041 | 2042 | 2043 | 2044 | 30+1 3042 | 3043 | 3a+4 | 4o+1 4o+2 4o+3 | 4a+4

1 2042 | 2043 | 2044 | 20 3042 | 3043 3044 | 30 4o+2 4a+3 4o+4 | 4a
2 2043 | 20+4 | 2a 2041 3043 3044 | 30 3041 | 4043 do+4 4o 4o+1
3 2044 | 2a 2041 | 2042 | 3044 | 30 3041 | 3042 | 4o+4 4o 4o+1 4042
4 20 2041 | 2042 | 2043 3a 3o+1 3042 | 3043 | 4a 4o+l 4042 | 40+3
o 3041 | 3042 | 30+3 | 3a+4 | 4o+1 | do+2 | da+3 | 4a+d | 1 2 3 4
20 do+1 | 4042 | 4043 | do+4d 1 2 3 4 o+1 o+2 o+3 o+4
3a 1 2 3 4 o+1 o+2 o+3 o+4 | 20+1 2042 2043 | 2044
4o o+1 o+2 o+3 o+4 2041 | 2042 | 2043 | 20+4 | 30+1 3042 3043 | 3044
o+l 3042 | 3043 | 3a+4 | 3a do+2 | 4o+3 | 4o+4 | 4o 2 3 4 0
o+2 3043 | 3044 | 3a 30+1 | 4043 | do+4 | 4a do+1 | 3 4 0 1
o+3 30+4 | 30 3041 | 3042 | 4a+4 | 4a 4o+l | 4a+2 | 4 0 1 2
o+4 3a 30+1 | 3042 | 30+3 | 4a do+1 | 4a+2 | 4043 | O 1 2 3
2041 | 4042 | 40+3 | 40+4 | 4o 2 3 4 0 o+2 o+3 o+4 o
2042 | 4043 | 4a+4 | 4o 4o+l 3 4 0 1 o+3 o+4 o o+1
2043 | 4o+4 | 4a 4o+l | 4a+2 | 4 0 1 2 o+4 o o+1 o+2
20+4 | 4o 4o+l | 4042 | 40043 | O 1 2 3 o o+1 o+2 o+3
3041 | 2 3 4 0 o+2 o+3 o+4 | a 2042 2043 2044 | 20
3042 | 3 4 0 1 o+3 o+4 o o+1 2043 2044 20 2041
3043 | 4 0 1 2 o+4 o o+1 o+2 | 20+4 20 2041 | 2042
3044 | O 1 2 3 o o+1 o+2 | o+3 | 2a 2041 2042 | 2043
do+1 | 042 | o+3 o+d | A 2042 | 2043 | 20+4 | 20 3a+2 30+3 30+4 | 3a
do+2 | a+3 ot+d | a o+1 2043 | 2044 | 2a 2041 | 3043 3a+4 3a 3o+1
4o+3 | a+4 o o+1 o+2 20+4 | 20 2041 | 2042 | 3a+4 3a 3o+1 3042
do+4 | o o+1 o+2 | o+3 20, 2041 | 2042 | 2043 | 30 3a+1 3042 | 3043
Table 10(a):

X, 0|1 2 3 4 o 20, 3a 4o o+1 o+2 o+3 o+4
0 010 0 0 0 0 0 0 0 0 0 0 0

1 0 |1 2 3 4 o 20 3a 4o o+1 o+2 o+3 o+4
2 0 (2 4 1 3 20, 4o o 3a 2042 | 2044 | 2041 | 20+3
3 0|3 1 4 2 3a o 4o 20, 3043 | 3o+1 | 3044 | 3042
4 0 |4 3 2 1 4o 3a 20 o do+4 | 4o0+3 | 4a+2 | 4o+l
o 0 |a 20, 3a 4o do+4 | 30+3 | 2042 | o+l 4 o+4 2044 | 3o+4
20 0 | 2a 4o A 3a 3043 | o+l do+4 | 2042 | 3 2043 | 4043 | o+3
3a 0 | 3a o 4o 20, 2042 | do+4 | o+l 3043 | 2 3042 | a+2 4o+2
4o, 0 | 4a 3a 20, o o+1 2042 | 3043 | 4do+4 |1 4o+1 | 3a+1 | 2041
o+1 0 | a+l 2042 | 30+3 | 4o+4 | 4 3 2 1 o 2041 | 3a+2 | 4043
o+2 0 |a+2 2044 | 3o+l | 4043 | o+4 2043 | 3042 | 4o+l 2041 | 3043 | 4o 2
o+3 0 | a+3 2041 | 3a+4 | 4042 | 20+4 | 4o+3 | 0+2 3041 | 3042 | 4a 3 o+1
o+4 0 | at+d 2043 | 3a+2 | 4o+1 | 3a+4 | o+3 4o+2 | 2041 | 4o+3 | 2 o+1 20
2041 | 0 | 2041 | 4042 | 043 3044 | 4043 | 3041 | 2044 | o+2 o+4 3a 1 2042
2042 | 0 | 2042 | do+4 | o+1 3043 | 3 1 4 2 20 4o+2 | o+4 3o0+1
2043 | 0 | 2043 | 4o+1 | a+4 3042 | a+3 2041 | 30+4 | 4042 | 30+1 | 4 2042 | 4o
2044 | 0 | 2044 | 4043 | 0+2 3041 | 2043 | 40+1 | a+4 3042 | 4042 | o+l 3a. 4
3041 | O | 3o+l | o+2 4do+3 | 2044 | 30+2 | o+4 4o+1 | 2043 | o+3 do+4 | 2a 1
3042 | 0 | 30+2 | at+4d 4o+l | 2043 | 40+2 | 30+4 | 2041 | o+3 2044 | 1 3043 | o
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3043 | 0 | 30+3 | o+l do+4 | 2042 | 2 4 1 3 3a o+3 do+1 | 20+4
3044 | 0 | 3a+4 | o+3 4o+2 | 2041 | o+2 2044 | 30+1 | 4043 | 4o+l | 20 4 3043
4o+1 | O | 4o+1 | 30+2 | 2043 | a+4d 2041 | 40+2 | o+3 3044 | a+2 3 4o+4 | 3a
4042 | 0 | 4042 | 3a+4 | 2041 | 0+3 3a+1 | a+2 4043 | 2044 | 2043 | a 2 do+4
4043 | O | 4043 | 30+1 | 2044 | a+2 do+1 | 3042 | 2043 | o+4 3044 | 2042 | a 3
4do+4 | O | 4o+4 | 3a+3 | 2042 | o+l 1 2 3 4 4o 3044 | 2043 | a+2
Table 10(b):
X, 2041 | 2042 | 2043 | 20+4 | 30+1 3042 | 3043 | 3044 | 4o+1 | 4o+2 | 4o+3 | 4a+d
0 0 0 0 0 0 0 0 0 0 0 0
1 2041 | 2042 | 2043 | 20+4 | 30+1 3042 | 3043 | 3044 | 4o+1 | 4o+2 | 4o+3 | 4a+d
2 4042 | 4044 | 4o+l | 4043 | o+2 o+4 o+1 o+3 3042 | 30+4 | 30+1 | 30+3
3 o+3 o+1 o+4 o+2 4do+3 | 4a+1 | do+4 | 4042 | 2043 | 2041 | 2044 | 2042
4 30+4 | 3043 | 3042 | 30+1 | 20+4 | 2043 | 2042 | 2041 | oa+4d o+3 o+2 o+1
o 4o+3 | 3 o+3 2043 | 3042 | 4042 | 2 o+2 2041 | 3o+l | 4o+1 | 1
20 3a+1 | 1 2041 | 4a+1 | o+4 3044 | 4 20+4 | 4o+2 | o+2 3042 | 2
3a 2044 | 4 3044 | a+4 4o+l | 2041 | 1 3041 | o+3 4o0+3 | 2043 | 3
4o o+2 2 4o+2 | 3042 | 2043 o+3 3 4o+3 | 3044 | 2044 | o+4 4
o+1 o+4 20 3041 | 4042 | a+3 20+4 | 3a 4o+l | 042 2043 | 3a+4 | 4o
o+2 3a. do+2 | 4 o+1 do+4 1 o+3 20 3 o 2042 | 3a+4
o+3 1 o+4 2042 | 3a 20 3043 | 4o+l | 4 do+d | 2 o 2043
o+4 2042 | 3o+l | 4o 4 1 o 2044 | 30+3 | 3a 4o+4 | 3 o+2
2041 |2 2043 | 4o0+4 | a 4o o+1 3042 | 3 3043 | 4 20 4o+1
2042 | 2043 | 4o o+2 3044 | 2041 | 4a+3 | a 3042 | 2044 | 4o+l | o+3 3a
2043 | 4a+4 | o+2 3a 3 2 20 4o+3 | o+1 o 3043 | 1 204+4
2044 | o 3044 | 3 2042 | 3a+3 | 2 2041 | 4a 1 20, do+4 | o+3
3041 | 4o 2041 | 2 3043 | 2042 | 3 3044 | o 4 3a o+1 4042
3042 | a+l 4o+3 | 20 2 3 3a o+2 do+4 | 4a 2042 | 4 3o+1
3043 | 3042 | o 4043 | 20+1 | 3044 | a+2 4o 2043 | 3o+l | o+4 do+2 | 20
3044 | 3 3042 | a+l 4o o do+4 | 2043 | 2 2042 | 1 3a o+4
4o+l | 3043 | 2044 | o 1 4 4o 3041 | 2042 | 20 o+1 2 4oa+3
4do+2 | 4 4o+l | 3043 | 20 3a 2042 | o+4 1 o+1 3 4o 3042
4o+3 | 2a o+3 1 do+4 | o+1 4 4o+2 | 3a 2 4o 3043 | 20+1
do+4 | 4o+1 | 3a 2044 | a+3 4o+2 | 3a+1 | 20 o+4 4o+3 | 3042 | 2041 | o

From the composition tables, it is clear that set F52 satisfies all the axioms of a field and hence it forms a field

*

containing 5% = 25 elements. Since (F24,><2) is a cyclic group of order 24, it has ¢(24) =8 generators. Since

the order of an element of a group divides the order of the group, we check powers 2, 3, 4, 6, 8 and 12 of all
elements of the cyclic group as they are only the divisors of 24. Using the condition (E), we get 0(1) =1

0(2)=40(3)=4;0(4)=2;0(a)=3;0(2a) =12;0(3x) =12;0(4ex) =12;
o(a+1)=60(a+2)=240(a+3)=80(a+4)=240(2a+1)=8;0(2a+2)=12;0(20:+ 3) = 24;
o0(2a+4)=24,0(3a+1)=24;0(3x +2) =24;0 (3 +3) =12;0 (3 + 4) =8;
o(da+1)=24;0(4a+2)=8; 0(4a+3)=24; 0(4ax +4) =3

Therefore, the elements o +2, @ +4, 2a+3, 2a+ 4,3 +1, 3o + 2, 4 + 1,4 + 3 are the generators of this
group.

Field containing 27 elements:
To construct the field F;3 containing 27 elements, it is required to find a monic irreducible polynomial of degree

3. By Example 6, it is clear that there exist eight monic irreducible polynomials of degree 3 in the Polynomial
domain F) [x] By trial and inspection, it is clear that the polynomial f (x) =x"+2x+1 is a monic
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irreducible polynomial of degree 3 in the Polynomial domain F; [x] over the field F;. Therefore, the Quotient
E[x

]
(f(x))

a¢ F3 is aroot of the polynomial f (x) Therefore, F;, C F; (a) , where F; (a) is an

ring is a field by Theorem 3 and its elements are in the form of a +ba +ca” by Theorem 4, where

extension filed of F;, generated by &. Hence the elements of the field F, are
01,2, 2, 2, +L,a+2,2a+1,2a+2,a" +1,& +2,2a" +1,2a° + 2,0 + o, " + 2,
Fy=q0+a+1,0° +a+2,0° +20+1,0° + 20 +2, 20" + .20 + a +1,20° + a +2,
207 +2a,20° + 2+ 1,20 + 2+ 2

The composition tables of [, with respect to addition and multiplication modulo 3 under the condition

@ +2a+1=0 ...(B)
are the following:
Table 11(a):
+3 0 1 2 a 20 o 207 o+1 o+2
0 0 1 2 a 20 o 20 o+1 042
1 1 2 0 o+1 2041 o+1 200+1 o+2 o
2 2 0 1 o+2 2042 o+2 20042 o o+1
a a o+1 0+2 20 0 o+ 207+ 20+1 2042
20 20 2041 2042 0 a o +20 2004200 | 1 2
o o o +1 o+2 ool o2 20° 0 o+at+l | of+a+2
207 207 200+1 20042 | 207+a 2004200 | O o 200+0+1 | 200+0+2
o+1 o+1 o+2 o 2040 1 o +o+1 20 +a+1 | 2042 20
o+2 o+2 a o+1 2042 2 o+a+2 | 207+0+2 | 2a 20+1
2z
20+1 20+1 2042 20 1 o+l +20+1 g“ 20t |, 0
2042 2042 20, o+1 2 o+2 o?+20+2 | 1 0 1
o?+1 o?+1 oe+2 o o’+o+1 o?+20+1 | 202+1 2 oP+0+2 o’+a
o?+2 o?+2 of 2041 o +0+2 oC+20+2 | 20242 o?+1 o240, o’ +o+1
2
20241 | 20241 | 2042 | &2 202 +0+1 f“ 204 | ) 202+042 | 202+
2
20042 | 20242 | 207 O+ | 202+042 g“ 20+ o 200+a | 20%+0+]
o+o, o+1 o?+at+l | 202 o420 o’ 2040 20 o*+20+1 | o>+2042
o*+2a o*+20 o?+20+1 | 20%+1 o’ o+oL 200420 o+1 o+1 42
ookl o +or+1 o+a+2 oc+ot2 | a2 20+1 | o’+1 20°+0+1 | 042 o“+20+2 | o*+2a
R ) oC+0+2 o’+al o+aL oC+2042 | oP+2 2004042 | 2041 o*+2a o*+20+1
2 2
o?+20+1 | o®+20+1 | o?+2042 g +20+ o’+1 o +at1 %a 20+ 2042 P42 o’
2
o?4+20+2 | 02+2042 | o+2a o?+20, o242 o?+0+2 %a 20+ o+1 o? o?+1
2 2 2
2040 2040, 202+0+1 %a ok 202420 207 o+2 o*+a %a +20+ %a +200+
2 2 2
2024041 | 2024041 | 207 +0+2 %a ok %a +200+ 20+1 o+1 oP+or+1 %a +20+ 20°420
2
2024042 | 2024042 | 20240 | 20242 | 26242 | 42 0 207 202+1 %" +2a+
7z
202420 | 202420 f“ 20t | oy 202+a | 20 o 20241 | 20242 | 2042
2 2 2
f“ +2a+ f“ +2a+ ;" 20402 | 20241 | 2041 20041 | 20242 | &2 202+042
200420+ | 200420+ | 202420 | 2041 207 2042 20042 o’ 204041 | 20740
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2 |2
Table 11(b):
+3 20+1 2042 o+1 o*+2 20°+1 20042 o+al o*+20, o +or1
0 20+1 2042 o’+1 0’42 207+1 207+2 o’ +ol o’ +20 o’ +o+1
1 2042 2042 o’+2 o 20742 2o o’+o+l | o +2041 | of+ot2
2 20, 2041 o’ o*+20+2 | 27 20°+1 oC+0t2 o’+20+2 | o*+a
o 2040+1 | 2 o +or+1 oC+2042 | 20°+o+1 | 20°+0+2 | o*+2a o’ 207 +0+1
7 7
20 o+1 o+2 o?+20+1 | 20242 %a +20+ ga +20+ o? o+0, o+1
o o’ +20+1 | a+2042 | 20741 2 1 2 207 +a 2004200 | a’+2042
7 7
207 %a +20+ %a +200+ 1 o+a o’+1 o+2 o 207 o*+2a
o+1 2 0 oC+0+2 oo+l 2004042 | 207 o*+20+1 | o?+1 o*+2
o+2 0 1 o+al o+ 20042 20040+ | o2 +2042 | P42 o’
7
20+l 2 A 2042 | aP+20+1 g“ 20+ | 9220 | P+l 2 20’+0+2
2
2042 o o+1 o*+20 207 20420 %a +20+ o*+2 o’+a+2 2040
)
o+1 2042 | o420 | 20242 | 20241 |2 0 202 +0+2 f“ 20 | 2
7
o+2 20 | o420+ | 207 0 o+1 1 2 g“ 20
7 7
20%+1 g“ 204 | hea |2 1 o+2 o 0 20+l %" +2a+
7
20242 | 20%+2a %" a1 202+042 | o 2+ a1 2042 20%+1
7 7
o+a o’+1 P42 202 +0+1 %a +200+ o+1 o+2 20°42 207 %a +200+
7
o*+20 o’+a+1 oP+at2 %a +200+ 202+a 2041 2042 207 20+a 20°42
7 7
o*+ot1 o+2 o’ 2004042 | 202 +0+1 | a+2 o %a +200+ 20, %a +200+
2
oP+at2 o? o*+1 2040, 202420 o o+1 %a +200+ 20°+1 20°420
7 7
P20+] | Prot2 | oo ;“ 20+ f“ 20+ | 5040 2 20241 | 20242 | 20742
7
oP+2042 | oP+a o*+at1 20°420 o+2 20 20+1 20°42 ga +20+ 207
2040, 20°+1 20042 o+1 o o +ort1 o’+a+2 20 0 2041
207 +a+1 | 20042 2a° o+2 o+1 o’+o+2 | o’+a 20+1 1 2042
20°+0+2 | 20°+0+1 | 20%+a o o’ o+1 o’+1 1 o’+a+1 o+al
207420 | 20°+1 20742 2041 2042 o’ +o 2042 o 2 1
)
%" 20+ 102 | 20241 | 2a a+2 20 20+l a2 o+a 0
7
g“ 204 | 52 o 2a+1 20 20+l P 202+1 | 20 2
Table 11(c):
2 2
+3 o’+a+2 o*+20+1 | o?+2042 | 20’40 20%+0+1 | 20%+0+2 | 202420 %a +20+ %a +200+
7 7 7
0 o’+a+2 o*+20+1 | o?+2042 | 20’40 %a +20+ 2024042 | 2034+2a %a +20+ ;a +200+
1 o+al oC+20+2 | P20 200+0+l | 202 +0+2 | 20%+a 200420+ | 20220+ | 20420
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1 2
2 o’+a+1 o2 o*+20+1 | 20°+0+2 | 20%+a 20°+0+1 | o 20°+1 2041
2
A 42042 | o2+l ) 202420 %" 20+ 52k 20 | 2041 207
20 o+2 o’+ot+l | a+a2 | 207 20%+1 o+2 20, 20%+1 2042
2 2
o? 20240+2 %a 20+ %a +20+ o o+1 o+2 o? 20242 o?
207 o+2 2041 2042 o+aL o o1 0 20°+1 o’ 207 +0+1
2 2
o+1 o?+20, o242 o? %a +20+ %a +20+ 202 20242 2024042 | 202+
2
) 2041 | o o2+ g“ 204\ oeioa | 20041 2042 20242 | 207
2
2041 o’ oP+at2 o*+a 20+1 20042 %a +20+ 20°+1 20, o’
2042 o’ +1 o'+2 o+atl | 20742 207 200+0+1 | 20742 o+2 20+1
2
o*+1 20°+a %a +200+ 20°420 o+1 o+2 20°+a 2041 207 o*+a
2
) 202 +a+1 | 207420 %" 204+ 1 0 o o 2042 2a+1 20%+1
20°+1 o 2042 20 0 o’ o’ o+al o+2 20
20742 o+1 20 2041 o +at1 o+al o+1 2042 o’+al 2
) 202420+ ) ) > 2
o +a 5 200+1 2042 o +o+2 2041 o +1 o 0 o +o+1
2 2
20 | 20242 | 20240+l g“ 20+ 1oy 1 1 2 2 %" 200+
o’+ot+l | 20%+20 | 202 207 1 2042 o+ot+l | 1 20742 o’
2
) f“ 204 2o | 20042 | 2041 20 Z+ot+l | 0 202420 | 2041
o*+20a+1 | 207 20 20740, 2042 2 o’+aL o+ o’+1 oC+0t2
2
42042 | 20241 | 0 202+0+1 | 2 0 P+20+1 g“ sl ) +20
2
2040 20°42 1 2 o*+20a o*+20+1 | a %a +200+ o+2a 20°+1
20°+0+1 | 2a 2 0 o*+20+1 | o> +20+2 | 207 o+al 20° o +or1
2004042 | o’+a A 20° 20+1 o*+2a 20°+1 20 o o’
2 2
20°420 0 o+a 1 %a +20+ %a +200+ o> +20a o’+1 o+1 207
2
%“ 2ot |, 20242 | 20420 | a2+ a2 o o 1 o
2 2
;“ 20+ | piarl | 20240 f“ 20+ | 20+1 2 2 2 0
Table 12(a):
X, 0|1 2 o 20 o’ 20.° a+1 a+2
0 010 0 0 0 0 0 0 0
1 0 |1 2 a 20 o’ 202 o+1 o+2
2 0|2 1 20! a 207 o 2042 20+1
o 0]A 20 o’ 20 0+2 20+1 o+aL o*+20
20 0 | 2a 4o o+2 o’ 2041 o+2 200420 2040
o’ 0 |a? o’ 20+1 20+1 o*+20 202420 oC+at2 2
20, 0 |20’ 20° o’+a, o+2 200420 o2 200420+1 | 20°+a+2
o+1 0 | a+l o+1 o2 200420 20°+0. 20242041 | o?+2a+1 o*+20+1
o+2 0 | a+2 o+2 20°+0. 20040 oC+0+2 o’ +20+1 o*+2 o*+2
2041 0 | 20+1 20+1 207420 o’+2a 2004042 | 2074042 | 207+1 o’ +2a+1
2042 0 | 20+2 2042 2042 o+ o’+20+1 | o’+a+2 2004+042 | o+2
o+l |0 |o?+l o’+1 2 o+1 20%4+20+1 | o+o o’+2a 207+1
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0’42 [0 [o®+2 o’+2 1 2 202420 a o’+1 2054+20+1
20741 [0 |20+l | 20%+1 o+1 1 20 20! 2024+2 207
20742 |0 | 20742 | 20742 o +o+2 2042 a 207420 20%+0 o’+2a
o’+a |0 |o’+a | ol +a 2054042 | 20742041 | of+04+2 | 20+1 20542042 | o +o+2
o’+2a |0 | o420 | o’+20 o?+2042 | o220+l | o242 20242042 | 2 1
2 2
a e oP+or+1 o+2 20 +0+1 o*+or+1 o’+1 207 oP+20+2
+o+1 +o+1
2 2
o (e o2 | 20242042 | 20041 2042 1 20242041 | oP+a
+o+2 +o+2
2 2
o (e +20+1 | 20242 o+l |2 o2 | a 2042
+20+1 +20+1
¢ i o | i o?+2042 | P20+l | o+l 20%4+0+1 | 2042 2041 o+2
+204+2 +20+2
20%+a |0 | 20%+a | o’+2a o’+1 20°+0+2 o+1 o’+a+l 1 o’
2 2
i(;+ 1 0 i§+ 1 2040, o?+at1 20242 20242042 | o1 o+2 o +0+2
20 : 0 20 : 2 2 1 ) 2 2 2 2
) ) o +o+ o +20+1 | 20°+20+2 | 2042 207 +0+1 20 o +204+2
20 2 20 2 2 2 2 2 2 2 2
20 0 0 2004042 20°+1 o +o+2 o +204+2 o +2 o +o+1 200°4+20+1
2 2
20 0 |2 200420 | 20742 o242 20%+1 2 42042 | 042
+20+1 +20+1
2 2
20 0 |2 20042041 | 2024041 | o42042 | 1 20242 o 20
+204+2 +20+2
Table 12(b):
X, 20+1 2042 o+l aZ+2 202 +1 20242 o’+a a? +2a o +a+1
0 2041 0 0 0 0 0 0 0 0
1 o+2 2042 o+1 o+2 20%+1 20°+2 o’ +o, o420, o +o+1
2 207 +0, o+l 20042 200+1 oo+2 o’+1 20°+20. 207+ 207 +20+2
o o +20. 20%+20, 2042 2 1 o+1 o +o+2 20 +042 o+20+2
20 o’ +20+1 | al+o o+1 1 2 2042 2004204+1 | of+20+1 | 20042
o’ 207 +0+2 207 +20+1 20%+20. 20 o o’ o+2 oo+l o+1
20.° 200+1 o+0+2 o+2 o 20 200420 | 200+1 20042042 | 207
o+l 20042042 | 207+a+2 | o’+20 o’ +1 20042 207 +0 20042042 | 2 oo+l
o+2 o +a+1 20%+1 20%4+20+1 202 o2 o +ot+2 2 o+20+2 o+2
20+1 ol +2 o+2 oC+o+2 o 20° 207+20 1 2004041 | 2042
2042 o +o+2 o> +20+1 207+ 20%+2 o+1 o+2 o 20+1 o> +20+1
o +1 o 207+ 20+1 205 +20+1 | 20%+0+1 o>+20+1 o+1 o+1 o+1
o +2 207 20%+2 o+20+2 o +o+2 o +o+2 1 o+2 207 +0+2
2
202 +1 20242041 | o2+l 202+0+1 | o220 2024+20+1 5“ R PR o 202+0+1
20042 1 o+2 o +20+1 o +o+1 20042042 | of+2a+1 | o200 2 2072042
o +0, 207 +o+1 2 o +o, o+1 o+1 o+1 205 +20+1 | 2042 o+2
o420, o+2 o2 +o+1 20+1 o?+1 o+2 207 o2 +a 20%4+20+1 200 +a+2
o Z+o+1 2042 2042 o +20+1 o +a 2004042 | 2074+a+1 | of+20+1 | 200+1 200+1
o 24042 oC+2 o o+20, o +o+2 207 o’ +o, 20542042 | 20+1 o+o,
o2 +20+1 2041 20%+2 o’+1 o’ 20%+20, 20 +0, 1 o +o+2 o +20+1
o2 2042 | 2 1 oo+2 2042 20, o2 | 2 200+0+1 | 207420
207+ o°+1 20%+20, o+2 oo+l o+1 1 o’ oo+l 2
205 +a+1 o 20%+2 207 +20+1 o+2 oo+l o+2 o+20+2 o+20+1 o
200 +04+2 | 20742 20042041 | 207+20 o+l 2004042 | 042 20, oo+204+2 | 200
207420 200420+2 | 207 o 200420+1 | o 2 200+1 o+l 1
20242041 | 20%+0+2 | o? o2+a+2 2 o*+a o*+20 o*+20, 202 o’
207 +20+2 o+1 o+20+2 207 +0+2 o+20, o +o+2 o+20+2 | P 2041 o 207 +20+1
114 Bulletin of Pure and Applied Sciences

Vol. 38E (Math & Stat.) No.1/January- June 2019




Construction of Finite Fields

Table 12(c):
2 2 2 2 2 2 2 20 > 20 z
X o +o+2 o +20+l | o +20+2 | 207 +a 207 +a+1 | 207 +0+2 | 207 +20
3 +20+1 +2042
0 0 0 0 0 0 0 0 0 0
1 o’ +o+2 o’ +20+1 | 0’42042 | 20°+0 207 +a+1 | 2074042 | 207420 20°+20+1 | 207+20+2
2 20042041 | 20°+a+2 207 +0+1 o’+20 o’ +20+2 o’ +20+1 o’+al o’+a+2 o’+o+1
o 02+2 20742042 | 20742 o’+20+1 | o’+1 o’ +o+1 2042041 | 2071 20 +a+1
20, 207+1 o +at1 o’+1 20+0+2 | 20742 20742042 | o’ +o+2 o’+2 o’ +20+2
o’ 2 207 +a+1 | o+l 2042042 | 2042 o’ +204+2 | 2071 1 o’+1
20° 1 o’ +204+2 | 2042 o’ +ot1 o+l 20 +a+l | o’+2 2 207+20+2
o+1 20°+0+1 o 20+1 1 o+2 20, o’+a+1 o’ +20+2 o
o+2 20+2 o+2 o’ o’ +a+2 o’ +204+2 | 20042041 | 2042 o+1 o’+1
20+1 2a+1 o’+2 20+1 2 o’+1 o 20742 20742042 | o+l
2042 a 20°+2 1 20°420 | 20%42 %“2”‘” 2a° o oP20+2
o’+1 o’ +20 o’+1 o’+2 o+2 20°+0+1 207420 o o +a+2 207 +0+2
o’ +2 o +a o +0+2 o’ 2042 o +o+1 o742 o+1 20°+20 o’+20
207 +1 20° 20042042 | 2a o+1 o’+a+2 207+0+2 2 o’+al o +a+2
207 +2 o 20°+a o’ +o+2 1 ) o+2 1 o’ +20 o’ +20+2
o +o 2 a o+ a o’+1 20+2 20+1 oo+ 20°
o’ +20 1 o 20741 o’ +20+2 20042041 | o o’+1 o’ +20+1 o+1
o 2 +a+l o +a+2 20 o’ +20+2 o o’ +20+2 20° o’ +o+1 o’ +al o+2
o +o+2 | 200+1 o+l 207+1 20742042 | of+2042 | o+ot2 o’ +a+2 1 20 +a+1
Z
sl o+ o>+ o o’ ool | 20042042 | 20742041 | 2 20’42
Z
* 2a o?+20+1 | 2 o?+20+1 | o ay) 20+1 o’ 2
+204+2
207 +a o +o+1 o o’ +20+1 o’+a+2 o’ +o+1 20742 o’ +a+1 20042041 | 20741
Z
iin 20042041 | 20420 o+2 20%+1 20742041 | o+a+l 20742041 | o?+1 20742
207 +0+2 | 20° o’ +o+1 20042041 | o’+1 o 20042041 | a*+20+2 20042042 | o’+a
207 +20 o o’ +20+2 o’ 207420 1 20 o’ +20 o’+2 o
20 z 2 2
2a+1 1 o o 20°+0+1 2 1 20 20 1
20 2 2 2 2 2 2 2
2042 2 o +2a 1 o +o+1 20 o o o +2a o +o+1

From the composition tables, it is clear that set F 3 satisfies all the axioms of a field and hence it forms a field

s

containing 3’ = 27 elements. Since (F27 ,><3) is a cyclic group of order 26, it has ¢(26) =12 generators. Since

the order of an element of a group divides the order of the group, we check powers 2, 13, of all elements of the
cyclic group as they are only the divisors of 26. Using the condition (F) we get

o(1)=1;0(2)=2; ()" =2= ()" =1=o(a) =26;(22)" =*; (2a)" =1=0(2a)=13;

(052)2 =a’+ 205;(052)13 =1=o(a?) =13;(2052)2 =a’ +2a; (2052)13 =2= (2012)26 =1=0(207 ) =26;
(a+1) = +2a+1;(a+1)" =2=(a+1)" =1 = o(a+1)=26;

(a+2) =’ +a+1;(a+2) =2=(a+2)" =1=0(a+2)=26;

(20+1) =0 +a+1;(2a+1)" =1=0(20+1)=13;(2a+2)’ =& + 20+ 1;(2a+2)" = 1= o(2+2) =13;
(2 +1) =2a+1;(a +1) " =22 (@® +1)" = 1= o(@* +1) = 26;

(a2 +2) =20 +2a+1; (@ +2) =1 0(a* +2) =13;

(

> 26

+1) =207 +2a+1; (207 +1) =2=(207 1) =1 0(20% +1) = 26;
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(202 +2) =2a+1; (207 +2) " =1 = 0(20% +2) =13;
(&2 +a) =20 +a+1; (& +a) =1= o(@* +@)=13;
(o +20:)2 =20" +2;(a’ +20:)13 =1= o(a’ +2a)=13;
+05+1)2 =a’+2; (o +0:+1)13 =1=o(a’ +a+1)=13;

B

a+a+ 2)2 =20+2(a’ +a+ 2)13 =2=(a’ +05+2)26 =1=o0(a’ + a+2)=26;

a +205+1)2 =’ +a; (& +205+1)13 =1=o(a’ +2a+1)=13;

o +20+2) =20:(a +2a+2) =2=0(0F +2a+2)" =1=0(a’ +2a+2)=26;

ta+l) =20, (207 +a+1) =12 0(207 +a+1)=13;
202 +05+2)2 =a’+a; (208 +05+2)13 =2=(2a° +05+2)26 =1=o0(20” +a+2)=26;
20 +205)2 =20" +a+1; (208 +205)13 =2=(2a° +205)26 =1=0(20" +2a)=26;

13

(

(

(

(207 +04)2 =20’ +a; (207 +04)13 =2=(20" +04)26 =1=0(2a + 04)2 =26;
(

(

(

(207 +2a+1)2 =20+2; (207 +2a+1) =1= o(207 +2a+1)=13;

2 13 26
(20 +2a+2) =0’ +2; (207 +20+2) =2= (207 +2a+2) =1= 0(2a” +2a+2) =26

There are 12 elements of order 26 and their orders are equal to the order of the group. Therefore, the generators

are

200, a+1, a+2, & +1,20° +1, & +a+2, &’ +200+ 2,20 + @, 207 + a4+ 2,207 +2a, 20 + 20+ 2;
Similarly, we can construct the higher order fields also.
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