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Abstract

In this paper,we prove the stability of quadratic reciprocal functional equation in several variables of the
type
M, fGa+x) 4, £ (xp)

Bee Meajutf Cu42) a8k, T 1w [FOp iy [Foep+ G-I, reep 42k, Ty e

(where k is a positive integer greater than 2) in non - Archimedean fields. We also provide counter examples
for singular cases for stability in non-Archimedean fields.

Keywords: Generalised Hyers-Ulam stability, quadratic reciprocal functional equation, non - Archimedean
fields.
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1. INTRODUCTION

The study of stability of functional equations was encouraged by a significant question of Ulam[1], which was
partially answered by Hyers[10] in Banach spaces. In the course of time, Hyers’ result was generalised by T.
Aoki[2], Th.M. Rassias[12] and P. Gavruta[9] under various adaptations. Since then many researchers have
investigated the result for various functional equations and mappings in various spaces [3,7,11]. In 2010, Ravi and
Senthil Kumar[16] obtained generalized Hyers-Ulam stability for the reciprocal functional equation

_ J&re
fe+Y) =550 M
in the space of non-zero real numbers.The reciprocal function f(x) = ¢/x is a solution of functional equation
(1). After that various forms of the reciprocal functional equations were investigated which can be found
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in[13,14,17,18]. For the first time, Bodaghi and Kim [5 ] introduced and studied the generalised Hyers-Ulam
stability for the quadratic reciprocal functional equation
21 f D[Af O+, ()]
f(2x+y)+f(x+2y)—W 2
in the space of non-zero real numbers. Bodaghi and Ebrahimdoost [4] generalized the above equation in
non-archimedean fields. Some other forms of quadratic reciprocal functional equations can be studied found in
[6,15,18].
In this paper, we investigate the generalized Hyers-Ulam stability for the reciprocal
quadratic functional equation in several variables of the type
T, f (1 +x)) é_, Fxp)
T M et Gt 200k, 11, o Jremmie, [repsten i, rep+ic, T, juir e
where k is a positive integer greater than 2. It can be easily verified that the quadratic reciprocal function
fl) = é is a solution of the functional equation (3).

3)

2. PRELIMINARIES

A Non-Archimedean field is a field K equipped with a function |#|: K — R such that for any r,s € K we have
* |r| = 0 and the equality holds if and only if r = 0,

s |rs| = Irllsl,
o |r +s| < max{|r|, |s|}.
The third condition is called the strict triangle inequality. By second, we have |1| = | — 1| = 1. Thus, by

induction, it follows from the third condition that |n| < 1 for each integer n. We always assume in addition that
|#] is non trivial, i.e. there is an 7, € K such that |r,| & {0,1}.

2.1 Definition
Let X be a vector space over a field K with a non-Archimedean valuation | * |. A function || * ||: X = [0, ) is
called a non-Archimedean norm if the following conditions hold:
e ||x]| =0 iff x =0 forall x € X;
o ||rx|| = |7|||x|| forall r €K and x € X;
* (strong triangle inequality) ||x + y|| < max{||x||, ||y||}for all x,y € X.
Then (X, || * |]is called a non-Archimedean normed space.

2.2 Definition
Let {x,} be a sequence in a non-Archimedean normed space X.

1. A sequence {x,},—, in a non-Archimedean space is a Cauchy sequence if and only if, the sequence
{xp41 — xn 5=, converges to zero.

2. The sequence {x,} is said to be convergent if, for any ¢ > 0, there are a positive integer N and x € X
such that ||x,, — x|| < & for all n = N. Then, the point x € X is called the limit of the sequence {x,}, which is
denoted by lim,,_,.x, = x.

3. If every Cauchy sequence in X converges, then the non-Archimedean normed space X is called a
non-Archimedean Banach space.

3. STABILITY OF FUNCTIONAL EQUATION (1) IN NON- ARCHIMEDEAN FIELD

In this section we will prove the generalized Hyers-Ulam stability of cubic functional equation (3) in
non-Archimedean fields. Throughout this paper, suppose that X and Y are non-Archimedean field and complete
non-Archimedean field, respectively. For convenience, define the difference operator D f: X* — Y such that

M5, £ (xa+x))

Dif G X020 = 57 T i f Gt

Tk, £xp)
2058, T g s /f(x,))nj‘ 1 /f(x,)+(k DI, Fap+ER, Ty i f )

Also let us assume that

k: 2]¢Lf(x1+x)¢0
Z(Z 1_[ Jf(x))l_[Jf(x)+(k—l)l_[f(x)+z 1_[ f) 0
i=2 j=2,j%#i i=2 j=1,j#i
forall x; €X;i=123,....,k;k >3 and x; # x; forall ;2<i<Ikk>=3; andset =O.

[268]
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3.1 Theorem
Let ®:X* > Y be a function satisfying
. 1 X X X _
llmn_moﬁ 2_71'2_71' ..... '2_") = (4)
for all x; € X. Suppose that f:X — Y satisfies the following inequality
[Dif (1, %5, ... LX) S O(xq, x5, , X1) 5)
for all x; € X, then there exists a quadratic reciprocal mapping Q:X — Y satisfying (3) and the inequality
k-1 .
1000 — f(0 S max(iH o5, =, ..., 5] € NU {0} ©)
Moreover if,
. . |k—1] X X X .
lim,, . lim,_ max{ i (D(Zjﬂ,ﬁ, ..... ,F);m <j<n+m}=0 @)

then Q is a unique quadratic reciprocal mapping satisfying (6).

Proof: Existence- Replacing x; by g fori=1,2,...kin (5) and multiplying by (k — 1), we get

1
If) =% fOI <k =1|0C,35,....,3) ()
for all x € X. Replacing x by 2;—_1 in (8) and dividing both sides by 22(*=1 we obtain

|k 1] x x x

1 x
| 22(n— 1)f(2n 1) 22n f( )l 22(n 1) (Zn' on’ttt Z_n) (9)
for all x € X. It can be easﬂy seen from (4) and (8) that the sequence {2271 f (Zin)}n21 is a cauchy sequence.Since
Y is complete,therefore { —f (zn)}">1 is convergent. Hence we can define

QQ0) = lim,,_, (5= F(2)) (10)
for all x € X. With the help of induction ,we can easily show that

f @) =2 fEDI S 122 £ ) — s f o)

1 x .
< max{| £ () - s f om0 < j < n)
|k—1] X X X .
Smax{lzzjl @(F,F,,F),O S]<TL} (11)

for all n € N and for all x € X. By taking limit n — o in (11) and using (10), we get that inequality (6) is true.

By (4), (5) and (10), we get
. 1 .

IDkQ 1, X0 o 0] = 1My o| 32 Dif G 2| < Lol 5w @ G- 23
for all x € X.Therefore, by letting n — co we can say that the function Q satisfies (3) and hence Q(x) is a
reciprocal quadratic reciprocal function.
Uniqueness-To prove the uniqueness of Q, let @*: X — Y be another function which satisfies (6). Then

106) = Q" @) = limy.. =5 10G) — " ()|

<llmﬁw|2|z,m IQG) = FELIFG) — QB

. . 1 X X X . . .
< llquwllmnqwmax{mql(ﬁ,ﬁ,....,F);] <i<n+j}
=0 forall x € X.
Therefore Q = Q*. Hence the proof.

3.2 Theorem
Let ®:XX - Y be a function satisfying
lim,_,, 222 ®(2"x, 2%, ..... ,2°%) =0 (12)
for all x; € X.Suppose that f: X — Y satisfies the inequality (5) for all x; € X, then there exists a quadratic
reciprocal mapping Q: X — Y satisfying (3) and the inequality
Q) — f(®)| < max{|k — 1|282d(2x, 2)x,..... ,2x);j E NU {0} (13)
Moreover if,
lim,, . lim,_,, max{|k — 1|]22*2®(2)x,2)x,.....,2lx);m<j<n+m} =0 (14)
then Q is a unique quadratic reciprocal mapping satisfying (13).
Proof: Replacing x; by x fori=1,2,...kin (5) and applying similar arguments as in previous theorem we can get
the desired result.

[269]
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3.3 Corollary
Let p be any real number and 0 is non-negative real number. If f:X — Y satisfies

0 1P p<-2 or p>-2
IDLf(Xy, Xg - ... )| = 4 OIS, 1% [P7%) p< -2 or p>-2
O(EK, Ixil @ +TT [xi]9) a<> or a>=
for all x; € X, then there exists a unique quadratic reciprocal mapping Q: X — Y satisfying (3) and the inequality

for all x; € X
ok(k—1)|x|P

s p<-—-2

20k(k— D[P p> -2

9(k—1;|x|p p<—2

|Q(x) — f(x)| = 2292(1{— 1)|x|P p>-2
9(k2;12|x|k“ o< _Tl

220k - D[ a>—

Proof: Choosing appropriate ®(x;,X,,...,X;) in above theorems we can get the desired results.

4. COUNTER-EXAMPLES

In this section we will provide examples to show the non-stability of functional equation (3) for p = 2 and
a= _Tl in R with usual metric |.| in Corollary (3.3) using well-known counter example provided by Z. Gajda

[8]. Consider the function ®@: R* —» R defined as
2 for x € (1,0)

2

X
) =19 otherwise

where 9 > 0 is a constant, and let for all X € R* the function f: R* = R be defined as
(27 %)

00 = Nieg 2o (15)

4.1 Theorem

If f:R* — R as defined in (15) satisfies the functional inequality

209 _
D1 g 300 S 3 (B 172 (16)

for all x; € R*. Therefore there does not exist a quadratic reciprocal mapping Q:R* — R and a constant p >0
such that

() — Q)| < plx|~? (17)
for all x € R™.
o 2270 o 12CT")] w 9 49
Proof: |f(x)| = |Zn:0 22nx | < ano |22nlx < ln=o0 om =
Hence the function is bounded by 49/3.If (OX_; %;/72) = 1 then L.H.S. of (16) is less than 3(1()?1)' Suppose

that 0 < (XX, |%j|7) < 1. Then there exists a positive number m such that

1 _ 1
s < Chr X7 < 55 (18)

Hence we can say that 22™(X_; [x;]72) <1
Or —~>1 for j=12...,k

Or 5 >2>1 for j=12....k
2
Xj X]'+X1
2(m-1)’ >(m-1)
o 1 for j=1,2,....k.
and D ®(27"x,,27"X,,....,27"x,) = 0 for n= 0,1,2,.....m-1.Using (15) and definition of function , we can
easily calculate that

and consequently >1 for j=1,2,....,k. Therefore, for each n= 0,1,2,....m-1,we have

Xj X]'+X1

[270]
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T, f(xg+%)) I, £x5)
IDf(Xq, X5, s X)) | = | ! - = |
v B Mjai f0a ) 202k, 1, o ffog TS, [fog)+ 0D T, Fo) 3, T s )
MK, S5=m (9/221) T, Sfom (9/227)

T DI 2R (8727 4R-D T, T=m (8/227)
_ Ly o 208 2
~ 4k- 1)22m( ) = 3(k-1) (Z =1 XI™)
forall x; € R*. Hence (16) is proved. Next we claim that the quadratic reciprocal functional equation is not stable

for p= -2 in corollary (3.3). Assume that there exists a quadratic reciprocal functional equation Q:R* - R
satisfying (17). Therefore ,we have

IfG] < L+ p)[x| ™2 (19)
Next, we can choose a positive integer r with r3 > p + 1. If x € (1,2"1) then 27"x € (1,) for all
n=0,1,2,....r-1 and therefore
(27 1x)

© 221y 9 _
60O = | By 20| > yrct 202 _ 18 (5 4 1)y
which is a contradiction to (19), hence the proof.

4.2 Theorem

If f: R* - R as defined in (15) satisfies the functional inequality

9 _
D1, X 3] < 50 (Bl 6172 (20)

for all x; € R*. Therefore there does not exist a quadratic reciprocal mapping Q:R* — R and a constant p >0
such that

If(x) = Q)| < p(Zhey Ixi ™ + T Ix; Ik) 2D
for all x € R*.

Proof: Using arguments of previous theorem we can easily get the desired result.
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