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Abstract

A labeling or valuation of a graph G is an assignment f of labels to the vertices of G that indices
for each edge xy a label depending on the vertex labels f(x) and f(y). In this paper we study some
classes of graphs which admit sequential labeling.
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1. INTRODUCTION

Unless mentioned a graph in this paper shall mean a simple finite graph without isolated vertices. For
all terminology and notations in Graph Theory, we follow Harary [3] and for all terminology
regarding Sequential labeling we follow Grace [2].

Let G be a (p, ) graph. Let V(G), E(G) denote respectively the vertex set and edge set of G. Consider
an injective function g : V(G) — X where X = {0, 1, 2,..., q} if G is a tree and X = {0,1, 2,..., q 01}
otherwise. Define the function g*: E (G) — N, by g*(uv) = g(u) + g(v) for all edges uv, where N is the
set of all natural numbers. If g*(E (G)) is a sequence of distinct two integers say {k, k + d, k + 2d,..., k +
(q - 1)d} for some k and d, then the function g is said to be (k, d) - Sequential labeling and the graph
which admits such a labeling is called as a Sequential graph.
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If d =1, Gis acalled k- sequential graph

Definitionl.1: A chord of a cycle C, is called a Px - chord if it divides the cycle into two cycles Cx and
C n-k+2.

Theoreml1.2: Let G be a graph obtained from C,u1 with a P4 - chord. Then G is a (t+2, 1),
t 21 Sequential graph.

Proof: Let Cous1= (U1Uy, ..., Uzi+1U1) and let uz Uy be a Ps-chord of Cog.
The graph G consists of 2t + 1 vertices and 2t + 2 edges.

Define f: V(G) — {0, 1, 2,..., 2t + 1} as follows:
f(uzig) =i, 1<i<t+1
fuz) =(+1)+i, 1I<i<t

Also f (uj) < f(u)) for all i #]

Clearly vertex labels are distinct.

Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f(uilisg) =t+i+2, 1<i<2t
f(Uua) = t+2
f'(uuz) = 3t+3

Thus the set of labels of the edges of the cycle ={t+ 2, t+3,..., 3t + 1, 3t + 2} and the label of the chord
is 3t + 3.

Clearly edge values are distinct and is of the form {t + 2, t + 3,..., 3t + 2, 3t + 3}.

Thus the induced edge labels are given by f(E(G)) ={k, k +d, k + 2d,..., k + (g O 1)d}
wherek=t+2andd=1.

Therefore G is a k-Sequential graph.
Hlustration 1.3: (7, 1) - Sequential labeling of Cy1 with Ps-chord is given below.

u
17 g

Theorem 1.4: The graph Kin + Kim is a (2t + 1,1) - Sequential graph for all m, n and for any non-
negative integer t.

[59]
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Proof: Let V (Kin) = {uo,uy, ..., Un} Where deg uo = n and V(Kym) = {Vvo, V1, ..., Vm} Where deg vo=m.
Join each vertices of K, to every vertices of Ky m , then we get the graph Ky + Kim.
Let G = K]_,n + K]_,m

The edge set of Gis E(G) = {uoui; 1 < i<njufwovi ; 1<i<m}ufuivi; 1< i<n, 1<j<m}
Note that G has n + m + 2 vertices and n + m + (n + 1) (m + 1) edges.

Let t be a non-negative integer. Define f: V(G) — {0, 1, 2,..., (n+ m+ (n + 1) (m + 1)) - 1} as follows:
f(u) = i+t 0<i<n

f(vo)= n+t+1

f(vi) = in+2)+n+t 1<i<m

Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f'(uou)) = 2t+i,1<i<n

f(vovi) = 2t+i(n+2)+2n+1,1<i<n

ff(voui) = 2t+ (N+1)+i,1<i<n

ffviu) = 2t+(j+1)(n+1)+i+(j-1), 0<i<n,1<j<m

Thus the set of labels of the edges of K1, = {2t+1,2t+2,2t+3,..., 2t + n}
The set of labels of the edges vou;, 0<i<n ={2t+n+1,2t+n+2,..,2t+2n+1}

The set of labels of the edges vovi and viui, 0<i<n
={2t+2(n+ 1} A2t+2(n+1)+1,2t+2(n+ 1) +2,...,2t+2 (n+ 1) + n}

The set of labels of the edges vov; andvou;, 0<i<n
=2+ +n+1}2t+3(n+1)+2,2t+3(n+1)+3,..,2t+3(n+1)+n}

The set of labels of the edges vovm and vmui, 0<i<n
={2t+(M+2)(n+1)+m-2}L2t+ (m+2)(n+ 1) + m -1,
2t+(m+2)(n+1)+m,...,2t+(mMm+1)(n+1)+m+n}

Thus the edges values of the graph G is distinct and is of the form

2t + 1, 2t +2, 2t + 3,..., 2t + n, 2t + n + 1, 2t + n + 2,..., 2t + 2 n + 1,...,
2t + 2 n + 1) +n..., 2t +3n+1) +n..,2t+ mM+2)n+ 1) +mO 2.,
2t+(m+1) (n+1)+m+n.

Thus the induced edge labels are given by f(E(G)) = {k, k + 1,..., k + (q — 1)} where k=2t+1
andd=1

Therefore f is a Sequential labeling. Thus G is a k-Sequential graph.

[56]
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Hlustration: 1.5: K13 + Ky 4is a sequential graph.

18
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Theorem1.6: The graph P, + mKjis a (2t + 1, 1) - Sequential graph for all m and for any non-negative
integer t.

Proof: Consider a path P, with two vertices vi, v2. Let yi, ¥2...., Ym be the m isolated vertices. Join vi,
v2 with yi, 1 <i <m. The graph obtained is P2+ mK;

Let G = P, + mK;. The vertex set of G is V(G) = {vi, V2, V1, ¥2,..., Yn}
E (G) = {(v1, V2)}HA(v1, ¥i), 1Li<m}p{(v, Vi), 1L <i<m}

Then |V(G)] =2+ mand |JE(G)] =2m+ 1
Let t be an integer such that t > 0.
Define labeling f: V(G) — {0, 1, 2,..., 2m}as follows:
f(vi)) =t
f(vo))=t+1
fly)=t+2i, 1<i<m
Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f*(V1V2) =2t+1
ff(viy)) =2t+2i, 1<i<m
f(vayi) = 2t + 2i +1, 1<i<m
Thus the label of the edge viv2 is 2t + 1.
The set of labels of the edges viy;, 1 <i<mare {2t + 2, 2t + 4, 2t + 6,..., 2t + 2m}
The set of labels of edges voy;, 1 <i<mare {2t + 3,2t +5,..., 2t + 2m- 1, 2t + 2m + 1}
Therefore the values of the edges formthe set {2t + 1,2t + 2, 2t + 3,..., 2t + 2m, 2t + 2m + 1}

Thus the induced edge labels are given by f*(E(G))={k, k+ d, k+ 2d,..., k + (g - 1)}
where k=2t+landd=1.

Thus fis a Sequential labeling of G. Hence P, + m K is a k-Sequential graph.

[57]
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Ilustration 1.7: (1, 1) - Sequential labeling of P, + 7K is given below.

Theorem 1.8: The total graph of the path G = T(P,) is a (2t + 1, 1) - Sequential graph for all n and for
any non-negative integer t.

Proof: The vertex setof Gis V(G) ={uj, 1 <i<n,v; 1<i<n-1}
The edge set of G is E(G) = {uiUi+1, 1 <i<n-1}Avivisg, 1<i< n-2}
U{ViUi+1,1 <i<n- l}U{UiVi 1<i<n- l}

Then |V(G)] =2n-1 and E(G)=4n-5

Let t be a n integer such that t > 0. Define f: V(G) — {0, 1, 2,..., 4n — 6} as follows:
flu)=2i+t-2, 1<i<n
f(viy=2i+t-1, 1<i<n-1

Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows :
f(vivis) = 2t + 4i, 1<i<n-2

f(uitis) = 2t+4i-2, 1<i<n-1

ff(uivi) = 2t+4i-3, 1<i<n-1

f(vilix1) = 2t +4i-1, 1<i<n-1

The set of labels of the edges vivis, 1<i<n-2
={2t+4,2t+8,2t+12,...,2t+4n-12, 2t + 4n - 8}

The set of labels of the edge uiui+1, 1<i<n-2
={2t+2, 2t +6, 2t + 10,..., 2t + 4n - 10, 2t + 4n - 6}

The set of labels of the edges uivi, 1 <i<n-1, vilis1, 1<i<n-1
= {2t+1,2t+3,2t+5,...,2t+4n-7,2t + 4n - 5}

Thus the values of the edges form the set

={2t+1,2t+3,2t+5,...,2t+4n-7,2t+4n -6, 2t + 4n - 5}
Thus the induced edge labels are given by f(E(G)) = {k, k +d, k + 2d,..., k+ (q-1)d} where k=2t +
1&d=1

Hence the above defined labeling pattern f admits Sequential labeling.

Therefore, T(Py) is a k-Sequential graph.

(58]
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Hlustration: 1.9: (3,1) is a Sequential labeling of T(Ps)
v 6 v, 10 Vs 14 vy 18 Vg 22 Vg 26 v,

Theorem 1.10: The graph G = T(P») (0 K, is a (2t + 1,1) - Sequential graph for all m, n and for any
non-negative integer t.

Proof: The vertex set of G is
V(G)={ui;1<i<njufvi;1<i<n-1u{uj;1<i<n 1<j<m)
UVi;1<isn-1,1<j<m}

The edge set of G is
E(G) ={(uiti+1) ; 1 <i<n -1} A(Vivisa ) ; 1 <i<n=2}0{(uivi ); 1 <1< n— L} A{(Vilis );
1<i<n-1JU{(uiuy); 1<i<n, 1<j<mjuf(vivy); 1<i<n-1,1<j<m}
Then [V@G)] =2n(m+1)-m-1
IE(G)] =2n (m + 2) —m -5 =g (say)
Let t be an integer such that t > 0.

Define a labeling f: V(G) — {0, 1, 2,..., 2n(m + 2) —m - 6} as follows:
f(viy=2i+t-1, 1<i<n-1

flup)=2i+t-2, 1<i<n

fvi) =(n-1)(4+j-1)-i+t 1<i<n-1,1<j<m

flu)=(n-1)@+m)+n(j-1)+t—-i+1 1<i<n,1<j<m

The vertex labels are distinct.

Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f(vivin) =2t +4i, 1<i<n-2
f(Uibivy) = 2t + 4i - 2, 1<i<n-1
f(uivi) = 2t + 4i - 3, 1<i<n-1
f(vilis) =2t + 4i -1, 1<i<n-1
f(vivi) =2t+i+(n-1)(4+j-1)-1,1<i<n-1,1<j
fluup) =2t+i+(n-1)4+m)+n(j—-1)-1,1<i<n,1

m

<
<j<m

Thus the set of labels of the edges vivi:1, 1 <i<n-2
= {2t +4,2t+8,2t+12,...,2t +4n-12, 2t+4n -8}

The set of labels of the edges uijui+1, 1 <i<n-1
={2t+2,2t+6,2t+12,...,2t+4n-10, 2t + 4n - 6}

The set of labels of the edges uivj, Vilj+1, 1<i<n-1
={2t+1,2t+3,2t+5,...,2t+4n-7,2t+ 4n -5}

The set of labels of the edges vivij, VaVaj,..., Vn-1Vnaj, UiUgj, UoUj ..., U, 1 <j<m
={2t+4n-4,2t+4n-3,2t+4n-2,...,2t+2n (M + 2) —m -6, 2t + 2n(m + 2) - m -5}

Therefore the set of labels of the edges of G is {2t + 1, 2t + 2, 2t + 3,..., 2t + 4n — 6,
2t+4n-5,...,2t+2n(m+2) -m -6, 2t + 2n (M + 2) —m -5}

[59]
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Thus the induced edge labels are given by f(E(G)) = {k, k +d, k + 2d,..., k + (- 1)d} where k=2t +1
and d=1

Thus the above defined labeling pattern f admits Sequential labeling for G.

Therefore T(Pn) () K¢, is a k-Sequential graph.

Ilustration 1.11: (3,1) - Sequential labeling of T(Ps) () Kj

Viz Voo V32 Vaz 31V52 Ve2 V7o
Vi1 35 © Vis Vo1 34 21 Vos Vi1 33 40 Va3 2V41 32 39 v Vst 38 Ve Vg1 30 37 Ves Vo1 29 36 Vi
287\ 37 27\ 38 %\ % 57\ 40 24X 41 2B 4 2% 43
44 45 46 47 48 50
30 31 32 33 34 35 49 36
6 10 14 18 22 26
V1 V2 V3 V4 Vs \G V7
2 4 6 8 10 12 14

13

Theorem 1.12: The braid graph B(n) is a (2t + 1, 1) - Sequential graph for all n > 3 and for any non-
negative integer t.

Proof: The vertex set of B(n) is V(B(n)) = {X1, X2,..., Xn, Y1, ¥2,--+, Yn}
The edge set of B(n) is

E(B(n)) = {xiXi+1;1=1,23,..., n = 1} {yiyis1 ; i =1, 2,..., n = LJU{XiYis1;
i=12,..,n-1{yXiz2;i=12,...,n-2}

Then |V(B(n))] =2nand JEB(n))] =4n-5

Let t be an integer such that t > 0. Define labeling f : V(B(n)) — {0, 1, 2,..., 4n — 4} as follows:
f(xi) =2i+t-2, i =12,...,n
fly) =2i+t-1, i=12...,n
Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f(xixis1) = 2t+4i-2,1<i<n-1
f(yiyis)) = 2t+4i, 1<i<n-1
f(xiyis1) = 2t+4i-1, 1<i<n-1
f(yiXiez) = 2t +4i+1, 1<i<n-2

The set of labels of edges xixi+1, 1 <i<n-1
={2t+2,2t+6,..,2t+4n-10,2t+4n -6}

The set of labels of the edges yiyi+1, 1 <i<n-1
={2t+4,2t+8,...,2t+4n -8, 2t + 4n - 4}

The set of labels of the edges Xiyi«1, i =1,2,...,n =1 and yiXi«2, i=1,2,...,n =2
={2t+3,2t+5,...,2t+4n-7, 2t + 4n - 5}

Hence the values of the edges form the set {2t + 2, 2t + 3,..., 2t + 4n -5, 2t + 4n - 4}

[60]
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Thus the induced edge labels are given by f(E(G(B(n)))) ={k, k + d, k + 2d,..., k + (g — 1)d}
where k=2t+2 and d=1

So that f is a Sequential labeling of B(n).

Hence B(n) is a k-Sequential graph.

Ilustration 1.13: (14, 1) - Sequential labeling of B(12)
6 14 8 18 10 22 12 p6 14 30 16 34 18 38 20 g4 22 46 24

Theoreml.14: The graph G* = B(n) () K is a (2t + 1, 1) - Sequential labeling for all m,
n >3 and for any non-negative integer t.

Proof: Let xi1yi, 1 £ i< n be the vertices of B(n).
Join x; and y;, 1 <1 <n to new vertices xj and yj, 1 <j <m respectively.

The resultant graph is G* = B(n) () Kn*
E(G) = {xxis1 ; 1 €1 < n - LJUfyiyiir ; 1 £1 < n - 1JUXyir1 ; 1 i £ n - 1}
yiXiez ; 1<i<n-2}0{xiXj; 1<i<n, 1<j<m jufyiy;; 1<i<n, 1<j<mj}

G* has 2n(m + 1) vertices and 4n + 2nm -5 edges.

Let t be a non-negative integer. Define a labeling f: V(G*) —{0, 1, 2,....., 4n + 2n m - 6} as follows:
f(x)=2i+t-2, 1<i<n
flyi)=2i+t-1, 1<i <n

fx) =4(n-1)+mn-(i-1)+(j-)n+t+1, 1<i<n 1<j<m

fyi) =4(n-1)-(i-1)+(j-1)n+t, 1<i<n, 1<j<m.

Then the induced edge labels are given by f(uivi) = f(u;) + f(vi) and are as follows:
f(yiyis) = 2t +4i, 1<i<n-1

f*(XiXis1) = 2t+4i-2, 1<i<n-1

f(Xiyi1) = 2t+4i-1, 1<i<n-1

f(yiXie2) = 2t +4i+1,1<i<n-2

f(xixi) = 2t+i+n(m+j+3) -4, 1<i<n-1, 1<j<m

fyiyi) = 2t+i+n(j+3)-4,1<i<n 1<j<m

Thus the set of labels of edges XiXi+1, 1<i<n-1
={2t+2, 2t +6, 2t + 10,..., 2t + 4n - 10, 2t + 4n - 6}

The set of labels of edges yiyi+1, 1<i<n-1
={2t+4,2t+8,2t+12,...,2t+4n -8, 2t + 4n - 4}

The set of labels of edges Xiyi+1, and yiXi+2, 1 <i<n-1

(61]
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={2t+3,2t+52t+7,...,2t+4n-7,2t + 4n -5}
The set of labels of edges xixi, Yii 1<i<n,1<j<m
={2t+4n-3,2t+4n-2,2t+4n-1,...,2t+4n+2nm -5, 2t + 4n + 2 nm - 4}
Therefore the set of labels of the edges of G*
={2t+2,2t+3,2t+4,...,2t+4n-52t+4n—-4,2t +4n-3, 2t+4n-2,
2t+4n-1,...,2t+4n+2nm-5,2t +4n + 2n m - 4}

Thus the induced edge labels are given by f(E(G*) ={k, k+d, k+2d,..., k + (g - 1)d}
where k=2t+2andd=1

Therefore the vertex function f defined above is a Sequential labeling for G*.
Thus G'is a k-Sequential graph.

Ilustration 1.15: (14, 1) - Sequential labeling of B(4) (&) K§

43 39X 42 38X 41 37X32 40 36
47, Q6P 35 ap RXBP gy o 33 a4 %43 x5 32
x1a\ V89 /45 /X1 Xga\ \S0 a5/ *o1 X34\ ¥l /[47/ *a1 Xaa\ 02 [48/ Xa1
53 " 54 12 55 43 56 44
X1 X2 X3 X4
6 14 8 18 22 12
17
23
15
Y177 16 Y2 20 YaN\ 11 24 YiNg 13
25, 37 26 38 27, 39 28 40
Vi1 ¢ 29/ 33 33614 Vo & 30/ 34 23;24 Va1 & 31 31 23;334 yud 32 36 %’;4
18 17 16 15
Y13 23
22y12 26 yno1 25°%° Y20 247 yar® Vi
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