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Abstract

J

In this paper, we prove some common fixed point theorems in S,-metric space using an
increasing function ¢ : [0,0) - [0,0) with lim,_., $™(t) =0 and &(t) <t for each fixed t > 0.
Our results extend the result of Savitri & Hooda [8] of S-metric space.

1. INTRODUCTION
Mustafa and Sims [10] introduced the notion of G-metric spaces.

Definition 1.1: Let X be a non-empty set and G : X xX xX - R* be a function satisfying the
following conditions:

1. G(x,y,z) =0ifx=y =z,

0<G(x,x,y) forallx,y € Xand x v,

G(x,x,y) < G(x,y,2),for allx,y,z€ X and z * y,

G(x,y,2) =G(x,2z,y) =G(y,z,x) =+ (symmetry in all three variables)

G(x,y,z) <G(x,a,a) + G(a,y,z),forall x,y < z,a € X. (rectangle inequality)

agprwn

Then the function G is called a generalized metric or more specifically a G-metric on X and the pair
(X, G) is called a G-metric space.

Sedghi et al. [5] introduced the concept of S-metric space by modifying G-metric space. The definition
of S-metric space is as follows:

Definition 1.2: Let X be a nonempty set. An S-metric on X is a function S: X3 —[0,)
that satisfies the following conditions, for each x,y,z,a € X,



Bulletin of Pure and Applied Sciences/ VVol. 37E (Math & Stat.) No.1/January- June 2018

L S(x,y,2)=0
2. S(x,y,z2)=0if andonly if x=y =2z
3. S(x,y,2) <S(x,x,a) +S(y,y,a) +5(z, z a)

The pair (X, S) is called S-metric space. The space (X, S) is a generalization of G-metric space.
Lemma 1.3: ([5]) In a S-metric space , we have

S, x,y) =S(,y,x) forallx,y € X .
Sedghi and Dung [6] remarked that every S-metric space is topologically equivalent to a metric space.

Souayah and Mlaiki [2] introduced the concept of S,-metric space as follows:

Definition 1.4: ([2]) Let X be a nonempty set. A function S,: X3 —[0,) is said to be S, -
metric if and only if for allx,y,z,t € X , the following conditions hold:

L. Sy(x,y,z2) =0if and only if x =y =z,
2. Sy (x,x,y) = S, (v, y,%) for all x,y € X,
3. S, (x,y,2) < s[S,(x, x,t) + S,(y,y,t) + S,(2, 2 t)], wheres > 1 be a given number .

The pair (X, S,) is called an S,-metric space. See also ([7], Definition 1.7).
Shatanawi [9] proved the following theorems for the existence of fixed points in G-metric space:

Theorem 1.5: Let X be a complete G-metric space. Suppose the mappings T : X —» X satisfies the
condition:

G(Tx, Ty, Tz) < ¢(G(x,y,2)), for all x,y,z € X.
Then T has a unique fixed point.

Theorem 1.6: Let X be a complete G-metric space. Suppose there is k € [0,1) such that the mappings
T : X — X satisfies the condition:
G(Tx,Ty,Tz) < k¢p(G(x,y,2)), for all x,y,z € X.
Then T has a unique fixed point.
Savitri [8] proved the following theorems for the existence of fixed points in S-metric space :

Theorem 1.7: Let X be a complete S-metric space. Suppose that the mappingT:X - X
satisfies the condition:
S(Tx,Ty,Tz) < &(S(x,y,2)), for all x,y,z € X,
where ¢ : [0,00) - [0,0) is an increasing function such that rILI—rI]o ¢"(t) =0 and

&) <t foreach fixed t > 0, then T has a unique fixed point .

Theorem 1.8: Let (X,S)be a complete S-metric space and T be a continuous self mapping
on X satisfy the condition:
S(Tx,Ty,Tz) < ¢pImax{S(x,y,z), S(Tx,Tx,x), S(Ty,Ty,y), S(Tz,Tz,x)}for all x,y,z € X,
where ¢ : [0,0) - [0,0) is an increasing function such that rILI—rI]o ¢"(t) =0 and

o) <t foreach fixed t > 0, then T has a unique fixed point in X.
2. MAIN RESULTS
In this section, we prove Theorem 1.7 and Theorem 1.8 in S, —metric space.

Theorem 2.1: Let X be a complete S,-metric space. Suppose that the mappingT: X - X
satisfies the condition:
S, (Tx, Ty, Tz) < &(S,(x,y,2)), for all x,y,z € X, 2.1)
where ¢ : [0,0) - [0,0) is an increasing function such that rILI—rI]o ¢"(t) =0 and

&) <t foreach fixed t > 0, then T has a unique fixed point .
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Proof . For arbitrary point x, € X, construct a sequence {x,} such that x, = Tx,_,, n € N.
Assume x,, # x,_,, foreachn € N.

We claim that {x,} is a Cauchy sequence in X. For n € N, we have
Sb (xnr Xn» xn+1) = Sb (Txn—lr Txp-1, Txn)
=< q)(sb(xn—lrxn—lrxn)) (22)

< d)“(Sb(xO,xO,xl)).
Given &> 0, since lim,_, &"(S,(xo, %y, x;)) =0and d(e) <e , there is an integer n, such that

€ €
¢n(5,,(x0,x0,x1)) < 55~ ? , foralln=n,
This implies
Sp O, X X 41) < % - @ ,foralln =n, (2.3)
For m,n € N with m > n,we claim that
Sp (X X, Xns 1) < e, forallm>n >n, . (2.4)

We prove inequality (2.4) by inductionon m .

Inequality (2.4) holds for m = n + 1 by using inequality (2.3) and the fact thatf —¢(e) <=
Assume inequality (2.4) holds for m = k.

For m = k + 1, we have

Sb(xnrxnrxk+1) =< S[Sb(xnrxnrxn+1) + Sb(xnrxnrxn+1) + Sb (xk+1r xk+11xn+1)]
= S[Zsb(xnrxnr xn+1) + Sb(xk+11xk+11xn+1)] .
using equations (2.2), (2.3) and [S, (x, x,v) = S, (y,v,x) for all x,y € X], we get

Sp(tn Xy Xpey1) < 8 E —¢(e) + q)(Sb(xerern))]
<s E —¢Gk)+ d)(Sb(xn,xn,xk))]
<s[2- 6 + o]
<s(3)
=c

By induction on m , we conclude that inequality (2.4) holds for all m > n > n, . So{x,} is Cauchy
sequence in complete S,-metric space and hence {x,,} converges to some w € X.

For ne N, we have
Sy(w,w, Tw) < s[S,(w,w, x,41) + S, (W, w,x,41) + S, (Tw, Tw, x,,41)]
< s[2S,(w,w, x,,41) + &S, (w, w,x,))].

Since ¢(t) < t,we have S,(w,w,Tw) < s[2S,(w,w,x,,1) + S,(w,w,x,)] .

Letting n — « and using the fact that S, is continuous in its variables, we get that S, (w,w,Tw) =0 .
Hence T(w) =w . So w is a fixed point of T. Now, Let v be another fixed point of T with v # w .
Sinced(t) < t, we have
S,(w,w,v) =S, (Tw,Tw, Tv)
< ¢S, (w, w, 1))
< S,(w,w,v) .
which is not possible . So v = w and hence T has a unique fixed point .

Corollary 2.2: Let X be a complete S,-metric space . Suppose that the mappingT: X - X
satisfies the condition:
Sb(Tm(x),Tm(y),Tm(z)) < d)(Sb(x,y,z)),for allx,y,z€ Xand m € N.

[180]



Bulletin of Pure and Applied Sciences/ VVol. 37E (Math & Stat.) No.1/January- June 2018

Then T has a unique fixed point .

Proof. From Theorem 2.1, we obtain that T™ has a unique fixed point say w.

Since T™(Tw) = T™ Y (w) = T(T™w), we get Tw is also a fixed point of T™. But w is a unique fixed
point of T™, so we have Tw = w.

Hence w is a unique fixed point of T.

Corollary 2.3: Let X be a complete S,-metric space . Suppose that the mapping
T : X - X satisfies the condition:

S, (T(x), T(x),T(2)) < (S, (x,x,2)), forallx,z € X .
Then T has a unique fixed point .

Proof. We obtain the result by taking y = x in Theorem 2.1 .

Corollary 2.4: Let X be a complete S,-metric space . Suppose that there is k € [0,1)the
mappingT : X — X satisfies the condition:

S, (TC), TY), T(2)) < k(S,(x,y,2)), for allx,y,z € X .
Then T has a unique fixed point .

Proof. Defined:[0,0) = [0,0) by ¢(t) = kt. Then clearly 3 is a non-decreasing function with
lim,_., $"(t) =0, for all t > o . Using given condition and by virtue of ¢ , we have

S, (TG, TY), T(2) < (S, (x,y,2)), forall x,y,z€ X .
Now the results follows from Theorem 2.1 .

Corollary 2.5: Let X be a complete S,-metric space .Suppose that the mappingT: X - X
satisfies the condition:
Sb(xryrz)
< - 7 7
S, (TG, TY), T(2)) < 145,00y 2 forallx,y,z€X.
Then T has a unique fixed point .

Proof. Define ¢:[0,0) = [0,0) by ¢(t) :$. Then clearly ¢ is a non-decreasing function with

lim,_., $"(t) =0, for all t > o . Using given condition and by virtue of ¢ , we have

S, (TG, TY), T(2) < (S, (x,y,2)), forall x,y,z€ X .
Now the results follows from Theorem 2.1 .

Theorem 2.6: Let (X,S,) be a complete S,-metric space and T be a continuous self
mapping on X satisfying the condition:
S, (Tx, Ty, Tz) < ¢plmax{S,(x,y,z),S,(Tx,Tx,x),S,(Ty,Ty,v),S,(Tz, Tz, x)}], (2.5)

for all x,y,z € X, where ¢ : [0,0) = [0, ) is an increasing function such that LI—TO ¢"(t) =0 and

&) <t foreach fixed t > 0 then T has a unique fixed point .

Proof. For arbitrary point x, € X, construct a sequence{x,} such that x,, = Tx,,_,,forall n € N.
Assume x, # x,_,, foreachn e N.

Thus for ne N, we haveS, (x4 1, Xp41, %) = Sp (T, Txpy, TXpp—1)
= q)[max{sb(xnrxnrxn—l)rSb(xn+1rxn+1rxn)rSb(xn+1rxn+1rxn)15b(xnrxnrxn)}]
= q)[max{sb(xnrxnrxn—l)rsb(xn+1rxn+1rxn)}]
If max{sb(xnrxnrxn—l)rSb(xn+1rxn+1r xn)} = Sb(xn+1rxn+1rxn) then
Sb(xn+1rxn+1rxn) =< ¢(Sb(xn+1rxn+1rxn))
< Sb(xn+1rxn+1rxn)1
which is impossible.
So ax{Sb(xnrxnrxn—l)rsb(xn+1rxn+1r xn)} = Sb(xnrxnrxn—l) .

Thus for ne N, we have
Sp(Xnt1, Xns1,Xn) < q)(sb(x"’x"’x"_l))
< q)Z(Sb(xn_l,xn_l,xn—z))
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< o™ (S, (g, %1, X))
This implies
Sb(xn+1xxn+1rxn) < q)"(Sb(xl,xl,xo)) :
using [S, (x,x,y) = S,(y,y,x) for all x,y € X], we get
Sb(xnrxnrxn+1) =< q)n(sb(xorxorxl)) '
By similar arguments as in Theorem 2.1, we get {x,,} is a Cauchy sequence in complete S, -metric space
and hence {x,,} converges to some w € X.

For n € N,we have
Sy(w,w, Tw) < s[S,(w,w, x,41) + S, (W, w,x,,41) + S, (Tw, Tw, x,,41)]
=s[2S,(w,w, x,,41) + S, (Tw, Tw, x,, 4 1)]
< s[25,(w,w,x,.1)
+ p(max{S,(w,w,x,), S,(Tw,Tw,w), S, (Tw, Tw, w),
Sp(Xn11, Xnt1, W]
=s[2S,(w,w, x,.1) + d(Max{S,(w,w,x,),S, (Tw, Tw,w), S, (tp41, Xnr1, WIN].

Case I.
If max{s,(w,w, x,,), S, (Tw, Tw,w), Sp(X1+1, %41, W)} = Sp(w,w, x,,),then

Sy (w,w, Tw) < s[2S, (W, w, x,,1+1) + $(S, (W, w, x,,))]

<s[2S,(w,w,x,41) + S,(w,w, x,)].

letting n - «, we have Tw =w .

Case Il.
If max{s,(w,w, x,,), S, (Tw, Tw,w), Sp(X11, %41, W)} = S, (Tw, Tw,w), then
S, (w,w, Tw) < s[2S,(w, w,x,,11) + $(S, (Tw, Tw, w))]
<s[2S,(w,w,x,,1) + S, (Tw, Tw, w)].
using [S,(x,x,y) = S,(v,y,x) for all x,y € X], we get
S, (w,w, Tw) < s[2S,(w,w, x,,.1) + S, (W, w, Tw)].
letting n - o, we have Tw = w.

Case Il
If max{s,(w,w, x,,), S, (Tw, Tw,w), Sy (Xp+1, %11, W)} = Sp (X1, Xni1, W), then
Sb(Wr WrTW) < S[ZSb(W, w, xn+1) + ¢(Sb(xn+11xn+lrw))]
< S[ZSb(W, w, xn+1) + Sb(xn+11 Xn+1 W)]
using [S,(x,x,y) = S,(v,y,x) for all x,y € X], we get
S, (w,w, Tw) < s[25,(w, w, x,.1) + S, (W, w, 2, )]
letting n - o, we have Tw = w.

Hence , we can say that w is a fixed point of T.

If v is another fixed point of T,then
S,(w,w,v) =S, (Tw,Tw, Tv)
< ¢plmax{s,(w,w,v),S,(Tw,Tw,w), S, (Tw, Tw,w), S, (Tv, Tv,w)}]
< p[max{s,(w,w,v), S, (w,w,w), S, (w,w,w), S, (v,v,w)}]
< ¢[max{s,(w,w,v), S,(v,v,w)}]
=¢{S,(w,w, 1)} (byS,(v,v,w) = S,(W,w,v))
< S,(w,w,v), (becausedp(t) <t)
which is not possible and hence w is a unique fixed point of T.

Corollary 2.7: Let X be a complete S,-metric space . Suppose that there is k € [0,1)and
the mappingT : X — X satisfies the condition:

Sp(Tx, Ty, Tz) < k[max{S, (x,v,2),S, (Tx, Tx,x), S, (Ty, Ty,y), S, (Tz, Tz, x)}1,
forall x,y,z € X. Then T has a unique fixed point .

Proof. Define ¢:[0,0) = [0,) by ¢p(w) = kw. Then clearly ¢ is a non-decreasing function with
lim,_., ¢"(t) =0, for all t > o . Using given condition and by virtue of ¢ , we have

[182]
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S, (Tx, Ty, Tz) < p[max{S,(x,y,2),S,(Tx,Tx,x),S,(Ty, Ty, y),S,(Tz,Tz,x)}] , for all x,y,z € X.
Now the results follows from Theorem 2.6.

Corollary 2.8: Let X be a complete S,-metric space. Suppose the mapping T:X - X
satisfies the condition:
S,(Tx,Tx,Tz) < k[max{S, (x,x, 2),S,(Tx, Tx,x), S,(Tz,Tz,x)}],
forallx,z € X.
Then T has a unique fixed point.

Proof. We obtain the result by taking y = x in Theorem 2.7.
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