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1. INTRODUCTION 
 
Mustafa and Sims [10] introduced the notion of G-metric spaces. 
 
Definition 1.1: Let X be a non-empty set and ܩ ∶ ܺ × ܺ × ܺ → 	ܴା be a function satisfying the 
following conditions: 
,ݕ,ݔ)ܩ .1 (ݖ = ݔ	݂݅	0 = ݕ =  ,ݖ
2. 0 < ,ݔ)ܩ ,ݔ ݕ,ݔ	݈݈ܽ	ݎ݋݂,(ݕ ∈ ݔ	݀݊ܽ	ܺ ≠  ,ݕ
(ݕ,ݔ,ݔ)ܩ .3 ≤ ,ݕ,ݔ)ܩ ,ݕ,ݔ	݈݈ܽ	ݎ݋݂,(ݖ ݖ ∈ ݖ	݀݊ܽ	ܺ ≠  ,ݕ
,ݕ,ݔ)ܩ .4 (ݖ = ,ݔ)ܩ ,ݖ (ݕ = ,ݕ)ܩ ,ݖ (ݔ = ⋯⋯             (symmetry in all three variables) 
,ݕ,ݔ)ܩ .5 (ݖ ≤ ,ݔ)ܩ ܽ,ܽ) + ,ܽ)ܩ ,ݕ ,(ݖ ,ݔ	݈݈ܽ	ݎ݋݂ ݕ ≤ ܽ,ݖ ∈ ܺ.        (rectangle inequality) 
 
ܶℎ݁݊	the function G is called a generalized metric or more specifically a G-metric on X and the pair 
 .is called a G-metric space (ܩ,ܺ)
 
Sedghi et al. [5] introduced the concept of S-metric space by modifying G-metric space. The definition 
of S-metric space is as follows: 
 
Definition 1.2: Let X be a nonempty set. An S-metric on X is a function  ܵ	:  ܺଷ →[0,∞) 
that satisfies the following conditions,  for each ݕ,ݔ, ,ݖ ܽ ∈ X, 
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Abstract 

In this paper, we prove some common fixed point theorems in ࢈ࡿ-metric space using an 
increasing function	ϕ ∶ [0,∞) → 		ℎݐ݅ݓ	(∞,0] lim௡→∞ ϕ௡(ݐ) = 0 	ܽ݊݀		ϕ(t) < ݐ	݀݁ݔ݂݅	ℎܿܽ݁	ݎ݋݂		ݐ > 0. 
Our results extend the result of Savitri & Hooda [8] of S-metric space. 
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,ݕ,ݔ)ܵ .1 (ݖ ≥ 0 
,ݕ,ݔ)ܵ .2 (ݖ = ݔ	݂݅		ݕ݈݊݋	݀݊ܽ	݂݅	0 = ݕ =  ݖ
,ݕ,ݔ)ܵ .3 (ݖ ≤ S(ݔ,ݔ, ܽ) + S(ݕ, (ܽ,ݕ + S(ݖ, ,ݖ ܽ) 
 
The pair (ܺ, ܵ) is called ܵ-metric space. The space (ܺ, ܵ) is a generalization of G-metric space. 
 
Lemma 1.3: ([5]) In a S-metric space , we have  

,ݔ)ܵ ,ݔ (ݕ = ,ݕ,ݕ)ܵ ݕ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ ∈ ܺ	. 
Sedghi and Dung [6] remarked that every S-metric space is topologically equivalent to a metric space. 
 
Souayah and Mlaiki [2] introduced the concept of ܵ௕-metric space as follows: 
 
Definition 1.4:  ([2]) Let X be a nonempty set. A function ௕ܵ	:	ܺଷ 	 → [0,∞) is said to be ܵ௕	–
metric if and only if for allݕ,ݔ, ,ݖ ݐ ∈ ܺ ,  the following conditions hold:  
1. ܵ௕(ݕ,ݔ, (ݖ = ݔ	݂݅	ݕ݈݊݋	݀݊ܽ	݂݅	0 = ݕ =  	,ݖ
2. ܵ௕(ݕ,ݔ,ݔ) = ܵ௕(ݕ, ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ,ݕ ݕ ∈ ܺ, 
3. ܵ௕(ݕ,ݔ, (ݖ ≤ ,ݔ)௕ܵ]ݏ ,ݔ (ݐ + ܵ௕(ݕ, ,ݕ (ݐ + ܵ௕(ݖ, ,ݖ ݏwhere ,[(ݐ ≥ 1 be a given number . 
 
The pair (ܺ, ܵ௕) is called an ܵ௕-metric space. See also ([7], Definition 1.7). 
 
Shatanawi [9] proved the following theorems for the existence of fixed points in G-metric space: 
 
Theorem 1.5: Let X be a complete G-metric space. Suppose the mappings	ܶ ∶ ܺ → ܺ satisfies the 
condition: 

ݔܶ)ܩ (ݖܶ,ݕܶ, ≤ ߶൫ݕ,ݔ)ܩ, ,ݕ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ݖ ∈ ܺ. 
Then T has a unique fixed point. 
 
Theorem 1.6: Let X be a complete G-metric space. Suppose there is ݇ ∈ [0,1) such that the mappings 
	ܶ ∶ ܺ → ܺ satisfies the condition: 

(ݖܶ,ݕܶ,ݔܶ)ܩ ≤ ݇߶൫ݔ)ܩ, ,ݕ ,൯(ݖ ,ݔ	݈݈ܽ	ݎ݋݂ ,ݕ ݖ ∈ ܺ. 
Then T has a unique fixed point. 
Savitri [8] proved the following theorems for the existence of fixed points in S-metric space : 
 
Theorem 1.7: Let X be a complete S-metric space. Suppose that the mappingܶ ∶ ܺ → ܺ 
satisfies the condition:  

ݔܶ)ܵ (ݖܶ,ݕܶ, ≤ ϕ൫ܵ(ݕ,ݔ, ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ,ݕ ݖ ∈ ܺ, 
ϕ	݁ݎℎ݁ݓ ∶ [0,∞) → 	ݐℎܽݐ	ℎܿݑݏ	݊݋݅ݐܿ݊ݑ݂	݃݊݅ݏܽ݁ݎܿ݊݅	݊ܽ	ݏ݅	(∞,0] lim

௡→∞
ϕ௡(ݐ) = 0 	ܽ݊݀	 

		ϕ(t) < ݐ	݀݁ݔ݂݅	ℎܿܽ݁	ݎ݋݂		ݐ > 0,		then T has a unique fixed point . 
 
Theorem 1.8: Let (ܺ, ܵ)be a complete S-metric space and T be a continuous self mapping 
on X satisfy the condition:  

(ݖܶ,ݕܶ,ݔܶ)ܵ ≤ ϕ[max{ܵ(ݕ,ݔ, ,ݔܶ,ݔܶ)ܵ			,(ݖ ,ݔ	݈݈ܽ	ݎ݋݂[{(ݔ,ݖܶ,ݖܶ)ܵ			,(ݕ,ݕܶ,ݕܶ)ܵ			,(ݔ ,ݕ ݖ ∈ ܺ, 
ϕ	݁ݎℎ݁ݓ ∶ [0,∞) → 	ݐℎܽݐ	ℎܿݑݏ	݊݋݅ݐܿ݊ݑ݂	݃݊݅ݏܽ݁ݎܿ݊݅	݊ܽ	ݏ݅	(∞,0] lim

௡→∞
ϕ௡(ݐ) = 0 	ܽ݊݀	 

		ϕ(t) < ݐ	݀݁ݔ݂݅	ℎܿܽ݁	ݎ݋݂		ݐ > 0, then T has a unique fixed point  in X. 
 
2. MAIN RESULTS 
 
In this section,  we prove Theorem 1.7 and Theorem 1.8 in ௕ܵ	–metric space. 
 
Theorem 2.1: Let X be a complete ܵ௕-metric space. Suppose that the mappingܶ ∶ ܺ → ܺ 
satisfies the condition: 
																																								ܵ௕(ܶݖܶ,ݕܶ,ݔ) ≤ ϕ൫ܵ௕(ݕ,ݔ, ,ݕ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ݖ ∈ ܺ,                                         (2.1) 

ϕ	݁ݎℎ݁ݓ ∶ [0,∞) → 	ݐℎܽݐ	ℎܿݑݏ	݊݋݅ݐܿ݊ݑ݂	݃݊݅ݏܽ݁ݎܿ݊݅	݊ܽ	ݏ݅	(∞,0] lim
௡→∞

ϕ௡(ݐ) = 0 	ܽ݊݀	 
		ϕ(t) < ݐ	݀݁ݔ݂݅	ℎܿܽ݁	ݎ݋݂		ݐ > 0,		then T has a unique fixed point . 
 



Manju Rani & Nawneet Hooda / Some Fixed Point Theorems for Mappings on Complete 	࢈ࡿ –
Metric Space 

 

[180] 
 

Proof . For arbitrary point ݔ଴ ∈ X, construct a sequence {ݔ୬}	ܿݑݏℎ	ݐℎܽݐ	ݔ୬ = Tݔ୬ିଵ, n ∈ N. 
Assume ݔ୬ ≠ ,୬ିଵݔ for	each	n ∈ N. 
 
We claim that {ݔ୬} is a Cauchy sequence in X.  For n ∈ N, we have 

Sୠ(ݔ୬,ݔ୬,ݔ୬ାଵ) = 	Sୠ(Tݔ୬ିଵ, Tݔ୬ିଵ, Tݔ୬) 
                                                                               ≤ ϕ൫Sୠ(ݔ୬ିଵ,ݔ୬ିଵ,ݔ୬)൯                                       (2.2) 

⋮ 
⋮ 

                                                                                ≤ ϕ୬൫Sୠ(ݔ଴,  .ଵ)൯ݔ,଴ݔ
Given ε > 0, since lim୬→∞ ϕ୬൫ ௕ܵ(ݔ଴,ݔ଴,ݔଵ)൯ = 0	and	ϕ(ε) < ε , there is an integer ݊଴  such that 

ϕ୬൫ܵ௕(ݔ଴,ݔ଴,ݔଵ)൯ <
ε

2s −	
ϕ(ε)

2 	,			for	all	n ≥ ݊଴ 
This implies  
ܵ௕(ݔ௡ (௡ାଵݔ,௡ݔ, < ఌ

ଶ௦
− థ(ఌ)

ଶ
	 , ݊	݈݈ܽ	ݎ݋݂ ≥ ݊଴										                                                                           (2.3) 

 
For ݉, ݊ ∈ ݉	ℎݐ݅ݓ	ܰ > ݊,we claim that 
Sୠ(ݔ୬,ݔ୬,ݔ୬ାଵ) < ε	, for	all	m > ݊ ≥ ݊଴  .                                                                                         (2.4) 
 
We prove inequality (2.4) by induction on m . 
 
Inequality (2.4) holds for ݉ = ݊ + 1 by using inequality (2.3) and the fact that ఌ

௦
(ߝ)߶− <  .ߝ

Assume inequality (2.4) holds for   ݉ = ݇. 
 
For ݉ = ݇ + 1, we have 

௕ܵ(ݔ௡,ݔ௡ (௞ାଵݔ, ≤ ௡ݔ)௕ܵ]ݏ (௡ାଵݔ,௡ݔ, + ௕ܵ(ݔ௡ ௡ݔ, (௡ାଵݔ, + ܵ௕(ݔ௞ାଵ,  [(௡ାଵݔ,௞ାଵݔ
= ௡ݔ)2ܵ௕]ݏ ,௡ݔ, (௡ାଵݔ + ௕ܵ(ݔ௞ାଵ,ݔ௞ାଵ,ݔ௡ାଵ)] . 
using equations (2.2), (2.3) and [ ௕ܵ(ݔ, ,ݔ (ݕ = 	 ܵ௕(ݕ,ݕ, ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ ݕ ∈ ܺ] , we get  

ܵ௕(ݔ௡ (௞ାଵݔ,௡ݔ, ≤ ݏ ቂ
ߝ
ݏ
− ϕ(ε) + ϕ൫ܵ௕(ݔ௞ ௞ݔ,  ௡)൯ቃݔ,

							≤ ݏ ቂ
ߝ
ݏ
− ϕ(ε) + ϕ൫ ௕ܵ(ݔ௡,ݔ௡  ௞)൯ቃݔ,

< ݏ ቂ
ߝ
ݏ
− ϕ(ε) + ϕ(ε)ቃ 

< ݏ ቀ
ߝ
ݏ
ቁ 

	=  .ߝ
By induction on m , we conclude that inequality (2.4) holds for all ݉ > ݊ ≥ ݊଴ . So{ݔ௡} is Cauchy 
sequence in complete ܵ௕-metric space and hence {ݔ௡} converges to some ݓ ∈ ܺ. 
 
For n∈ ܰ , we have 

௕ܵ(ݓܶ,ݓ,ݓ) ≤ ]ݏ ௕ܵ(ݓ,ݓ, (௡ାଵݔ + ௕ܵ(ݔ,ݓ,ݓ௡ାଵ) + ௕ܵ(ܶݔ,ݓܶ,ݓ௡ାଵ)]
≤ ,ݓ,ݓ)2ܵ௕]ݏ	 (௡ାଵݔ + ϕ(ܵ௕(ݔ,ݓ,ݓ௡))]	. 

 
Since ϕ(ݐ) < (ݓܶ,ݓ,ݓ)we have ܵ௕ , ݐ ≤ (௡ାଵݔ,ݓ,ݓ)2ܵ௕]ݏ	 + ܵ௕(ݓ,ݓ,  . [(௡ݔ
 
Letting	݊ → ∞ and using the fact that  ܵ௕ is continuous in its variables, we get that ௕ܵ(ݓܶ,ݓ,ݓ) = 0 .  
Hence  ܶ(ݓ) = ݒ be another fixed point of ܶ with ݒ So w is a fixed point of T. Now, Let . ݓ ≠  . ݓ
Sinceϕ(ݐ) <   we have ,	ݐ

ܵ௕(ݒ,ݓ,ݓ) = ܵ௕(ܶݒܶ,ݓܶ,ݓ) 
≤ ϕ(ܵ௕(ݒ,ݓ,ݓ)) 

	< ܵ௕(ݒ,ݓ,ݓ) . 
which is not possible . So  ݒ =  . has a unique fixed point	and hence ܶ ݓ
 
Corollary 2.2: Let ܺ be a complete  ܵ௕-metric space . Suppose that the mappingܶ ∶ ܺ → ܺ 
satisfies the condition: 

ܵ௕൫ܶ௠(ݔ),ܶ௠(ݕ),ܶ௠(ݖ)൯ ≤ ϕ൫ܵ௕(ݔ, ,ݕ ,൯(ݖ ,ݕ,ݔ	݈݈ܽ	ݎ݋݂ ݖ ∈ ܺ	ܽ݊݀	݉ ∈ ܰ. 
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Then T has a unique fixed point . 
Proof. From Theorem 2.1, we obtain that ܶ௠ has a unique fixed point say w. 
Since ܶ௠(ܶݓ) = ܶ௠ାଵ(ݓ) = ܶ(ܶ௠ݓ), we get ܶݓ is also a fixed point of  ܶ௠ . But ݓ is a unique fixed 
point of ܶ௠ , so we have ܶݓ =  .ݓ
Hence ݓ is a unique fixed point of ܶ. 
 
Corollary 2.3: Let ܺ be a complete  ܵ௕-metric space . Suppose that the mapping            
ܶ ∶ ܺ → ܺ satisfies the condition:  

ܵ௕൫ܶ(ݔ),ܶ(ݔ),ܶ(ݖ)൯ ≤ ϕ൫ ௕ܵ(ݔ,ݔ, ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ݖ ∈ ܺ	. 
Then T has a unique fixed point . 
 
Proof. We obtain the result by taking ݕ =  . in Theorem 2.1 ݔ
 
Corollary 2.4: Let ܺ be a complete  ௕ܵ-metric space . Suppose that there is ݇ ∈ [0,1)the 
mappingܶ ∶ ܺ → ܺ satisfies the condition:  

ܵ௕൫ܶ(ݔ),ܶ(ݕ),ܶ(ݖ)൯ ≤ ݇൫ܵ௕(ݔ, ,ݕ ,൯(ݖ ,ݔ	݈݈ܽ	ݎ݋݂ ,ݕ ݖ ∈ ܺ	. 
Then T has a unique fixed point . 
 
Proof. Defineϕ: [0,∞) → (ݐ)ϕ		ݕܾ	(∞,0] =  Then clearly ߰ is a non-decreasing function with .ݐ݇
lim௡→∞ 	ϕ௡(ݐ) = 0, ݐ	݈݈ܽ	ݎ݋݂ >   Using given condition and by virtue of ϕ , we have .	݋

ܵ௕൫ܶ(ݔ),ܶ(ݕ),ܶ(ݖ)൯ ≤ 	ϕ൫ ௕ܵ(ݕ,ݔ, ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ,ݕ ݖ ∈ ܺ	. 
Now the results follows from Theorem 2.1 . 
 
Corollary 2.5: Let ܺ be a complete  ܵ௕-metric space .Suppose that the mappingܶ ∶ ܺ → ܺ 
satisfies the condition: 

ܵ௕൫ܶ(ݔ),ܶ(ݕ),ܶ(ݖ)൯ ≤
ܵ௕(ݕ,ݔ, (ݖ

1 + ܵ௕(ݔ, ,ݕ (ݖ , ,ݔ	݈݈ܽ	ݎ݋݂ ,ݕ ݖ ∈ ܺ	. 

Then T has a unique fixed point . 
 
Proof. Define  ϕ: [0,∞) → (ݐ)ϕ		ݕܾ	(∞,0] = ௪

ଵା௪
. Then clearly ϕ is a non-decreasing function with 

lim௡→∞ 	ϕ௡(ݐ) = 0, ݐ	݈݈ܽ	ݎ݋݂ >   Using given condition and by virtue of ϕ , we have .	݋
ܵ௕൫ܶ(ݔ),ܶ(ݕ),ܶ(ݖ)൯ ≤ 	ϕ൫ ௕ܵ(ݕ,ݔ, ,ݔ	݈݈ܽ	ݎ݋݂,൯(ݖ ,ݕ ݖ ∈ ܺ	. 

Now the results follows from Theorem 2.1 . 
 
Theorem 2.6:  Let (ܺ, ܵ௕)  be a complete ܵ௕-metric space and  ܶ be a continu ous self 
mapping on X satisfying the condition: 
ܵ௕(ܶݔ (ݖܶ,ݕܶ, ≤ ,ݔ)௕ܵ}ݔܽ݉]߶ ,ݕ ݔܶ)௕ܵ,(ݖ ݔܶ, ,(ݔ, ௕ܵ(ܶݕ,ݕܶ,ݕ),ܵ௕(ܶݖܶ,ݖ,  (2.5)               	,[{(ݔ

for	all	ݔ, y, z ∈ X, where	ϕ ∶ [0, ∞) → [0, ∞)	is	an	increasing	function	such	that	 lim
୬→∞

ϕ୬(t) = 0 	and	 
		ϕ(t) < ݐ	݀݁ݔ݂݅	ℎܿܽ݁	ݎ݋݂		ݐ > 0			then T has a unique fixed point . 
 
Proof. For arbitrary point ݔ଴ ∈ X, construct a sequence{ݔ௡}	ܿݑݏℎ	ݐℎܽݐ	ݔ௡ = Tݔ௡ିଵ, for	all		n ∈ N. 
Assume  ݔ௡ ≠ ,௡ିଵݔ for	each	n ∈ N. 
 
Thus for n∈ N , we have ௕ܵ(ݔ௡ାଵ,ݔ௡ାଵ, (௡ݔ = ௕ܵ(ܶݔ௡ ௡ݔܶ,  (௡ିଵݔܶ,

≤ ϕ[݉ܽݔ{ܵ௕(ݔ௡ ௡ݔ, ௡ݔ)௕ܵ,(௡ݔ,௡ାଵݔ,௡ାଵݔ)௕ܵ,(௡ݔ,௡ାଵݔ,௡ାଵݔ)௡ିଵ),ܵ௕ݔ,  [{(௡ݔ,௡ݔ,
≤ ϕ[݉ܽݔ{ܵ௕(ݔ௡ ,(௡ିଵݔ,௡ݔ, ௕ܵ(ݔ௡ାଵ,ݔ௡ାଵ,ݔ௡)}] 

If ݉ܽݔ{ܵ௕(ݔ௡,ݔ௡,ݔ௡ିଵ), ௕ܵ(ݔ௡ାଵ,ݔ௡ାଵ, {(௡ݔ = ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݔ௡) then  
ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݔ௡) ≤ ϕ൫ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݔ௡)൯ 

< ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݔ௡), 
which is impossible. 
So ܽݔ{ܵ௕(ݔ௡ ,(௡ିଵݔ,௡ݔ, ௕ܵ(ݔ௡ାଵ,ݔ௡ାଵ, {(௡ݔ = ܵ௕(ݔ௡  . (௡ିଵݔ,௡ݔ,
 
Thus for n∈ N , we have  

ܵ௕(ݔ௡ାଵ, (௡ݔ,௡ାଵݔ ≤ ϕ൫ܵ௕(ݔ௡  ௡ିଵ)൯ݔ,௡ݔ,
																																																																																														≤ ϕଶ൫ܵ௕(ݔ௡ିଵ,ݔ௡ିଵ,ݔ௡ିଶ)൯ 
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																																																																									⋮ 
																																																																																	⋮								 

																																																																																														≤ ϕ௡൫ܵ௕(ݔଵ,ݔଵ,  .଴)൯ݔ
This implies  

ܵ௕(ݔ௡ାଵ, ,௡ାଵݔ (௡ݔ 	≤ ϕ௡൫ܵ௕(ݔଵ,ݔଵ,ݔ଴)൯	. 
using [ܵ௕(ݔ, ,ݔ (ݕ = ௕ܵ(ݕ,ݕ, ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ ݕ ∈ ܺ], we get 

௕ܵ(ݔ௡ ௡ݔ, (௡ାଵݔ, 	≤ ϕ௡൫ܵ௕(ݔ଴,ݔ଴,ݔଵ)൯	. 
By similar arguments as in Theorem 2.1, we get {ݔ௡} is a Cauchy sequence in complete ܵ௕-metric space 
and hence {ݔ௡} converges to some ݓ ∈ ܺ. 
 
For ݊ ∈  ݁ݒℎܽ	݁ݓ,ܰ

௕ܵ(ݓܶ,ݓ,ݓ) ≤ ]ݏ ௕ܵ(ݓ,ݓ, (௡ାଵݔ + ௕ܵ(ݔ,ݓ,ݓ௡ାଵ) + ௕ܵ(ܶݔ,ݓܶ,ݓ௡ାଵ)] 
																										= ,ݓ,ݓ)2ܵ௕]ݏ (௡ାଵݔ + ܵ௕(ܶݓܶ,ݓ,  [(௡ାଵݔ

																											≤ (௡ାଵݔ,ݓ,ݓ)2ܵ௕]	ݏ	
+ ϕ(max{ܵ௕(ݔ,ݓ,ݓ௡),			ܵ௕(ܶݓ,ݓܶ,ݓ), ܵ௕(ܶݓ,ݓܶ,ݓ),
																																ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ)})] 

									= ,ݓ,ݓ)2ܵ௕]	ݏ (௡ାଵݔ + ϕ(max{ܵ௕(ݔ,ݓ,ݓ௡),ܵ௕(ܶݓ,ݓܶ,ݓ), 	ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ)})]	. 
Case I. 
If max{ܵ௕(ݔ,ݓ,ݓ௡), ௕ܵ(ܶݓ,ݓܶ,ݓ), 	ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ)} = ܵ௕(ݓ,ݓ, ,(௡ݔ  ℎ݁݊ݐ

௕ܵ(ݓܶ,ݓ,ݓ) ≤ (௡ାଵݔ,ݓ,ݓ)2ܵ௕]ݏ +ϕ(ܵ௕(ݓ,ݓ,  [((௡ݔ
< ,ݓ,ݓ)2ܵ௕]ݏ (௡ାଵݔ + ܵ௕(ݓ,ݓ,  .	[(௡ݔ

letting ݊ → ݓܶ	݁ݒℎܽ	݁ݓ,∞ =  . ݓ
 
Case II. 
If max{ܵ௕(ݔ,ݓ,ݓ௡), ௕ܵ(ܶݓ,ݓܶ,ݓ), 	ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ)} = ܵ௕(ܶݓ,ݓܶ,ݓ),  ℎ݁݊ݐ

௕ܵ(ݓܶ,ݓ,ݓ) ≤ (௡ାଵݔ,ݓ,ݓ)2ܵ௕]ݏ +ϕ( ௕ܵ(ܶݓ,ݓܶ,ݓ))] 
< ,ݓ,ݓ)2ܵ௕]ݏ (௡ାଵݔ + ܵ௕(ܶݓ,ݓܶ,ݓ)]. 

using  [ܵ௕(ݕ,ݔ,ݔ) = ܵ௕(ݕ, ݕ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ,ݕ ∈ ܺ], we get 
ܵ௕(ݓܶ,ݓ,ݓ) < (௡ାଵݔ,ݓ,ݓ)2ܵ௕]ݏ + ܵ௕(ݓܶ,ݓ,ݓ)]. 

letting ݊ → ݓܶ	݁ݒℎܽ	݁ݓ,∞ =  .ݓ
 
Case III. 
If max{ܵ௕(ݔ,ݓ,ݓ௡), ௕ܵ(ܶݓ,ݓܶ,ݓ), 	ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ)} = ܵ௕(ݔ௡ାଵ, ,(ݓ,௡ାଵݔ  ℎ݁݊ݐ

ܵ௕(ݓܶ,ݓ,ݓ) ≤ ,ݓ,ݓ)2ܵ௕]ݏ (௡ାଵݔ + ϕ(ܵ௕(ݔ௡ାଵ,ݔ௡ାଵ,ݓ))] 
< ,ݓ,ݓ)2ܵ௕]ݏ (௡ାଵݔ + ܵ௕(ݔ௡ାଵ,  .[(ݓ,௡ାଵݔ

using  [ܵ௕(ݕ,ݔ,ݔ) = ܵ௕(ݕ, ݕ,ݔ	݈݈ܽ	ݎ݋݂	(ݔ,ݕ ∈ ܺ], we get 
ܵ௕(ݓܶ,ݓ,ݓ) < 2]ݏ ௕ܵ(ݓ,ݓ, (௡ାଵݔ + ௕ܵ(ݓ,ݓ,  .[(௡ାଵݔ

letting ݊ → ݓܶ	݁ݒℎܽ	݁ݓ,∞ =  .ݓ
 
Hence , we can say that ݓ is a fixed point of  ܶ. 
 
If ݒ is another fixed point of  ܶ,  ℎ݁݊ݐ

ܵ௕(ݒ,ݓ,ݓ) = ܵ௕(ܶݒܶ,ݓܶ,ݓ) 
																							≤ ϕ[݉ܽݔ{ܵ௕(ݒ,ݓ,ݓ),ܵ௕(ܶݓ,ݓܶ,ݓ), ܵ௕(ܶݓ,ݓܶ,ݓ), ܵ௕(ܶݓ,ݒܶ,ݒ)}] 

																						≤ ϕ[݉ܽݔ{ܵ௕(ݒ,ݓ,ݓ), ܵ௕(ݓ,ݓ,ݓ),ܵ௕(ݓ,ݓ,ݓ),ܵ௕(ݓ,ݒ,ݒ)}] 
																					≤ ϕ[݉ܽݔ{ܵ௕(ݒ,ݓ,ݓ), 	ܵ௕(ݓ,ݒ,ݒ)}] 

																					= ϕ{ܵ௕(ݒ,ݓ,ݓ)}    (by	ܵ௕(ݒ, (ݓ,ݒ = 	ܵ௕(ݒ,ݓ,ݓ)) 
< ܵ௕(ݒ,ݓ,ݓ),  (becauseϕ(t) <  ( ݐ
which is not possible and hence ݓ	is a unique fixed point of ܶ. 
 
Corollary 2.7: Let ܺ be a complete  ܵ௕-metric space . Suppose that there is ݇ ∈ [0,1)and 
the mappingܶ ∶ ܺ → ܺ satisfies the condition:  

Sୠ(Tݔ, Ty, Tz) ≤ k[max{Sୠ(ݔ, y, z), Sୠ(Tݔ, Tݔ,ݔ), Sୠ(Ty, Ty, y), Sୠ(Tz, Tz,ݔ)}],	 
for	all	ݔ, y, z ∈ X.	Then T has a unique fixed point . 
 
Proof. Define  ϕ: [0,∞) → (ݓ)ϕ		ݕܾ	(∞,0] =  Then clearly ϕ is a non-decreasing function with .ݓ݇
lim௡→∞ 	ϕ௡(ݐ) = 0, ݐ	݈݈ܽ	ݎ݋݂ >   Using given condition and by virtue of ϕ , we have .	݋
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௕ܵ(ܶݖܶ,ݕܶ,ݔ) ≤ ϕ[݉ܽݔ{ܵ௕(ݕ,ݔ, ,(ݖ ௕ܵ(ܶݔ,ݔܶ,ݔ), ܵ௕(ܶݕܶ,ݕ, ,(ݕ ܵ௕(ܶݔ,ݖܶ,ݖ)}]	,݂ݎ݋	݈݈ܽ	ݔ, ,ݕ ݖ ∈ ܺ.		 
Now the results follows from Theorem 2.6. 
 
Corollary 2.8: Let ܺ be a complete ܵ௕-metric space. Suppose the mapping ܶ ∶ ܺ → ܺ 
satisfies the condition: 

ܵ௕(ܶݖܶ,ݔܶ,ݔ) ≤ ,ݔ)௕ܵ}ݔܽ݉]݇ ,ݔ ,(ݔ,ݔܶ,ݔܶ)௕ܵ,(ݖ 	ܵ௕(ܶݔ,ݖܶ,ݖ)}], 
,ݔ	݈݈ܽ	ݎ݋݂	 ݖ ∈ ܺ.		 

Then T has a unique fixed point. 
 
Proof. We obtain the result by taking 	ݕ =  .in Theorem 2.7 ݔ
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