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Abstract

In this paper we prove that some known graphs such as the Herschel graph and some graphs constructed in
this paper are divisor cordial graphs.
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1. INTRODUCTION

In 2011 Varatharajan and others [1] defined a divisor cordial labeling of a graph G with vertex set V(G) as a
bijection f from V(G) to {1, 2,..., V(G)|} so that each edge uv is assigned the label 1 if f(u) divides f(v) or f(v)

divides f(u) and O otherwise, such that the number of edges labelled with O and the number of edges labelled
with 1 differ by atmost 1. If a graph admits this labeling, then it is called a divisor cordial graph. In Varatharajan
and others [5] the authors proved some results on divisor cordial graph. Also some work has been done in this
area Lawrence and others, Vaidya and others[2,3,4]. In this paper we consider a simple finite graph without
isolated vertices. We prove that a number of graphs including the Hershel graph, and some constructed graphs in
this paper are divisor cordial graphs.
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2. SPLITTING GRAPH

Definition 1.1:

Let G be a graph, for each point v of a graph G take a new point v’ . Join
adjacent to v. The graph thus obtained is called the splitting graph of G.

Theorem 1.1: G = G' U P, is a divisor cordial graph where G' = Spl(Kl_n)

Proof: Let G = Spl(Kl_n) UP,. Let vy, V,,..., v, be the pendant vertices, v be the
u,u;,Uy,..., U, be the vertices corresponding to v,vi,va,..., v, in Spl(Kl_n) also wi,wo,
path P,. Then V(G)={v,v|,vy,..., Vp,U,us,Up,..., Up,W|,Wa, ..., W,} and

E(G)={vvi /ISiSn} U {uui /ISiSn} U {uvi /ISiSn} U {(wiwm/ISiSn—l}.

Thus Spl(Kl_n) has 2n+2 vertices, 3n edges and P, has n vertices, n-1 edges.
The graph G has 35 4 2 vertices and 4n — 1 edges.

Define f: V(Spl(Kl_n) U Pn) - {1,2,...,3n + 2}as follows

fu)=1

f(v) = Highest Prime number< 2n+2
f(v)=n+i+1,for1 <i<n+ 1 (except the highest prime number).
f(w)=i+1, forl<i<n

flw;) =2n+2+1i,forl<i<n

The edge labels are
f()=0, 1<i<n

fvu) =1, i=1,2,..n.
fuu)=1, i=1,2,...,n.
f(ww,)=0, 1<i<n-1

Now, we obtain the following
e (1)=2nand

e;(0)=n+n-1=2n-1.

Hence |ef(0) — e(1)| = 1 which satisfies the required condition.
Hence G'U P,is a divisor cordial graph.

Ilustration: Spl(K;3) U P; is a divisor Cordial graph.
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Figure 1:
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3. HERSCHEL GRAPH

Definition 1.2:
The Herschel graph (H) is a bipartite graph with 11 vertices and 18 edges, the smallest non-
Hamiltonian polyhedral graph.
Theorem 1.2:  The Herschel graph is a divisor cordial graph.
Proof: Let H be a Herschel graph. The vertex set HisV(H) = {Vi /1<i<11}. The edge of His E(H)

EH)={vw, 1<i <4t Olow, 1i=357 0w, /i =377 0{v) f ol ) 12<i <9},
The graph H has 11 vertices and 18 edges. The vertices are labeled in this order 1, 2, 4, 8, 3, 6, 5, 10, 7, 9, 11
but the labels of Vg and V|, are interchanged.

Define f:V(H) =1L, 2, ..., 11}

Thus the vertex labels are

f(v,)=11 f(v,)=9

f(v) =1, f(v,)=2

f(v;)=4 f(v,)=8
f(v)=3 f(v,)=6
f(v,)=5 f(vy) =10
f(v,)=7

Now, the corresponding edge labels are
f(ryvy) =1 1<i<4

fw,,v,))=0, i=37
f(vs, v =1

f(v,,v,)=0, 1=3,79
f(v,,v9)=0 f(v,,v;)=1
f(vy,v) =1 1f(vs,v5)=1
f(v,,)=1  1(v,,v)=0
f(ve,v,)=0  f(v,v5)=0

Thus we obtain

e;(1)=9

e(0)=9
Hence |ef @) —e; (0)| =0. It satisfies the condition. Hence H is a divisor cordial graph.
Ilustration: Herschel graph is a divisor cordial graph.

Figure 2:
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Definition 1.3:
Let (v;,a;,b;,v,) be the it page of B,, 1 < i < n with v,v, as the common vertices of B,, B, has 2(n+1) vertices
and 3n+1 edges.
Construction

Consider the complete graph K¢ attached with the book graph B, where the vertices v, and v, are
common. Then the resulting graph is denoted by G*.

Theorem 1.3:  The Constructed graph G* is a divisor cordial graph (if n is even only).

Proof: Let { vi,vs, ... vy} be the vertices of Kgand { ujus,a;b;, / 1<n} be the vertices of B,

Now , the vertex set of G* be V(G*) = {v,/1<i<n whereu, =v, & u, =v,}U/{a, /1<i<n}uip, /1<i<n}
and the edge set be B(G*) = {(vv,)/2<i<6}uil,y,)i3<j<6tuiby,)i4<j<6fu
{v.v)is<j<etofvv iofva)i<i<nto{vp)in<i<nto{ap)in<i<n}

Note that the Graph G* has 2n+6 vertices and 3n+15 edges.

Define f: V (G*) — {1, 2,..., 2n+6} as follows:

Case (i) Ifnisodd
The vertex labels are

f(w) = i, 1<i<6
f(a;)=6 +(2i - 1), 1<i<n
f(b;) = 6 + 2i, 1<i<n

Then the correspondent edge labels are
flv,v))=1  2<,j<6
f(vz,vj) =1 j=4,6
f(vz,vj) =0 j=35
f(v3,vj) =0 j=45

f(vs,v6) =1
f(vy,v;) =0 5<j<6
f(vg,v5) =0

f(v,a;) =1 1<i<n
fla;, b)) =0 1<i<n
f(Uz,bi) =1 1Sl$n

Case (ii) If nis even
The vertex labels are

f(a;) =4 + (2i +2), I<i<n

f(b;) =4+ (2i + 1), Isisn

The corresponding edge labels are
flv,v))=1  2<j<6
f(vz,vj) =1 j=406
f(vz,vj) =0 j=35
f(v3,l7j) =0 j=45

f(vs,v5) = 1
f(vy,v;) =0 5<j<6
f(USlv6) =0

f(v,a;) =1 1<i<n

f(a;, b)) =0 1<i<n

f(v,, b)) =0 1<i<n
Now we obtain

n n
ef(l)—8+n+[5—|& ef(O)—7+n+bJ

[293]
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Therefore, |e; (0)—e; (1)‘ <1. It satisfies the condition. Hence G* is a divisor cordial graph.

Illustration: Ks attach with By
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Figure 3:

4. SHELL GRAPH

Definition 1.4: A shell graph is defined as a cycle C, with (n - 3) chords sharing a common end point called the
apex.

Double Shell

Definitionl.5: A double shell is one vertex union of two shells.

5. BOW GRAPH

Definitionl.6: A Bow graph is defined to be a double shell in which each shell has any order.
Theorem 1.4: All Bow graph with shell orders m and 2m union P,, is a divisor cordial graph.

Proof: Let G be a bow graph with shells of order m and 2m excluding the apex. Let the number of vertices in
G be n and the number of edges in G be q, the shell that is present to the left of the apex is called as the left wing
and the shell that is present to the right of the apex is considered as the right wing. Let m be the order of the
right wing of G and (2m) be the order of the right wing. G the apex of the bow graph is denoted as vo. Denote
the vertices in the right wing of the bow graph from the bottom to the top by v, va.... v, ; the vertices in the left
wing of the bow graph are denoted from top to bottom by Vpyi..., Vam and wi, wa, ... Wy, be the vertices of path
Pm-
V(G)={v, /1<i<3mpu{w, /1<i<m}
EG) =Py, N<i<m-1}u{y 11<i<3mbofvy,, Im+1<i<3m—1}0 {ww,, /1<i<m—1}

The graph G has 4m + 1 vertices and 7m — 3 edges.
Define f: V(G) — {1,2,..., 4m + 1} as follows.
f(vo) =1
fv)=i+1, 1<i<3m
f(w;))=3m+i 1<i<m
Clearly vertex labels are distinct.
The edge labels are

f(V()V,‘) = 1, 1<i<3m
f(ViViH) = 0, 1<i< -1
f(ViViJrl):O, m+1<i<3m

[294]
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f(WiWiJrl) =0, 1<i<m-1
We obtain

ef0)=4m -3

ef(1) =3m

Hence |€f @) —e; (0)| <1

Hence G is a divisor cordial graph.

Ilustration: (A bow graph of m=4) UP, is divisor cordial graph.

cplll=12

egl01— 13

Figure 4:

Construction

Consider the wheel graph W, = K; + C,,. Let the vertices of W, be {vo, vy, ..., Vp}. Let{vi, Vg, ey Up ’}
be isolated vertices, where v;’ is adjacent to v, and vo. Now, the constructed graph W, * has 2n+1 vertices and
4n edges.

Theorem 1.5:  The constructed graph W,* is a divisor cordial graph, when n+1 is prime.

Proof: Let {vy, vy, v,, ..., v,} be the vertices of w, and {vy,v;, ..., v,'} be the isolated vertices where v; is
adjacent to v, and v,,.
Note that the graph W,* has 2n+1 vertices and 4n edges.
Now the vertex set be V(W,*) = {v;/0 <i <n}u {vi'/l < i < n} and the edge set be E(W,*) = {vov;/1 <i <
nyU{vw/1<i<n—13U{vw}u{vw/1<i<n}u{vv/1<i<n}
The vertex labels are
f(vy) =1
fw)=i+1,1<i<nwheren+ lisprime; f{(r;)=m+1)+i,1<i<n
Clearly the vertex labels are distinct.
Now, the edge labels are

flvyvy) =1, 1<i<n

fwiv;;1) =0, 1<i<n-1

f(vev;) = 1, 1<i<n

f(v,,v;) =0, 1<i<n
Thus we obtain

ef(0) =2n

ex(1) =2n
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Therefore, |ef @) —e; (0)| =0. It satisfies the condition.

Hence W, *is a divisor cordial graph.

Ilustration: W;,* graph is a divisor cordial graph .

Figure 5:

Definition 1.7: Amal {(G,, x))/i=1,2, ..., k} is the amalgamation of k-copies of the fan graph f,.
Theorem 1.6: The graph G= Amal {(G,,x,)/i =1,2,..., k}U P, is a divisor cordial graph.

Proof: Let Amal {(Gn ,x)li=1,2,.., k} be the amalgamation of k-copies of the fan graph f,. Let x; be the

central vertex and v;; be the vertices of the i"fan where j=1,2,...nand i=1,2, ... k. Let y},y»,..., yx be the vertices
of the path Py. The graph G has k(n+1)+1 vertices and 2kn-1 edges.

Let the vertex set be
V(G)={vij/lSiSk and 1< j<n}U{y /1<i<k}and the edge set be
E(G) - Wviom)1<j<n—1and i=1,2,..k}
U {xy, /1<i<k and 1< j<n}o{(y,y,)/1<i<k-1)
Define f :V(G) = {1,2,....k(n+1)+1}

f(x) =1

fv,)=1+j . 1<j<n

f(v,)) =+ + 1<j<n
f(vy;)=2n+1+j, 1<j<n

f(vy) =(k=Dn+1+], 1<£j<n

f(v;) = (i— Dn+l+, 1<i<k, 1<j<n

f(y,) =(nk+1+i), 1<i<k

flxv;) =1, 1<i<k and 1<j<n
f(vvijn)) =0, 1£j<n-1, i=12..k
f(y,y,,)=0, 1<i<k-1

Thus we obtain
e; (1) =kn, e (0)=kn—1

|ef @) —e; (O)| <1. It satisfies the desired condition.

[296]
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Hence G is a divisor cordial graph.

Ilustration: (Amalgamation of three copies of the fan graph f5) U p; is a divisor cordial graph

Va1

17 0 13 i 19
Wi V2 ¥=
ef(1)— 15
ef(o) =14
Figure 6:

Definition: 1.8 Let g, b positive integers such that g= 3, and P, denote a path of order g with the vertex set {vi,
Vo, ..., Vo} and the edge set E(P,) = {vl-vl-Jrl |i=1,2,...,g—1}. Then the graph 1%P, has the vertex set
V(1*P)={}uV(P,) and let the edge set = E(1* P,) = E(P,) U {uv, li=1,2,..., g}. Finally (Ces)

denote the cycle of order (g+b) with vertex set V(Cgﬂ,):{vl,vz,...,vg,vll,vé,...,v,i} and the edge set

E(Cﬁh):E(Pg) u{(vlvll),(vg c,i)}u{v.lv1 } for i=1, 2, ..., b-1. Then the resultant graph is defined as a parachute

i+l
[2] denoted by P, and is given by P, ,=(V,,.E,,) g.beN,g=3 where P, is the amalgamation of
1*pP,)uC,,,, obtained from the union of 1*P, and C,., by pasting them along P, such that the intersection
(1*P)uC,,, isequal P,

Now P, ,=(V

11 1 .
o b Eg'b), g,be N. Let ViV, Vose Vs Vis VooV be the set of vertices of the

graph P, ;. Note that P, has (g+b+1) vertices and (2g+b) edges.
Construction

Consider the Parachute graph P,}, with g + b + 1 vertices where g vertices are attached with a single
vertex V. Let as attached b isolated vertices with vertex vo. The resulting graph is denoted by G* clearly G*
containsg+b+1+b=g+2b+1 verticesand g+g—-1+b+ 1 +b=2g+2b edges.
Theorem 1.7:  The constructed graph G* is a divisor graph.
Proof:

The graph G* contains g + 2b + 1 vertices and 2g + 2b edges.

[297]
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vGh = {v/1<i<ghuP 11<i<blofy, Jo{w /1<i<b} whereg=b+2.
Define f: V(G¥) —{1,2, ..., g+ 2b + 1} as follows:

f(vo) =1
flvp)=i+1 for1<i<g
fvih=(g+b+1)—(G-1) 1<i<bh
fw)=g+b+(G+1) for I<i<h
Clearly vertex labels are distinct.
The edge labels are
f(V()Vi)Zl, ISng
f(vivie) =0, since they are consecutive integers 1<7< g —1

fvi'vin) =0, 1<i<b-1
Since vi' and vi,,' are consecutive integers f(v; i) =0 & f(vyva) =0
f(V()Wi)Zl lSle

Edges labeled with 1 are vovy, VoVa,..., VoVg, VoW1, VoW, ..., VoW,
Therefore, e(1) =g+ b

Edge labeled with O are
f(viviyy) for 1<i<g—1
f(vi'vip,") for 1<i<b—1 and
f(vivi'), £ (Vavah)

Therefore,
e(0)=g-1+b-1+2
e0)=g+b

le; (1) — ¢ (0)] = 0.

Hence G* is a divisor cordial graph.

Illustration: The parachute graph Pg4 with 11 vertices where 6 vertices are attached with a single vertex V.
Let as attached 4 isolated vertices with vertex vj.

epl) = 10

epll) = 10

Wy
12 15

13 a1

Figure 7:
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Illustration Explanation:
The parachute graph Ps4 with 11 vertices where 6 vertices are attached with a single vertex V. Let as attached
4 isolated vertices with the vertex vy.

G* contains g+ 2b+ 1 =6+ 8 + 1 = 15 vertex and 2g + 2b = 20 edges

f(V()Vl) = 1, f(V(), Vz) =1...
f(vgvg) =1 and f(vow) =1 ...
f(VOV4) =1

Now, e1)=6+4=10

f(V]Vz) =0 f(V2V3) =0
f(VsV()) =0

f(vi'v,) =0 f(vs'vs) =0
fovivih =0

f(vevs') =0

Now, e(0) =10

Therefore ‘er D —e (O)‘ =(0. Hence G* is a divisor cordial graph.

Theorem 1.8: P,+2k; is a divisor cordial graph.

Proof: Let the vertex set of G be V(G) = {Xy, X,..., Xm, Y1, Y2} and the edge set be
EG) ={(x,x,,, )/ 1<i<m—-1}u{yx)1<i<m}uily,x)/1<i<m}.

i

Therefore, |V(G)| = m+ 2 and |E(G)| =3m—1.
Define f: V(G) — {1, 2, ..., m+2} as below:

fy)) =1

f(y) =2

f(x)=2+ifor 1<i<m

Clearly the vertex labels are distinct. Also, here

f(xiXip1) =0, 1<i<m—1, since x; and x;,; are consecutive
flyixi) =1 fori=1,2,...m

f(yx) =1 if iiseven

f(y>x)) =0 if iis odd

The Edges labeled with 1 are y;X;, yiXa,... YiXm, Y2X2, Y2X4....,Y2Xm if m is even.
ef1) =m+ 2 if mis odd, and
ef1) =m+ 3 if mis even.

Edges labeled with O are X;X2, X2X3... Xm-1Xm and yoXi, y2X3...y2Xm, if mis odd.
e0)=m+2

Hence ‘er 0)—e; (l)‘ <1. Hence G is a divisor cordial graph.

Ilustration: Ps + 2K, is a divisor cordial graph.

g
Z WYy

Figure 8:
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Definition 1.9: Let G be a graph with n vertices and e edges. A graph H is called a super subdivision of G if
H is obtained from G by replacing every edge €; of G by a complete bipartite graph K, for some m;, [<i<g

in such a way that the ends of each e; are merged with the two vertices of 2-vertices part of K, after removing

2,m;

the edge e; from the graph G [see, 1].

Definition 1.10: A super subdivision H of G is said to be an arbitrary super subdivision of G if every edge of G
is replaced by an arbitrary K, ,, where m may vary for each edge arbitrarily.

Theorem 1.9: An arbitrary super subdivision of K, , is a divisor cordial graph.

Proof: Let vi,vs, ..., v, be the pendant vertices of K, v, be its apex vertex and e=v,v; for 1<i<n. LetGbe
the graph obtained by arbitrary super subdivision of K, in which each edge e; of K, is replaced by a

complete bipartite graph K, and u; be the vertices of m; vertices part where 1<i<n, 1< j <m, The graph
has n+m+1 vertices and 2m edges where m = Zmi .

i=1

We define f: V(G) — {1,2,...,n+m+1} as follows:

f(vy) = 1
f(v;) = the highest ‘n’ prime numbers <n+m+1.
f(uy) = 14j for 1ISj<m,.
f(IIz]) = l+m1+j for IS j S I’)’IQ.
f(us) = 1+m+ motj for 1< j<m,.
f(uy) = n+14+my+...+ my i+ j for 1< j<m,, (except the highest ‘n’ prime numbers).
f(vouy) = 1 for ISi<n, 1< j<m.
f(viuy) =0 forl<i<n, 1< j<m.
Thus the edge labels are
ef1) =m
e(0) =m
Therefore, |e; (1) —e; (O)‘ =(.Hence the graph G is a divisor Cordial Graph.

Ilustration: An arbitrary Super Subdivision of K;4 and its divisor cordial labeling is shown where
m;=2,m,=4,m;=3 and my=5 .

Figure 9: Cordial labeling for arbitrary super subdivision of K ,
6. HELM GRAPH

Definition: 1.11: The helm graph H, is obtained from the wheel graph W, by attaching a pendent edge at each
vertex of the n - cycle of the wheel.

[300]



Bulletin of Pure and Applied Sciences / Vol. 37E (Math & Stat.) No.2 / July-December 2018

Theorem: 1.10: The union of Helm graph and star graph (H ). ¢ 1’”) is a divisor cordial graph if n<7.
Proof: Let C,V,,V,,..., V,, Vi, Vlz,...,V}1 be the vertices of H,. Let Cll, W, W,,...,W  be the vertices of
K,,. V(H) = Vi VsV VWL v Fand
E(Hn)z{cvi/ISiS n}u{vivi1 /1<i< n}u{(vivm)/ls i<n—1}, V(K n) = {cll,wl,wz,..., Wn}
EK, ) =f'w /1<i<n},V(HUK,)=V(H,)UV(K,,),

E(H,UK,,)=E(H,)UE(K,,)
V(H,UK,,)|=3n+2&|E(H,UK,,)| = 4n
Define f:V(G) %{l, 2,...3n+2} as follows:
fic)=2
f(c,)=1
f(v)=2i 2<i<n+1
f(v)=2i+1 1<i<n

f(w)=2(m+D+i 1<i<n

The edge labels are
f (vivy)= 0(mod 4)

f(ev)=1 1<i<n
f(vy)=0 1<i<n
f(c'w)=1 1<i<n
f(vv,)=0 1<i<n-1
e(1)=2n
ef(0) =2n

le; (1) —e, (0) =0

Hence the union of Helm graph and star graph is a divisor cordial graph.

Hlustration: Hg U K ¢ is a divisor cordial graph.

Figure 10:
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