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Abstract

A graph G with p vertices and g edges is said to have Skolem difference Lucas mean labelling if it is
possible to label the vertices x € v with distinct elements f(x) from the set {1,2, ...,Lp+q} in such a way

that the edge e = uv is labelled with [FL9| if |F(u) — f(w)| is even and LLEEL i £ ) —

f(v)| is odd, then the resulting edge labels are distinct and are from {Ll, Ly, ..., Lq}. A graph that admits
Skolem difference Lucas mean labelling is called a Skolem difference Lucas mean graph. In this paper, we
prove for some graphs such as triangular snake graph TS, , The triangular snake C,(P,) ,

Umbrella U(m,n), E, & Kff o Frft), E} are Skolem difference Lucas mean graph.

Keywords: Skolem Mean Labelling, Skolem difference Mean Labelling, Skolem difference Lucas Mean
Labelling

AMS subject classification: 05C78.

1. INTRODUCTION

By a graph, we mean a finite, undirected graph without loops and multiples edges, for terms not defined here
we refer to Harary [4].

In a labelling of a particular type, the vertices are assigned values from a given set, the edges having a
prescribed induced labelling must satisfy certain properties. An excellent reference on this subject is the survey
by Gallian [3].

According to Beineke and Hegde [2] labelling of discrete structure is a frontier between graph theory and
numbers.
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The concept of Skolem mean labeling was introduced by Balaji, Ramesh and Subramanian [1], and the Skolem
difference mean labeling introduced by Murugan and Subramanian [5]. We reproduce their definitions below for
our ready reference.

Definition 1.1

A graph G = (V,E) with p vertices and q edges is said to be a Skolem mean graph if there exists a function f
from the vertex set of G to {1,2,3, ..., p} such that the induced map f* from the edge set of G to {2,34,...,p}
defined by f*(e = uwv) = |w if |[f(w) — f(v)| is even and w if |[f(w) — f(v)| is odd. Then

the resulting edge labels are distinct and are from {2,3.4,....p}. A graph that admits Skolem mean labelling is
called a Skolem mean graph.

Definition 1.2

A graph G = (V,E) with p vertices and q edges is said to be a Skolem difference mean graph if there exists a

function f from the vertex set of G to {1,2,3,...,p + q} such that the induced map f* from the edge set of

G to{1,23,..., q} defined by f*(e =uv) = |"=L2| if|f(u) — f(w)] is even and LT g p) —
yErE y 2 2

f(@)| is odd. The resulting edge labels are then distinct and are from {1,2,3,...,q}. A graph that admits Skolem

difference mean labelling is called a Skolem difference mean graph.

These definitions motivate us to define the Skolem difference Lucas mean labelling.

Definition 1.3
A graph G with p vertices and g edges is said to have Skolem difference Lucas mean labelling if it is possible to
label the vertices x € v with distinct elements f(x) from the set {1,2, ...,Lp+q} in such a way that the edge

f(u);f(v) if |[f(w) — f(v)| is even and w if |[f(u) — f(v)| is odd, then the

resulting edge labels are distinct and are from {Ll, Ly, ...,Lq}. A graph that admits Skolem difference Lucas
mean labelling is called a Skolem difference Lucas mean graph.

e = uv is labelled with |

2. RESULTS

Theorem 2.1

The triangular snake graph TS, is Skolem difference Lucas mean graph.

Proof:

Let G be the graph TS,, .

LetV(G) ={v,wj:1<i<n+1land 1<j<n}

E(G) ={vv;,: 1 SiSn}U{vjwj: 1Sj£n}u{vjw0_1) 12<j<n+1}
Then [V(G)| =2n+1 and |E(G)| =3n

Let f:V(G) - {1,2, ..., Lsp+1} be defined as follows

f(v1)=3
f(W1)=1
f(vz)=9

fi) =2L;;+f(v), 2<i<n
fW) =2Lyy34-2)+f(v), 2<i<n
frE) ={f(rv): 1<si<n}u{f(yw): 1<j<nfu{f(yw_y) :2<j<n+1}
= {f(01v,), f(W,03), oo, f(W 0} UL F0yw), f (o), .o, f (0, w,)}
U {f(U2W1)' f(USWZ)' ""f(vn+1wn)}
f) = fW)| |fw,) — f(v3) f() = f (W)
2 ’ 2 Y 2
U f(vl) _f(Wl) f(vz) _f(WZ) f(vn) _f(Wn) }
2 , 2 e 2

f(vn+1) - f(Wn)
. 2

}

f(vz) - f(W1) f(va) - f(Wz)
vt 2 ' 2

[384]
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B |3—9
2

f(,) — 2Ls — f(v,) f(v,) = 2Ls, — f(v,)

2 2
U {|3 =1 |[f(w) = 2L, — f(w,) f(W) = 2L3p—p — f(v,)
2 2 T 2
9— 1| ‘ZL6 + f(v,) — 2L, — f(v,) ‘2L3n +f(v,) — 2Lgp_, — f(v,) )
, > ) ) >

= {LZ' L6' e LSn} Y {L1; L4-' e L3n—2} U {LS' LS' e L3n—1}

={Ly,L3,L3,Ly,Ls, L, ..., L3n—2,L3n-1,L3n}

fr(E) ={Ly, Ly, o, L3y}

Thus, the induced edge labels are distinct and are L,, L,, ..., L3,.

Hence, the triangular snake graph TS, is Skolem difference Lucas mean graph.

Theorem 2.2
The triangular snake C,(B,) is Skolem difference Lucas mean graph.

Proof:

Let G be the graph C,(P,) .

Let V() ={u; : 1 <i<n+1}U{v,w; :1<i<n}

EG)={wv;: 1<i<sn}u{yw:1<i<n}uUf{uv: 1<i<n}u{ugw: 1<i<n}u{uu,,
:1<i<n}

Then |[V(G)| =3n+1and |E(G)| =5n

Let f:V(G) - {1,2, ..., Lgn+1} be defined as follows:

f) =1

fu) =2Lsi; + f(w4), 2<i<n+1

f(v) =2Lgi_y + f(wy), 1<i<n

fW) =2Lg; + f(wy), 1<i<n
FFE)={fwv): 1<i<nju{fluw):1<i<nju{f(uv): 1<i<n}u{f(uw): 1<i
<n}

U{f(uug,q): 1<i<n}
= {f (v, f(W03) o, f (U V) YU {f (), f (uewy), oo, f (W )} U {f (W), f (U 2), ooe, f (U1 V)3
U {fuuwy), f(uswy) , oo, f (Uyawy) JU {f (i), f(Upuz) 5 e, f (U Uny) 3
{|f(u1) f(v1) f(uz) f(vz) f(un) f(vn)

f(ul) f(Wl) f(uz) f(Wz))
2 2
|f(u3) f(vz) f(un+1) f(vn)

|f(uz) f(Wl) f(us) f(Wz) f(un+1)_f(wn)
2
fuw) — fwp) f(uz) f(us) f(un) f(Una1)
2
={f(u1)—2L1 f(ul) f(uz) 2L6 f(uz) f(un) 2L5n4 f(un)
2

f(uz) 2L10 f(uz))
2

fu) = 2Lsy, — f (un)

2

fu,) — f(wy,)
. 2

{|f(u2) f(v1)

f(u1) —2Lg _f(u1)
2

[385]
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) seey

|2L3 + ) — 2L — f(w) |2L8 + f (W) — 2Lg — f(up)
2 ’ 2
2LSn—Z + f(un) - 2L5n—4 - f(un)
|2L3 + f(w) E 2L — f(uy) |2L8 + () — 2Ly — f (1)
2 ’ 2
2Lgn_p + f(Uy) — 2Lsy — f(uy)

2
|f(u1) —2L; — f(u)| |f(uz) —2Lg — f(up)
U 2

V)

'RIIN]

V)

) ) seey

2

f(un) = 2Lsp— — f(Un)
2

= {Lli L6' ey LSn—4-} Y {LS' L10' e LSn} Y {LZ' L7' ey LSn—S} Y {Lzl-' L9' ey LSn—l} U

{LS' L8' e LSn—Z}

f+(E) = {Lli LZ' LS' L4-' LS' L6' L7' L8' L9' L10' s LSn—Z' LSn—li LSn}

Thus, the induced edge labels are distinct and are L,, L,, ..., Lgy.

Hence, the triangular snake graph C,(P,) is Skolem difference Lucas mean graph.

Theorem 2.3
The graph Umbrella U(m,n) is Skolem difference Lucas mean graph.

Proof:
Let G be the graph Umbrella U(m,n) .
Let V(G) ={u,ui,vj :1<i<m and 1Sj£n—1}.
EG)={uw:1<i<m}u{uy,, : 1Si£m—1}u{vjvj+1: 1<j<n-2}
v um if nis even
2
{vlum_ﬂ if nis odd
2
Then |[V(G)| =m+nand |E(G)|=2m+n-—2.
Let f:V(G) - {1,2, ..., L34 2n—2) be defined as follows:
fw=1
fQy) =21y + f(w), 1<i<m
2Ly + f(um) if nis even
2

fvy) = {ZLZm + f (um+1) if nis odd

f(”j) =2Lymyjq t f(zvj—1)' 2<j<n-1
FHrE) = {fuw) : 1<i<myU{fuu,): 1<i<m-BU{f(v): 1<j<n—2}
f(wum) if nis even
v {f(vlum_ﬂ) if nis odd
= {f(uw), f(uwy), ..., f(uuy)} U { Fluyuy), fFuyus), .., f (U )}

f(vium) if nis even
U {f(wv,), f(ov3), o, f(Wn_oVn 1)} U 2

f (W um+1) if nis odd
F@) = f)| o) = @) [FQ) = £ (utm)
2 ) 2 ) aeny 2

flu) = )| |f(uy) — f(us) f Q1) = f (W)

o] ,

2 2 e 5
{‘f(vl) ~f@w) ‘f(m ) ‘f(vH) —f@nr) }
U ) Yy
2 2 2
f(yum) if mis even
U{f(vlum_ﬂ) if nis odd

[386]



Bulletin of Pure and Applied Sciences / Vol. 37E (Math & Stat.) No.2 / July- December 2018

fw—-2L; — f(u) f(u) 2Lym—1 f(u)

{‘f(u) 2L, — f(w)

‘z;1 + @ 22L3 f(u) ‘2L3 + f(u§ 2L — f(u)
v ‘ZZLZm_3 + F@)=2Lypms —f‘(u) }
UOEHREG )~ b fe) )
Y )~ Zhpena = F ) j
2L + f (un ) —f(u%)z if nis even
U

2L2m+f<um_+1)—f(um_+1) if nis odd
2 2

={Ly Ly, .. Loy} ULy, Ly e, Lym 2} U {Lymy1, Loz, s Laman—2} U {Lam}
={Ly,La, L3, Ly, oo, Lym) Lym—1) Lo Lam+1s Lam+2s o) Laman-2}

fHE) ={Ly, Ly, ., Lympyn 2}

Thus, the induced edge labels are distinct and are Ly, L, ..., Loy in—2-

Hence, the graph Umbrella U(m,n) is Skolem difference Lucas mean graph.

Theorem 2.4
The graph F, @ Ki", is Skolem difference Lucas mean graph form = 2,n > 1.

Proof:

Let G be the graph F,, @ Ki',.

Let V(G) ={up,u;: 1 <i<mIuf{yyw;: 1<i<n}

EG)={wu :1<i<m-BUuf{yu:1<i<mIuflyw:1<i<niu{yw;: 1<i<n}
Then [V(G)|=2m+n+1 and |E(G)|=2m+2n—-1

Let f:V(G) = {1,2, ..., Lym4+3n ) be defined as follows

flu) =1
fQu) = 2Ly 4 + f(uy), 1<i<m
f(vi) =2Lymizin T f(uo); 1<i<n

fw) =2Lypinia+fw)—1, 1<i<n

fwy) = 2Ly ng +1

fW)) = 2Lpmansjr + f(Wyy), 2<j<sn—1

FTE)={fwui):1<i<m-1JUu{f(uew): 1 <i<m}u{f(uv):1<i<niu{f(yw): 1<i
<n}

= {fu), f (upus), o) f (Um—1 )} U {f (uouy), f oy, .o, f(ugum)}
u{f uov1) fuovz) e, f (Uovn) YU {f (0ywy), f (0o w3), ..., f (Ui}

{|f(u1) f(uy) |f(uz) f(us) |f(um-1) _f(um)|}

) seey

2
U {‘f(uo) f)| |f(up) — f(u,) f o) = f ()
2 ’ 2 T 2
{‘f(uo) = f)| [fwo) = f(v) f o) — f(v)
U 2 , 2 ) ey 2
Ul f) = fw)| |[f(w2) = f(w) f@n) = f(wy,) }
2 ’ 2 T 2
|2L3+f(1‘-0)—2L5—f(1’-0)
) 2 ol

2L2m 3+ (uo)—2Lam—1—f(uo)
2

fuo)=2Lam—f(uo) | |f(o)—2Lam+2—f (Uo)

} 2 ) 2 JCEEY) U
f(uo)—2Lam+2n-2—f (o)
2

f(ug)—=2Lym—1—f (1o)
2

f(uo) 2L3—f(“-o)
2

(U-o) 2L1 f(uo)

{ 2L1+f(“-0) 2L3—f(“-0)

) ) n

{|f(171)—2L2m+1—f(171)+1|+1 |f(vp)—2Lom43—f(v2)+1]+1
2 2

[387]



A. Ponmoni et al. / Skolem difference Lucas mean labelling for Some Special Graphs

If () = 2Lomion-1 — f(v) + 1] + 1}

2

=u {LZ' L4-' T LZm—Z} U {L1; L3' T LZm—l} U {LZm' L2m+2' e L2m+n—2}

u {L2m+1' L2m+3' L2m+n+1' e L2m+2n—1}
={Ly, Ly, L3, Ly, oo, Ly Lym—1, Loy Lame1s Lam+ 20 o) Laman-2, Laman—1}
fHE) ={Ly, Ly ., Lymin—1}
Thus, the induced edge labels are distinct and are Ly, Ly, ..., Loy in—1-
Hence, the graph F,, @ K7, is Skolem difference Lucas mean graph for m > 2,
n=>1.

Theorem 2.5
The graph Fn(t) is Skolem difference Lucas mean graph for all n > 2.

Proof:

Let G be the graph Fn(t) .

Let V(G) ={u0,uij t1<i<tand1<j<n}

E(G) ={u0uij 1<i<tandl San}U{uijuiUH) t1<i<tand
1<j<n-1}

Then [V(G)| =nt +1and |E(G)| =2nt—t

Let f:V(G) - {1,2, ..., L3p¢—¢+1} be defined as follows

flup) =1

fluy) = 2Ly 1 + f(uy), 1<j<n

f(ui;) = 2Lona-ysa-1--2 + f(W), 2<i<tand 1<j<n

FHE) ={f(uow;):1<i<tand 1 <j<n}U{f(wjwgsp):1<i<tand
1<j<n-1}

_ {f(uoun);f(uouu); o fowin), f (Uozy), f (Uptiy2), ---'f(uouzn)'}

wor fQUoUer), f Uotyr), oov, [ (UgUsy)
U {f (uguy2), f (ugpuy3), ...,f(ul(n_l)uln),f(u21u22),f(u22u23),

---'f(uz(n—1)u2n)' o fUe Uep), f (U Uy3), ""f(ut(n—l)utn)}

_ fuo) = fud)| [fQwo) = f(ws2) f o) = f )| |f (o) = f (uz1)

=1 2 ’ 2 ' 2 ’ 2 ’

‘f(uo) — f(u2) ‘f(uo) — f(uzn) ‘f(uo) — f(uer) ‘f(uo) — f(ue)

> ) e > e > , >
f o) — f () {|f(u11) — f(u3) |f(u12) — f(3)
2 2 ’ 2

fua2) — f(Up3)
2
|f(ut2) — f(us
’ 2

'RIIN] ) seny

fim-n) = f W) | |f(z1) — f(uzz)
2 ’ 2
fm-1) — f(Wan) |f(ut1) — f(u)
NRLLY] 2

2
f(ut(n—l)) = f(un)

) ) seny

)

—
_ f(ug) — 2Ly — f(up)| |f(ug) —2L3 — f(uy) fQug) = 2Lyp_y — f (Uy)
=1 2 ’ 2 T 2 ’
fug) = 2Ly — f(up)| |f (o) — 2Lopsn — f (1) f(ug) = 2Lan—p — f(uo)
2 ’ 2 T 2 ’

‘f(uo) = 2Lone—on—-t+2 — F@Wo)| |f (o) = 2Ly —gn—rsa — f(to)
) > , > ,

f@o) = 2Ly — f (o) 2Ly + f(up) — 2Ly — f(uo)| |2Ls + f(up) — 2Ls — f(up)
DR PNETICS T 2 ] 2
2Lgn_3 + f(Uo) = 2Lon_1 — f(Uo)| |2Lon + f(Uo) — 2Lopip — f (1)
|2L2n+2 + f(uo)z_ 2Lpnia — fUg) 2Lgn_s + fz(uo) = 2Ly — f(y)
, )y > ,

)

2
|2L2nt—2n—t+2 + f(Wo) = 2Lone—an—t+a — f(Uo)
. >

[388]
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2Lgni-an-t+a + f(Uo) = 2Lopion—r46 — [ (o)
2 )
|2L2nt—t—2 + f(Uo) = 2Lone—r — f (o) }
) >
= {Lli LS' e LZn—li LZn' L2n+2' B L4-n—2' e LZnt—Zn—t+2' LZnt—Zn—t+4' e LZnt—t}

U {LZ' L4-' ] LZn—Z' L2n+1' L2n+3' R L4-n—3' H LZnt—Zn—t+3' LZnt—Zn—t+5' H LZnt—t—l}
= {Ll' LZ' L3' L4-' LS' L6' e LZn—l' LZn' L2n+1' L2n+2' L2n+3' e L4-n—3'

. Lyn-2, s Lane-2n-t+5 Lant-2n-t+4r Lant-2n-t+3 Lant—2n—-t+20 -r Lane—t-1 Lane—c}
fHE) ={Ly, Ly ) Lopne—t}
Thus, the induced edge labels are distinct and are L,, L, ..., Lypt—¢-

Hence, the graph Fn(t) is Skolem difference Lucas mean graph for all n > 2.

Theorem 2.6
The graph F;} is Skolem difference Lucas mean graph for all n > 2.

Proof:

Let G be the graph E;f .

Let V(G) ={u,u;q, v, v 1<i<n}.
EG)={uv;:1<i<nju{yv,:1<i<n—-1}Uu{uu, Ju{vv,:1<i<n}
Then |[V(G)| =2n+2 and |E(G)| = 3n.

Let f:V(G) - {1,2, ..., Lgp42} be defined as follows:

fw =1

f) =2Ly 4 +f(w), 1<i<n
f(un) =Ly, +f(u)

fWi) = Lopyi + (W), 1<i<n

fTE)={ (ur):1<i<n}u{f(nv,):1<i<n-13U{f(uy,)}
{f(vivy) :1<i<n}

= {f(uvy), f(uv,), ..., fuv,)} U {f (vyv,), f(Wv3), oo, f (V1 V) } U

{f (0v,), f(yv3), oo, f (W1 v} U {f (i D} U {f 0y 01), f (0, 051), oo, f (0,04)}
f@) —f)| [f) —f@,) f@) = f(,)

2 ’ 2 T 2
f('-ﬁ) f(vz) f(vz) f(v3) f(vn—l) _f(vn) } {‘f(u) f(ull) )
’ 2 n 2
f,) - f(vn) f() = f(v1) fWn) = f(Wn1)
u e T
{ (u) 2L1 f() ‘f(u) —2L; — f(u) f(u) —2Lyn_y — f(W) }
. >
2L, + f(u) 2L3 fw) ‘ZL3 + f(uw) —2Ls — f(w)
’ 2 ' U f) = 2Ly, — f (u)
2L2n s+ fW) — 2Ly, — f(w) t 2 }
2
f(v1) 2L2n+1 fi1) f(vz) 2Lopss — f(U21)
2 2 "
f(vn) 2L3, — f (Vn1)

-
={Ly,Lgs e, Lyn-13 U {Ly Ly o) Lyn 53 U{Lyn} U {Lgns1, Lonszs -0 Lan}
={Ly, Ly, L3, Ly, oo, Lyn—, Lan—1, Lons Lans 1, Lanszs s Lan}
fT(E) ={Ly, Ly, oo, Lan}.
Thus, the induced edge labels are distinct and are Ly, L,, ..., L3,.
Hence, the graph F; is Skolem difference Lucas mean graph for all n > 2.
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