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1. INTRODUCTION 

 
In this paper, we consider a partial matrix is a matrix in which some entries are specified and other are not (all 
entries specified is also allowed). A completion of a partial matrix is a matrix obtained by choosing values for 
the unspecified entries. A pattern for n X n matrix, is a list of position of an n X n matrix, that is a subset of N X 
N, where N = {1, 2, 3,.... n}. The pattern of specified and unspecified entries is sufficient to assure that any 
partial vertex distance path matrix with this pattern can be completed to a SPN- Matrix. For a star bi-directed 
graph, we obtain a formula for the characteristic polynomial for a star graph, q-distance matrix and the 
exponential distance matrix of a tree. They are defined as follows: 
 
Definition 1.1: 

A matrix is an array of elements in a rectangular form which is arranged in rows and columns. The elements of 
an array are also known as entries. It can be manipulated in various ways such as addition, multiplication or 
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Abstract 

In this paper an SPN-Matrix is considered. A Vertex distance path matrix (VDp) representing theStar bi-
directed graph Sn is said to have an SPN-completion if every partial SPN-matrix specifying VDp can be 
completed to anSPN-Matrix. It is shown that the SPN-matrices representing all Star bi-directed graphs Snof 
n vertices and 2(n-1) edges have an SPN-matrix completion. In addition a study on another distance matrix 
related to the q distance matrix andthe exponential distance matrix of a tree thathave an SPN–matrix 
completion is also characterized. 
 
Keywords: Bi-directed Star graph, vertex distance path matrix, distance matrix,SPN-completion. 
 
AMS Mathematics Subject Classification:15A18, 15A57 
 



Bulletin of Pure and Applied Sciences / Vol. 37E (Math & Stat.) No.2 / July- December 2018 

[447] 

 

decomposition, to make them a keyconcept in linear algebra and matrix theory. In a matrix rows and columns 
are termed as m and n which is represented as an m x n matrix. 
 
Definition 1.2: 

A Sub matrix of an n x n matrix A is obtained by deleting some rows and columns of that matrix. For α  a 

subset of {1,2,3,…,n}, a principal sub matrix )(αA of A is obtained from A by deleting all rows and columns 

that are not in α .The determinant of such a principal sub matrix )(αA is called a principal minor of )(αA . 

 

Definition 1.3: 

The matrix completion problem [1] is concerned with determining whether or not a completion of a partial 
matrix that consist of a certain class of matrices. In such matrices, a description of positions is found in which 
choices for the unspecified entries may be made from a set so that the resulting matrix is known as a completion 
of the matrix, and is of the preferred type. 
 

Definition 1.4: 

A graph G = (V, E),where V represents the vertices and E denotes the edges,that is strongly joined, weighted 
and bi-directed is called a bi-directed graph. A bi-directed graph has twice the number of edges that the 
equivalent undirected graph has. Bi-directed graphs [2] are distinctive cases of Eulerian graphs (graphs for 
which the number of incoming edges equals the number of outgoing edges for each vertex). 
 

Definition 1.5: 

A tree (T) on n vertices and n-1 edges. The distance matrix D of a tree is an n×n matrix with Dij = k, if the path 
from the vertex i to the vertex j is of length k; and Dii = 0. 
 

Definition 1.6: 

A Star graph is a simple connected graph without any circuit. Let’s consider a star graph in which each edge is 
replaced by two arcs in whichever direction. In this paper, such star graph are called Star bi-directed graph. 
 
A Star bi-directed graph Sn, is a connected graph on n vertices where one vertex has degree 2(n-1) and the other 
n-1 vertices have degree 2. A star graph is a distinct case of a complete bipartite graph in which one set has one 
vertex and the other set has n-1 vertices. 
Sn=K1,2(n-1) 

Below is the graph S5=K1,8 

 

Definition 1.7: 

The standard distance matrix or the vertex-distance matrix (or the minimum path matrix) of a vertex-labeled 
connected graph G, denoted by VD, is a real symmetric V x Vmatrix whose elements are defined as:  

VDij= ij
l{  if ,ji ≠ 0 otherwise}  

wherel(i,j) is the length of the shortest path, i.e., the minimumnumber of edges, between the vertices i and j in G. 
The length l(ij) is also called the distancebetween the vertices i and j in G, hence the term distance matrix. 
 

Definition 1.8: 

The entries in the vertex-distance-path matrix [3,4], denoted by VDpare based on the elements of the vertex-
distance matrix:  

 [ ]
[ ]










 +
=

2

1
ijD

ijD

V
V

P
if ji = , 0 otherwise.   ---------------------- (1) 

It should be noted that the elements [VDp]ijcount all the internal paths included in the shortest paths between the 
vertices i and j in a graph. 
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Definition 1.9: 

A matrix is aP-matrix [5] if every principal minor is positive. A matrix is an N-matrix if every principal minor is 
negative.  
 
Definition 1.10: 

Ina matrix,if every principal minor of odd orderis positive and every principal minor of even order is negative 
then it is a (semi-) PN-matrix [6,7]. We call a real matrix an SPN-matrix if all the sums of its principal minors of 
odd order are positivein whichS1(A) = 0 always. Here,S1(A) is indicated as trace of A  and all the sums of its 
principal minors of even order are negative. 
 
Definition 1.11: 

The partial SPN-matrices are from the star bi-directed graphs as follows: A specified entry aij will be used to 
signify an arc in the directed graph (digraph), an unspecified entry xij will be used to signify a missing arc in the 
digraph while di will specify the diagonal entries. 
 A Vertex distance path graph [VDp]ij representing the star bi-directed graph Sn has SPN-completion if 

every partial SPN-matrix specifying [VDp] can be completed to a SPN-matrix for Star graph. 

 
Definition 1.12: 

Let 3≥n  and A be an n x n SPN-matrix. The characteristic polynomial of A is given by 

nn

nnn
SSSSP +−+−+−+−= −

−− λλλλλ 1

2

2

1

1 ....)()()()( ,whereSk denotes the sum of the principal 

minors of order k ofA. By definition, we have sign nkS
k

k
,...,2,1,)1( 1

=−=
+

. 

 
Definition 1.13: 

  The well known formula to find the number of different combinations of n distinct objects taken r at a 
time  is 

C(n,r)=
!)!(

!

rrn

n

r

n

−
=








 

 
2. GENERALIZED N X N MATRICES SPECIFYING VERTEX DISTANCE PATH MATRIX FOR 

BI-DIRECTED STAR GRAPH 

 

In this section, we extend certain theorems and results on vertex distance path matrix for star graph obtained by 
n x n matrices.A formula for the determinant is obtained, which generalizes the existing formulae principal 
minors for star graph. We also give a characteristic polynomial of the concerned matrix. 
 

Theorem 2.1: 

Suppose Sn is a star graph [8] with vertex set V(Sn)={v1,v2,…,vn}.Let D = (di,j)n x n be the vertex distance path 
matrix of Sn , where di,jis the distance between the vertices vi and vj. Then the determinant of the matrix is 
det(D) = (-1)n-1 (n-1) 3n-2. 
 
2.1. Analysis of the 3 x 3 matrices which specify the bi-directed star graph with 3 vertices and 4 edges. 
Deliberate the digraph below: p = 3, q = 4. 

 

Let 

















=

333231

232221

131211

dax

ada

xad

A be the partial vertex distance path matrix representing the bidirected star graph 

S3.By the definition of [VDp]ij completion, 
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















=

013

101

310

][ ijDp
VA , considering the principal minors; 

 
 
 
 
 
 
 

By the definition of the completion of [VDp]ij,S1(A) = trace of A = 0, S2(A) = -11, S3(A) = 6.  

Then S1(A) = 0,S2(A) < 0 and S3(A) > 0. The characteristic polynomial of A is P(A) = 

=++−=+−+− 6113
32

2
1

3
xxSSS λλλ 6113 −− xx .Hence A has an SPN-matrix completion. 

 
2.2. Analysis of the 4 x 4 matrices which specifythe bi-directed star graph with 4 vertices and 6 

edges.Consider the digraph below: p = 4, q = 6     

Let 



















=

44434241

34333231

24232221

14131211

dxax

xdax

aada

xxad

B be the partial vertex distance path matrix representing the bidirected star 

graph S4. 

 

By the definition of [VDp]ij completion,



















=

0313

3013

1101

3310

][ ijDp
VB , considering the principal minors; 

 
 
 
 
 
 
 
 
 
 
 
By the definition of  the completion of [VDp]ij,S1(B) = trace of B = 0,S2(B) = -30,S3(B) = 72,S4(B) = -27.Then 

S1(B) = 0,S3(B) > 0 and S2(B),S4(B)  < 0. The characteristic polynomial of A is P(B) = 

277230 24
43

2
2

3
1

4 −−−=+−+− xxxSSSS λλλλ  .Hence B has an SPN-matrix completion. 

 

 

Sub 
matrix 

Determinant 

A(1,2) -1 

A(1,3) -9 

A(2,3) -1 

A(1,2,3) 6 

Sub matrix Determinant Sub matrix Determinant 

B(1,2) -1 B(1,2,3) 6 

B(1,3) -9 B(1,2,4) 6 

B(1,4) -9 B(1,3,4) 54 

B(2,3) -1 B(2,3,4) 6 

B(2,4) -1 B(1,2,3,4) -27 

B(3,4) -9   
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2.3 Analysis of the 5 x 5 matrices which specifythe bi-directed star graph with 5 vertices and 8 edges. 

Consider the digraph below: p = 5, q = 8    

 

Let 

















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



=

5554535251

4544434241

3534333231

2524232221

1514131211

dxaxx

xdaxx

aadaa

xxadx

xxaxd

C be the partial vertex distance path matrix representing the bidirected 

star graph S5.  

 
By the definition of [VDp]ij completion, 























=

03133

30133

11011

33103

33130

][ ijDp
VC , considering the sum of all principal minors; 

S1(C) = 0,S2(C) = -58,S3(C) = 252,S4(C) = -351,S5(C) = 108, 
Then S1(C) = 0,S3(C),S5(C) > 0 and S2(A),S4(C)  < 0. The characteristic polynomial of C is P(C) = 

10835125258 235

54

2

3

3

2

4

1

5 −−−−=+−+−+− xxxxSSSSS λλλλλ .Hence C has an SPN-

matrix completion. 
 

2.4. Analysis of the 6 x 6 matrices which specify the bi-directed star graph with 6 vertices and 10 edges. 

Consider the digraph below: p = 6, q = 10   

 

Let 



















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



=

666564636261

565554535251

464544434241

363534333231

262524232221

161514131211

dxxaxx

xdxaxx

xxdaxx

aaadaa

xxxadx

xxxaxd

D be the partial vertex distance path matrix representing the 

bidirected star graph S6.By the definition of [VDp]ij completion, 
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033133

303133

330133

111011

333103

333130

][ ijDp
VD , considering the sum of all principal minors; 

By the definition of  the completion of [VDp]ij, 

S1(D) = 0,S2(D) = -95,S3(D) = 600,S4(D)=1485,S5(D) = 512,S6(D) = -405 
Then S1(D) = 0,S3(D),S5(D) > 0 and S2(D),S4(D) ,S6(D) < 0. The characteristic polynomial of C is P(D) = 

4051512148560095 2346 −−−−− xxxxx .Hence D has an SPN-matrix completion. 

 

2.5. Analysis of the n x n matrices which specify the bi-directed star graph with n vertices and 2(n-1) 

edges. 

 

Consider the graph below: p = n, q = 2(n-1)     
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be the partial vertex distance path matrix representing the bidirected  

 
star graph Sn.By the definition of [VDp]ij completion, 
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VG , considering the sum of all n x n principal minors; 
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and so  on. 

Hence G has an SPN-matrix completion. 
 
3. q-DISTANCE MATRIX OF A TREE 
 
In this section, we extend the result of Graham and Lovasz [9,10] by considering a new distance matrix which is 
termed as the q-distance matrix,denoted D = (Dij) and defined as follows: 
Let T be a tree on n vertices and let D = (Dij) be its classical distance matrix. For an indeterminate q,we define 

2 11 ... , if

0, if

k

ij

ij

q q q D k
D

i j

− + + + + = 
=  

=  
 

 

Analysis of the 6 x 6 matrices using the exponential distance matrix of a tree: 

Consider the graph below with 6 vertices and 5 edges. 

 

Let
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qq
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E be the distance matrix 

representing the q-distance matrix of T. 
S1(F) = 0 

S2(F) = -q4+f1(t) where degf1(t) ≤  3 

S3(F) = 8q5+f2(t) where degf2(t) ≤  4 

S4(F) = -4q6+f3(t) where degf3(t) ≤  5 

S5(F) = 6q5+f4(t) where degf4(t) ≤  4 

S6(F) = -5q4+f5(t) where degf5(t) ≤  3 
ThenS3(F),S5(F)> 0 and S2(F),S4(F) ,S6(F) < 0 and S1(F) = 0.Hence E has an SPN-matrix completion. 
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4. THE EXPONENTIAL DISTANCE MATRIX OF A TREE 

 
We extend another result of Graham and Lovasz [10] in this section by using a new distance matrix which is 
termed as the exponential distance matrix, denoted D = (Dij) and is defined as follows: 
 Let T be a tree on n vertices and letD = (Dij) be its distance matrix. We now consider an n x n matrix F 
= (Fij), called the exponential distance matrix, with 

 Fij= {0, if  i = j; ijD
q if i ≠  j}. 

 

Analysis of the 7 x 7 matrices using the exponential distance matrix of a tree: 
 

Consider the graph belowwith 7vertices and 6 edges. 

 

Let
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F be the distance matrix representing the exponential distance  

 
matrix of T. 
 
S1(F) = 0 

S2(F) = -6q6+f1(t) where degf1(t) ≤  4 

S3(F) = 18q8+f2(t) where degf2(t) ≤  6 

S4(F) = -10q10+f3(t) where degf3(t) ≤  8 

S5(F) = 6q12+f4(t) where degf4(t) ≤  10 

S6(F) = -5q12+f5(t) where degf5(t) ≤  10 

S7(F) = q12+f6(t) where degf6(t) ≤  10 
 
ThenS3(F),S5(F),S7(F)> 0 with S1(F) = 0 and S2(F),S4(F) ,S6(F) < 0. 
Hence F has an SPN-matrix completion.  
 

5. CONCLUSION 
 
This work presents the result of star bidirected graph by means of vertex distance path matrix. Here a condition 
for Sn to have an SPN-completion is obtained. In the case of q-distance matrix and the exponential distance 
matrix of a tree it is necessary to ensure that T must also have an SPN-completion. Furthermore, this work can 
be extended to other different classes of matrices. 
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