
Original Article Bulletin of Pure and Applied Sciences. 
Vol. 37E (Math & Stat.), No.2, 2018.P.482-486 

Print version ISSN 0970 6577 
 Online version ISSN 2320 3226 

DOI: 10.5958/2320-3226.2018.00051.6 
 

 

 

ON INTEGRAL SOLUTIONS OF TERNARY QUADRATIC 

DIOPHANTINE EQUATION 222
16 zyx =+  

 
A. Hari Ganesh

1,*
, K. Prabhakaran

2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

1. INTRODUCTION  

 

Since ancient times mathematicians have tried to solve equation over the integers. Pythagoras, for instance, 

described all integers as side lengths of rectangular triangles. After Diophantus from Alexandria such equations 

are called Diophantine equations. He made a study of such equations and was one of the first mathematicians to 

introduce symbolism into algebra. Since that time, many mathematicians worked on this topic, such as Fermat, 

Euler, Kummer, Siegel, and Willes.   In mathematics, a Diophantine equation is a polynomial equation, usually 
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In this paper, we analyze the ternary quadratic homogeneous Diophantine equation 
222 16 zyx =+ for 

finding its non – zero integer solutions. The proposed equation represents a homogeneous cone and its 

distinct integer solutions represent a distinct integer point on it. We obtain four different patterns of integer 

points on the cone. A few interesting properties of different patterns of solutions are presented with the help 

of special numbers such as  Polygonal number, Pyramidal number, Octahedral number, Pronic number, 

Stella Octangular number and Oblong number. Finally, the three triples of integers generated from the 

given solution are exhibited which satisfy the equation of the given cone.  
 

Keywords: ternary quadratic equation, Diophantine equation, integral solution. 

 

Notations Used: 

���  - Pronic number of rank n 

����  - Oblong number of rank n 

���  - Stella Octangular number of rank n 

t�,�  - Polygonal number of rank n with size m 

	
��  - Tetrahedral number of rank n 

���  -  Pentagonal Pyramidal number of rank n 
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in two or more unknowns, such that only the integer solutions are studied. The mathematical study of 

Diophantine problems that Diophantus initiated is now called Diophantine analysis.  

 

In recent years, many authors have involved themselves in finding such type of integer solutions of diophatine 

equations of order two with three unknowns. M.A. Gophalan et al. [5-8] have proposed some generalized forms 

of ternary quadratic Diophantine equations for finding its integral solutions, such equation are 
222 zDxy += , 

222 )( zbacbyax +=+ , 
222

czbyax =+  [6, 7, 8].  Subsequently they have proposed many ternary 

quadratic Diophantine equations which are particular in nature, among them some equations are mentioned as 

follows: 
22243 zyx =+ , 

222 12853 zyx =+ , 
222 2834 zyx =+ , 

22247 zyx =+ , 

222 13527 zyx =+  [1, 5, 14, 16, 17]. Furthermore, Manju Somanath et al. [13] proposed a generalized form 

of special type of homogeneous ternary quadratic Diophantine equation 
2222 )1()12( zkykx +=++  to find 

their solutions which are integral in nature. In this manner, recently P. Jayakumar and others [9, 10, 11, 12] have 

studied some particular type of ternary quadratic equations for their integral solutions which are 
222 2016 zyx =+ , 

222 1415 zyx =+ , 
222 167 zyx =+ , 

222 509 zyx =+ . Moreover, Anbuselvi et al. 

[2, 3, 4] also proposed some particular type of quadratic Diophantine equation with three unknowns, viz.,  
22215 zyx =+ ,  

22240 zyx =+ , 
22245 zyx =+ . 

 

2. METHOD OF ANALYSIS  

 

The ternary quadratic equation under consideration is  

                                             
222 16 zyx =+                                                                              (1) 

Different patterns of solutions of (1) are illustrated below. 

Pattern I 

Consider (1) as  

                                             116 222
×=+ zyx                                                                                  (2) 

Assume   

                                                     
22 16baz +=                                                                                 (3)                 

Write (1) as 

                               
22

22

)488(

)]12(4)88)][(12(4)88[(
1

++

+−++++
=

nn

ninnninn
                                     (4)    

Substituting (3) and (4) in (2) and employing the method of factorization, define 

)488(

)4)](12(4)88[(
4

2

22

++

++++
=+

nn

bianinn
yix  

 

Equating the real and imaginary parts in the above equation, we get 

)488(

)12(32)16)(88(
2

222

++

+−−+
=

nn

nabbann
x  

)488(

)12)(16()88(2
2

222

++

+−++
=

nn

nbannab
y  

Replacing a   by A)488( 2
++ nn , b  by B)488( 2

++ nn  in the above equation corresponding integer 

solution of (1) are given by 

)]12(32)16)(88)[(488( 2222
+−−+++= nABBAnnnnx  

)]12)(16()88(2)[488( 2222
+−++++= nBAnnABnny  

)16()488( 2222 BAnnz +++=  

For simplicity and clear understanding, taking 1=n in the above equations, then the corresponding  integer 

solutions of (1) are given by  
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1920AB5120B320A 22
−−=x  

0AB64960B60A 22
+−=y  

22 6400B400A +=z  

 

Properties  

1. 0Pr16000)1AA,( 16)1AA,( 3 A =++−+ yx  

2. 3200)  (mod    0o 9600 3200)1-A,2A( 4)1-A,2A( 5 AA

22
≡+−+ SOblzx  

3. 2560)  (mod    0Pr 9279)A,1( 2 ,323A ≡++ Atx  

4. 321)  (mod    60 640)B1,( ,1282,3 ≡++ BB tty  

5. 86)  (mod    0 t160o 4800)),3(()),3((12)),3(( B202,B ≡+++++−+ SBBBzBBByBBBx  

6. 662)  (mod    0o 64000 1520)3-A,5A(19)3-A,5A( 20)3-A,5A( 20 AA22,

222
≡+−++ Stzyx  

 

Pattern II 

 

It is worth to note that the numerical 1  in (2) may also be represented as 

  

22

22

)4(

]4)4][(4)4[(
1

n

ninnin

+

−−+−
=  

Following the analysis presented above, the corresponding integer solution to (1) are then found to be  

 

]32)16)(4)[(4( 2222
ABnBAnnx −−−+=  

)]4(2)16)[(4( 2222 nABnBAny −+−+=  

)16()4( 2222
BAnz ++=  

For simplicity and clear understanding, taking 1=n in the above equations, the corresponding integer solutions 

of (1) are given by 
 

ABBAx 16024015 22
−−=  

ABBAy 30805 22
+−=  

22 40025 BAz +=  

 

Properties  

 

1. 2 2 2(9 -5, ) 2 (9 -5, ) (9 -5, ) 5400 1900 0     (mod 400)B Bx B B y B B z B B Tet Obl+ − + − =  

2. 400)  (mod    0r 50o 1502)A,3A()2A,3A(2)2A,3A( AA

222
≡−++++++ PSzyx  

3. 265)  (mod    053636)B,)2)(3((3)B,)2)(3(( ,10B ≡−+−−−−− BtTetBByBBx  

4. 173)  (mod    45804)B3,( ≡+−+ BBB OblSoPPy  

 
Pattern III 

 

Write (1) as 

))(()4)(4( xzxzyy −+=  

Which is written in the form of ratio as  

0      ,
)4(

)(

)(

)4(
≠=

−
=

+
B

B

A

y

xz

xz

y
 

 This is equivalent to the following two equations 
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04 =+− AzByAx  

04 =−+ BzAyBx  

 Applying the method of cross multiplication, we get 









+−==

−==

−==

)(4),(

2),(

)(4),(

22

22

BABAzz

ABBAyy

BABAxx

                                                                                                          (5) 

Thus, (5) represents non-zero distinct integral solutions of (1) in two parameters. 

 

Properties  

1. )15(mod       04)A,()A,( ,26

22
=+−− AA ObltBzBx  

2. 17)  (mod    0 12)),1)(3(( )),1)(3(()),1)(3(( B ≡++−++−++−+ OblSoBBBzBBByBBBx B
 

3. 8)  (mod    0bl 8)A,5(),5( ≡++ BOzAx  

4. 11)  (mod    01612)BB,()BB,()BB,( B ≡+−+++ OblTetSozyx BB  

 

Pattern IV 

 

The general solution of the given equation is  

22

22

16),(

2),(

16),(

srsrzz

rssryy

srsrxx

+==

==

−==

 

 

Properties  

1. 
225)3,( rrrz =     Perfect Square 

2. 
24),2( sssy =  Perfect Square 

3. )55(mod    0Pr12)2,()2,( ,90 =−++ rr trzrx  

4. ( ,3) ( ,3) ( ,3) 32 0    (mod 26)rx r y r z r Obl+ + − =  

5. 14,( ,5) ( ,5) ( ,5) 38 0    (mod33)r rx r y r z r Obl t+ + − + =  

6. )2(mod    0Pr24)),3(()),3(()),3(( =−−+−+++ ssPPssszsssysssx  

 

Generation of integer solutions 

 

Let ( )000 ,, zyx be any given integer solution of (1). Then, each of the following triples of integers satisfies (1): 

 

Triple 1: ( )111 ,, zyx  

 

( ) ( )( )001
2

1
zbaxbax

nnnn
−++=  

01 yqy n
=  

( ) ( )( )001
2

1
zbaxbaz

nnnn
++−=           where   abq =

2
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