Notions of Projective Bounded Sets in Sequence Spaces
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1. INTRODUCTION
The notion of projective bounded sets is quite old and can be s found in Cooke [3].
2. DEFINITIONS AND PRELIMINARIES
*
If (I) < B < o, and if the set of projections of sequences in a set X in OL on every fixed direction in
& r.r
[3 is bounded, i.e. if | > U XKk | < S(U) for every x in X and a fixed u in 3, we say that X is
k=1

*
projective bounded (p-bd) relative to [3, or O[3 -bd. When 3 = oL , we say that X is  p-bd in O
or O -bd.
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Clearly every OLB -cgt sequence is OLB -bd. The projection of x on e(k) is XII; , and so, if X is OLB

r
-bd, then ‘Xk‘ < S for every k and for every x in X. (since [3 > (I) it contains e(k).)

())° (n)\®
Definition: We denote by | X the sequence represented by Xk where s > 0. Also if

the sequences X(l), X(z), ... arein O ,we denote the smallest space containing the sequences

(X(l))S ’(X(Z))S ’_..,_%1bi (x(i))s’ E:lbix(i) S etc. and similar combinations as
i= i=

OLS where n is a positive integer. By OLS we denote the smallest sequence space which contains
%
1

n S [s N .
sequences such as X(l),X(Z),..., Z bi (X(I)) ) Z biX(I) and such other sequences
i=1 i=1
which go in making a space.
1

. S b (xO) | .
It is clear that the sequence Z bI X does not necessarily belong to O .
i=1

Hence OLS > o
%

There are some spaces where o coincide with OL,(S>O) eg ©,0, SO’

O ,C ,01,02,01,02 . Itis also clear that in all such spaces except C, Otsy =Q.
5

r
Lemma: If X(n) in o is af-bd and Z‘bk‘ converges, then y  defined by
1
r

YRE 3 (X;p)r s ol oy

k=1

o0
r (S
Given € > 0 , We can choose p so that Z ‘bi ‘ < —; Then if m > n > p, we have
i=p+1
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[ S 0] S 0]

k=1
m Na
OZO: ulr(|: > bir (Xi((l)) = Z br Z Uk ( I)) changing the order of
k=1 i=n+1 | i=n+1 k=1
double series )
m S\ .\
< 3 b{[:% uﬁ(xﬂu m‘ ‘ (0)‘
i=n+1 k=1 i=n+1

<R % bif <R.= =¢
i=n+1 R

Hence as given in [5]yn is (xryﬁ -cgt.
r

So The Lemma has been proved.
r
Now

x M)

< Sk foreveryn;

;
bnxs)

converges for every k.
n=1

|mumym)=y,
0 r
Then Y :{ > (anl((n)) }
n

and we then write

Eer

For example, suppose that Xk ( 1)k+1 for 1 <Kk <n and Xl(< ) = =0 fork>n.

Then X(n) isin ¢ Itisalso ¢C -bd.
1

k(k+1)]"

r
Take bk = , Clearly Z‘bk‘ is convergent.

By the lemma, % ;_X(S) :y(n)
$1@@+m%

|s(|) C cgtie ¢C -cgt.
"
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e

n 1
Also yg‘) = > —}/ .Xi(<s)
s=1|(s(s+1))r
r e P
k-1 1

NO) 0 1

|y T S
s=1|(s(s +1))% : s=k | (s(s +1))%

According to the supposition,

Xl((s) =(—1)k+1forlSk <sies>k>1 Xl(<s) =0fork >sies <k.
When s varies from 1 to k-1, s < k and Xi((s) =0

When s varies fromkton, S > K and Xi((s) = (—1)k +l.

G
v = (—1)'”1[ T }

s—k S(S+1)
ap] § (1A

— (_1)k+1 - _

] =ares( 1)

n+1

[y(n )}r _ (—1) (k+1)

hence Y = Lim K K

n—oo
In this case, ). ‘yk ‘ = Y —— which converges.
k=1 k=1k"

*
Hence c-limit is in C = Oy , and so satisfies the condition (i) necessary for (I)C -limit, It also

satisfies condition (ii) for (I)C -Lt, as can be easily verified.
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