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1.  INTRODUCTION 
 
In our day to day life queueing situations often arise in which service is rendered in bulk. Many 
researchers have put their efforts in this area by considering various aspects, like, Madan,K.C.et.al.
(2003) have studied the steady state analysis  of /1/ ,][ baX MM  queueing model with random 
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Abstract 
 
In this paper, we consider a single server queuing system with two types of batch arrivals and services 
under non preemptive priority rule. Arrivals follow a compound Poisson process. The server provides 
single service to the high priority customers and the general bulk service rule for the low priority 
customers on a FCFS discipline. The server starts service to the low priority customers only if the high 
priority queue is empty and the number of customers in the low priority queue is greater than or equal 
to a' . If there are no customer in the high priority queue and the number of customers in the the low 
priority queue are less than a'  then the server becomes idle. The service time for each service 
follows a general(arbitrary) distribution. Using the supplementary variable technique, the time 

dependent probability generating functions of the distributions nmnm qP ,, ,  and 
nmnm qP ,, ,  under 

equilibrium, have been derived in terms of their Laplace transforms and the corresponding steady 
state results are also derived. The average number of customers in the queues and the average waiting 
time are derived. Numerical case has been worked out on the assumption that the service time follows 
a specified exponential and Erlang-2 distributions. 
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breakdown, Holman,D.F. et.al. (1981) have studied some results for the  general bulk service queueing 
system, Medhi,J. (1994) have studied batch arrival and bulk service, Neuts,M.F. (1967) have 
studied a general class of bulk queues with Poisson input, Chaudhry, M.L.et. al. (1981) have studied 
the queueing system /1/ BGM  and its ramifications. Some of them have discussed the single and batch 
arrival with priority services, for example, Jain, M.et.al (2008)  have studied a bulk arrival retrial 
queue with unreliable server and priority subscribers, Chesoong Kim.et. al. (2016)  have studied 
priority tandem queueing system with retrial and reservation of channels as a model of call center, 
Atencia, I. et.al. (2005)  have studied a single-server retrial queue with general retrial times and 
Bernoulli schedule. Further, Ayyappan, G.et.al. (2009)  have studied the single server retrial queueing 
system with non-pre-emptive priority service and single vacation-exhaustive service type. Deepak, 
C.et.al. (2014)  have studied a delay analysis of a discrete-time non-preemptive priority queue with 
priority jumps, Jinbiao Wu.et.al. (2013)  have studied a single-server retrial G-queue with priority and 
unreliable server under Bernoulli vacation schedule. Madan,K.C. (2011)  have studied a 
non-preemptive priority queueing system with a single server serving two queues  /1/GM   and  

/1/DM   with optional server vacations based on exhaustive service of the priority units, Rajadurai,P. 

et.al. (2014) have studied an analysis of an )/1,/( 21
][ GGM X

 retrial queueing system with balking, 
optional re-service under modified vacation policy and service interruption. Gautam Choudhury.et.al.
(2012) have studied a batch arrival retrial queue with general retrial times under Bernoulli vacation 
schedule for unreliable server and delaying repair. 
 
Now, we consider a single server queuing system with two types of batch arrivals and services under non 
preemptive priority rule. Arrivals follow a compound Poisson process. The server provides single service 
to the high priority customers and general bulk service rule to the low priority customers on a FCFS 
discipline. The service rule for low priority customers is as follows: The server starts service only when a 
minimum number of customers a'  is present in the queue and the maximum service capacity is b' . If 
the number of customers in the queue is less than a'  the server becomes idle if more than b'  
customers waiting in the queue the server serves first b'  customers in the queue and the remaining 
customers wait in the queue. The service time follows a general(arbitrary) distribution. Using the 
supplementary variable technique, the time dependent probability generating functions of the 

distributions nmnm qP ,, ,  and 
nmnm qP ,, ,  under equilibrium, have been derived in terms of their Laplace 

transforms and the corresponding steady state results are also derived. The average number of customers 
in the queues and the average waiting time are derived. Numerical case has been worked out on the 
assumption that the service time follows a specified exponential and Erlang-2 distributions. 
 
The rest of the paper is organized as follows: Mathematical description of our model isdetailed  in 
section (2). The definitions and the equations governing of our model and the time dependent solution are 
obtained in sections (3) and (4). The corresponding steady state results have been derived explicitly in 
section (5).Relation to the imbedded Morkov chain is given in section (6). The calculation of basic 


kk qP 0,0, ,  and kQ0,  probabilities is given in section (7). Average queue size and the average waiting 

time are computed in sections (8) and (9). Some particular cases have been discussed in section (10).  
The numerical results are discussed  in section (11) and the references to the paper are stated in section 
(12). 
 
2  MATHEMATICAL DESCRIPTION OF OUR MODEL 
 
We assume the following to describe the queueing model of our study. 
 
1.  High priority and low-priority units arrive at the system in batches of variable sizes in a compound 

Poisson process and they are provided one by one on a FCFS basis. Let dtci 1  and 

1,2,3,...)=(  2 idtci  be the first order probability that a batch of i customers arrive at the system 

during a short interval of time ),( dttt  , where 1= 1,0
1= iii cc  , and 0> 0,> 21   are the 
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average arrival rates for high-priority and low-priority customers and high-priority and low-priority 
customers forms seperate queues, if the server is busy. The server must serve all the high-priority units 
present in the system before taking up low-priority unit for service. In other words, there is no 
high-priority unit present in the system at the time of starting the bulk service of a low-priority unit. 
Further, we assume that the server follows a non-preemptive priority rule, which means that if one or 
more high-priority units arrive during the service time of a low-priority unit, the current service of a 
low-priority unit is not stopped and a high-priority unit will be taken up for service only after the current 
service of a low-priority unit is completed.  
 
2. Each customer under high-priority and low-priority service provided by a single server. The service 
time for both high-priority and low-priority units follows general(arbitrary) distribution with distribution 
functions )(vB  and the density functions ).( vb  
3. Let dxx)(  be the conditional probability of completion of the high-priority and low-priority unit 
service during the interval ],( dxxx  , given that the elapsed service time is x, so that  

)(1
)(=)(
xB

xbx


  

and therefore,  

.)(=)(
)(

0
dxx

s

evvb


   

=,


nmP Prob {The number of customers in the high priority queue is m and low priority queue is n just 
after a depature epoch} 

=,


nmq  Prob {The number of customers in the high priority queue is m and low priority queue is n just 
after a depature epoch} 

=,nmP Prob {The number of customers in the high priority queue is m and low priority queue is n just 
after a random epoch} 

=,nmq Prob {The number of customers in the high priority queue is m and low priority queue is n just 
after a random epoch} 
where 0,1,2,..=, nm . 

4. Let )(tM q  and )(tNq  be the high-priority and low-priority queue size(defined here to denote the 
number of customers waiting for service, not including those in service respectively) and )(tX  be the 
elapsed service time of the customers undergoing service at time t. The supplementary variable )(tX  

is introduced in order to obtain a bivariate Markov Process ))(),(),(( tXtNtM qq . Let we define the 
joint probabilities:  

,<0,}idleisservertheand =)({ Prob=)(0, anntNtQ qn   
Pm,n=Prob {Mq(t)=m, Nq(t)=n and the server is busy with high priority customers}, x,t>0, m,n≥0, 
qm,n= Prob {Mq(t)=m, Nq(t)=n and the server is busy with low-priority customers}, x,t>0, m,n≥0, 
 
5. Various stochastic process involved in the system are assumed to be independent of each other. 
 
 
3  DEFINITIONS AND NOTATIONS  
 

1.  =),(, txP nm  Probability that at time t , the server is active providing service and there are 

0)( mm  priority units and 0)( nn non-priority units in the queue excluding the one priority unit 

in service with elapsed service time for this customer isx. Accordingly, dxtxPtP nmnm ),(=)( ,0, 


 

denotes the probability that at time t  there are 0)( mm priority units and  0)( nn   
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non-priority units in the queue excluding one priority unit in service without regard to the elapsed service 
time xof a priority unit.  
 

2.  =),(, txq nm  Probability that at time t, the server is active providing service and there are 

0)( mm   priority units and  0)( nn non-priority units in the queue excluding one batch of 
low-priority customers being served and the elapsed service time for this batch of customers is x. 

Accordingly, dxtxqtq nmnm ),(=)( ,0, 


 denotes the probability that at time t there are 0)( mm   

priority units and  0)( nn   non-priority units in the queue excluding one batch of low-priority unit 
in service without regard to the elapsed service time xof a low-priority unit.  
 

3.  =)(0, tQ n  Probability that at time t, there are 1)( a  customers in the system and the server is 
idle but available in the system. 
 
 
4.  EQUATIONS GOVERNING THE SYSTEM 
 
The system is then governed by the following set of differential-difference equations:  

,)(),()(),()()(=)( 0,000,000,0110,0 dxxtxqdxxtxPtQtQ
dt
d

 


               (1) 

 

dxxtxPtQCtQtQ
dt
d

nknk

n

k
nn )(),()()()(=)( 0,00,2

1=
0,110,  



   

1.1,2,...,=  ,)(),(0,0



andxxtxq n                                                   (2) 

 

),(),())((=),(),( ,1
1=

,21,, txPCtxPxtxP
t

txP
x nimi

n

i
nmnmnm 






   

 1,  ),,(,2
1=

  nmtxPC inmi

n

i
                                         (3) 

 

),,(),())((=),(),( ,01
1=

,021,0,0 txPCtxPxtxP
t

txP
x imi

n

i
mmm 






  1  m  (4) 

 

),,(),())((=),(),( 0,2
1=

0,210,0, txPCtxPxtxP
t

txP
x ini

n

i
nnn 






  1  n    (5) 

 

),,())((=),(),( 0,0210,00,0 txPxtxP
t

txP
x

 





                                      (6) 

 

),(),())((=),(),( ,1
1=

,21,, txqCtxqxtxq
t

txq
x nimi

n

i
nmnmnm 








  

 1,  ),,(,2
1=

  nmtxqC inmi

n

i
                                             (7) 
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),,(),())((=),(),( ,01
1=

,021,0,0 txqCtxqxtxq
t

txq
x imi

n

i
mmm 








 1  m  (8) 

 

1),,(),())((=),(),( 0,2
1=

0,210,0, 







 ntxqCtxqxtxq
t

txq
x ini

n

i
nnn   (9) 

 

).,())((=),(),( 0,0210,00,0 txqxtxq
t

txq
x

 







 (10) 

 
Equations (10)(1)   are to be solved subject to the following boundary conditions:  

  ,)(),()(),()(=)(0, 1,001,00110,0 dxxtxqdxxtxPtQCtP  


  (11) 

 

,)(),()(),()(=)(0, 1,001,0011,0 dxxtxqdxxtxPtQCtP mmmm  







   1 m  (12) 

 

1  ,)(),()(),(=)(0, 1,01,00, 


ndxxtxqdxxtxPtP nnn   (13) 

 

1,  ,)(),()(),(=)(0, 1,01,0,  







 nmdxxtxqdxxtxPtP nmnmnm   (14) 

 

,)(),()(),()(=)(0, 0,00,00,2

1

0==
0,0 dxxtxqdxxtxPtQCtq nnkkm

a

k

b

am
 







 bna   (15) 

 

 ,)(),()(),()(=)(0, 0,00,00,2

1

0=
0, dxxtxqdxxtxPtQCtq bnbnkknb

a

k
n  











  1.n  (16) 

We assume that initially there are no sufficient customers in the system, that is the server  is idle. So that 
the initial conditions are  

0,1,2,...=,  for 0=(0)0,=(0) 1,=(0) ,,0,0 nmqPQ nmnm  (17) 
 
 
5.  PROBABILITY GENERATING FUNCTIONS OF THE QUEUE LENGTH: THE TIME 
DEPENDENT SOLUTION 
 
In this section we obtain the transient solution for the above set of differential-difference equations. 
 
THEOREM: 

The system of differential difference equations to describe an /1,/, ),(
1

]2[]1[ baXX GGMM  queueing 
system with priority servics are given by equations (16)(1)   with the initial conditions (17)  gives 
the probability generating functions of the transient solution. 
 
PROOF: 
 The probability generating functions are  

 ),(=),,,(),(=),,,( ,21
0=0=

21,21
0=0=

21 txqzztzzxqtxPzztzzxP nm
nm

nm
nm

nm

nm



 



Bulletin of Pure and Applied Sciences / Vol. 36E (Math & Stat.) No.2 / July-December 2017 
 

 
117 

 n
n

n
n

n

n
CzzCCzzC 2

1=
21

1=
1 =)(  and  =)( 



 (18) 

We also define the ),( 21 zzWq  to be the probability generating function of the number of customers in 
the queue, regardless of whether the server is busy or not. Then,  

n
n

a

n
q QzzzqzzPzzW 0,2

1

0=
212121 ),(),(=),( 



  (19) 

which are convergent inside the circle is given by 1||1,|| 21  zz  and define the Laplace transform of 
a functions  

 0>)(   ,)(=)(
0

sdttfesf st 

  

 Now taking the Laplace transform of equations (16)(1)   and using (17)  we get  

 ,)(),()(),(=1)()( 0,00
0,0

00,021 dxxtxqdxxtxPsQs  


  (20) 

 dxxsxPsQCsQs nknk

n

k
n )(),()(=)()( 0,

00,2
1=

0,21  


   

 1.1,2,...,=  ,)(),(0,0
 


andxxsxq n   (21) 

),(=),())((),( ,1
1=

,21, sxPCsxPxssxP
x

nimi

m

i
nmnm 




  

 1,  ),,(,2
1=

  nmsxPC inmi

n

i
  (22) 

1  ),,(=),())((),( ,01
1=

,021,0 



 msxPCsxPxssxP
x imi

m

i
mm   (23) 

1  ),,(=),())((),( 0,2
1=

0,210, 



 nsxPCsxPxssxP
x

ini

n

i
nn   (24) 

0,=),())((),( 0,0210,0 sxPxssxP
x

 

                                            (25) 

),(=),())((),( ,1
1=

,21, sxqCsxqxssxq
x nimi

m

i
nmnm 




  

 1,  ),,(,2
1=

  nmsxqC inmi

n

i
  (26) 

 

1  ),,(=),())((),( ,01
1=

,021,0 



 msxqCsxqxssxq
x imi

m

i
mm   (27) 

 

1  ),,(=),())((),( 0,2
1=

0,210, 



 nsxqCsxqxssxq
x ini

n

i
nn   (28) 

 

0,=),())((),( 0,0210,0 sxqxssxq
x

 



 (29) 
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  ,)(),()(),()(=)(0, 1,00
1,0

0110,0 dxxsxqdxxsxPsQCsP  


  (30) 

 

,)(),()(),()(=)(0, 1,00
1,0

011,0 dxxsxqdxxsxPsQCsP mmmm  






   1  m  (31) 

 

1  ,)(),()(),(=)(0, 1,0
1,

0
0, 


ndxxsxqdxxsxPsP nnn   (32) 

 

1,  ,)(),()(),(=)(0, 1,0
1,

0
,  






 nmdxxsxqdxxsxPsP nmnmnm   (33) 

 

,)(),()(),()(=)(0, 0,0
0,

00,2

1

0==
0,0 dxxsxqdxxsxPsQCsq nnkkm

a

k

b

am
 









bna             (34) 
 

 ,)(),()(),()(=)(0, 0,0
0,

00,2

1

0=
0, dxxsxqdxxsxPsQCsq bnbnkknb

a

k
n  










 

1. n                                                                                (35) 

Now multiply equation (21)  by 
nz2  summing over n from 0 to 1)( a  and then add to equation 

(20) , we get  

)(=1)()( 0,2
1=

2

1

1=
0,212

1

0=
sQCzsQsz knk

n

k

n
a

n
n

n
a

n




    

1.1,2,...,=  ,)(),()(),( 0,2

1

0=
0

0,2

1

0=
0

 


andxxsxqzdxxsxPz n
n

a

n
n

n
a

n
  (36) 

Next, we multiply equations (26)(23),(22),  and (27)  by 
mz1  summing over m from1 to  , and 

add the resulting equations to the equations (28)(25),(24),  and (29) , we get  

),,()(=),,())((),,( 1111211 szxPzCszxPxsszxP
x

nnn  

  

 1  ),,,( 12
1=

  szxpC ini

n

i
  (37) 

 

),,()(=),,())((),,( 1011102110 szxPzCszxPxsszxP
x

 

  (38) 

 

),,()(=),,())((),,( 1111211 szxqzCszxqxsszxq
x nnn  



 

 1  ),,,( 12
1=

  szxqC ini

n

i
  (39) 

 

).,,()(=),,())((),,( 1011102110 szxqzCszxqxsszxq
x

 

  (40) 

Next, we multiply equations (37)  and (39)  by 
nz2  summing over n from 1 to  , and add the 

resulting equations to the equations (38)  and (40) , we get  
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0=),,,())()]([1)]([1(),,,( 21221121 szzxPxzCzCsszzxP
x

 



 (41) 

0.=),,,())()]([1)]([1(),,,( 21221121 szzxqxzCzCsszzxq
x
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 Integrating equations (41)  and (42)  between 0 to x, we get  
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Again integrating equation (43)  and (44)  by parts with respect to x, yields  
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now multiply equations (43)  and (44)  by )( x  and then integrate with respect to x, we get  
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 At 0=1z , equations (47)  and (48)  gives,  
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However by its definition, ),(0,=),,(0, 2021 szqszzq  the equation (48)  becomes  
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Next, we multiply the boundary conditions (31)  and (33)  by 
mz1  summing over m from 1 to   

and then add the resulting equations to (30)1 z  and (32)1 z  
 
we get, 
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now multiply equation (53)  by 
nz2  summing over m from 1 to   and then add the resulting 

equation to (52) , we get.  
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now multiply equation (35) by 
nz2  summing over m from 1 to   and then add the resulting equation 

(34), we get 
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using equations (20)  and (21)  into equation (55) , we get  
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Now substitute equations (51)(50),(47),  into (54)  and (56) , we get 
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 by using Rouche’s theorem, let )(= 21 zgz  into equation (57) , we get  
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 Now substitute equation (59)  into equation (58) , we get  
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Next, we substitute equation (59)  and (60)  into equation (57) , we get  
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Again, we substitute equations (61)  and (60)  into equations (45)  and (46)  thus we get the 

complete solution for the following states, ),,( 21 szzP  and ),,( 21 szzq  are  
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6.  STEADY STATE RESULTS 
 
In this section, we derive the steady state probability distribution for our queueing model.  
By applying the well-known Tauberian property,  
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0
tfsfs
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to the equations (62)  and (63) . In order to determine  Q  we use the normalizing condition  
            1.=(1,1)(1,1) qPQ   (64) 
The steady state probability generating function for the no.of customers in the queue when the server is 
busy with high priority and low priority customers are  
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 The steady state equations corresponding to equations (20)  and (21)  becomes,  
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Further discussion of this will be taken up in a later section. It is of considerable interest to note that the 
equations (65)  and (66)  expression has no dependence on a , the quorum. It agrees exactly with the 
similar expression found by Chaudhry and Templeton (1981)  for the system /1./ BGM  
 
7.  RELATION TO THE IMBEDED MORKOV CHAIN 
 

Next we wish to relate the probability generating function in equations (65)  and (66)  to )(zP
 and 

)(zq , are the probability generating function of the number in the system immediately after departure 
epochs of high and low priority customers or equivalently just before commencement of service epochs: 

i
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i
ii

zqzqzPzP   0=0=
=)(,=)( , where 


iP  and 


iq  are probabilities that the number is i , 


nP  and 


nq  are related to )(),( xqxP nn  are as follows. This procedure is new and has been used for 

the first time by Chaudhry and Templeton (1981)  for analyzing bulk service queues. For 
computational results, this allows us to use the steady-states imbedded Markov chain probabilities, 

which can be calculated as shown below. We note from Chaudhry and Templeton (1981)  that )(zP
 

and )(zq  are related to P(z) and q(z) as follows:  
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where d is a normalizing constant. Then equation (71)  and (72) is based on the definitions of                         
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The probability generating function )(zP
 and )(zq  can be seen to be  
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It needs to be pointed out here that equation (77)  and (78)  may be compared with equation (67)  

and (68)  of Neuts with (.)=(.) HHi  , Bi 0,1,2,...,=  . Next we can evaluate the constant ’d’ by 

applying the normalizing condition, 1=(1)(1)  qP  , to equation (75)  and (76) . We get  
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0(0,1))(0,1,1)( qP  from equations (64)  and (65) , by applying the 
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normalizing condition to this equation, recalling from (19)  
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this is the total probability that the server is busy.Finally, we get  

                                 (1,1)=(0,1,1) PP  (81) 
 and  

                                
(1,1)=(0,1)0 qq  (82) 

a result which is intuitively appealing and may be obtained by the conservation principle. This gives  
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8.   CALCULATION OF BASIC 
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kq0,  AND kQ0,  PROBABILITIES 
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The characteristic equation of this queueing system is, from the denominator of (78),  
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Together, the system of equations (86)  and (87)  form a set of b linear independent equations in the 

b unknowns 
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kq0, . Therefore, the 
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characteristic equation inside and on the unit circle. Thus the probability generating function 
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 This relationship is substituted into equations (69)  and (70) , gives  
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Multiplying equation (88)  by a and adding it to the equation (89)  multiplied by )( ra   and 
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Rewrite the equations (88)  and (89)  for n=r, we get  
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 Finally, this gives the expression for ),( 21 zzWq  :  
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9.  AVERAGE NUMBER OF CUSTOMERS IN THE QUEUES 
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derivative of equation (94)  at 1=1z  and 1=2z  respectively.  

                           
,|,1)(= 1=11

1
1 zqq zW

dz
dL  (95) 

 

                           
.|)(1,= 1=22

2
2 zqq zW

dz
dL  (96) 

Now  

(1,1)][2)])[2(][(1,1)()(){(1
2
1= 1

2
1

2
110,

1

0=
1




 PBEBEBEPIEQL i

a

i
q   

          
10,

1

1=

2
2

2
201 {)}])[2(][(1)()( 


  n

a

n
QaBEBEqIE  

         
n

a

n
n

a

n
n

a

n
QCQCQC 0,

4

0=
320,

3

0=
220,

2

0=
12

21

]{1[ 





 


 

        
},{)](1[}}... 0,0,

1

0=
0,

1

0=21
0,012




 


  nn

a

n
i

a

i
a qPQQC


  (97) 



Bulletin of Pure and Applied Sciences / Vol. 36E (Math & Stat.) No.2 / July-December 2017 
 

 
127 

 where  

},
]}[)({2

{=(1,1) },
][)(1

]}[(0,1))({
{=(1,1) 2

11

4

11

201

BEIE
NP

BEIE
BEqIEd

P





   

 
2

12112
2
2

2
104 ))(]([][21])[(][][))((0,1){(= IEBEBEIIEBEBEIEdqN    

     ][])[)(1])([(][2][][))(( 2
2

1112
2
21

3
1 BEBEIEIIEBEBEBEIE    

    
3

11
2

11
2
1

3
1 ))(2(][))(2(1])[({]}[))(( IEBEIEIIEdBEIE    

    },])[))((])[( 2
1

3
1

2
1 BEIEBE   

 

,
)(][

=(0,1)=(1)
12

5
00 IEBEb

Ndqq



 

 

kQCknbQCQIEIEdN k

a

k
bkn

a

k

b

n
k

a

k
0,

1

1=
20,

1

0=1=
20,

1

0=
115 )()()({= 



   

      
k

a

k
abk

a

k
b QIEQCkQC 0,

1

0=
210,120,

1

2=
12 )(...)(1 







    

     
),)(()(1} 0,0,

0=
0,

1

0=
0,

1

0=
20,

1

0=
2




  kk

b

k
k

a

k
k

a

k
k

a

k
qPkbQbQkQ   

 and  

(1,1)1])}[(][][))({{(
)(2

)(1
= 21

2
1

2
2

2

0,

1

0=
2








PIIEBEBEIE
IE

Q
L

i

a

i
q 




 

     1])[((1,1){][(1,1))(][2 2121   IIEPBEPIEBE   

     
(1)1])}[(][][))({(]}[))(2( 022

2
2

2
21

2
2

 qIIEBEBEIEBEIE   

     
]}}[))(2(1])[((1){][(1))(][2 2

2
2202022 BEIEIIEqBEqIEBE   

 

}}...]{1[{
2

1)(
0,0120,

4

0=
320,

3

0=
220,

2

0=
12

21
10,

1

1=

QCQCQCQCQaa
an

a

n
n

a

n
n

a

n
n

a

n














  


},){
2

1)(1)(()](1[ 0,0,

1

0=
0,

1

0=21










  nn

a

n
i

a

i

qPnnaaQ



 (98) 

 
where  
 

},
]}[)(2{

{=(1,1) },
][)(

)}(][(0,1))()({{=(1,1) 2
12

6

12

22011

BEIE
NP

BEIE
IEBEqIEIEdP


  

 

 

]}[))((1])[(][]}{[(0,1))()()({= 2
1

2
221201126 BEIEIIEBEBEqIEIEIEdN    

    
][1])[(][][))((0,1){(){(][ 2

222
2
2

2
2021 BEIIEBEBEIEdqIEBE    

    1])][()()(1])[([]{[)}()()({ 11112
2

211  IIEIEIEIIEBEIEIEIE   

   
)()(][(0,1)){(][21])[(1])}}[( 11202122 IEIEBEdqIEBEIIEdIIE    



G. Ayyappan & P. Thamizhselvi / Transient Analysis of /1,/, ),(
21

]2[]1[ baXX GGMM  Queueing 
System with Priority Services 

 

 
128 

)},()(][(0,1)2)}( 112
'
02 IEIEBEdqIEd    

 

,
)(][

=(0,1)=(1)
22

7
00 IEBEb

Ndqq



 

 

kQCknbQCQIEIEdN k

a

k
bkn

a

k

b

n
k

a

k
0,

1

1=
20,

1

0=1=
20,

1

0=
117 )()()({= 



   

     
k

a

k
abk

a

k
b QIEQCkQC 0,

1

0=
210,120,

1

2=
12 )(...)(1 







    

     
),)((} 0,0,

0=
0,

1

0=
20,

1

0=
2




  kk

b

k
k

a

k
k

a

k
qPkbbQkQ   

 

,
})(][2{

=(0,1) 2
22

8'
0 IEBEb

Ndq


 

 

2
110,

1

0=
228 ))(1])([([{}{)(][{= IEIIEQdIEBEbN k

a

k
 



  

    
1)((])()(21])[()( 0,

1

0=1=
2111  



bbQCbIEIEIIEIE kn

a

k

b

n
  

    
1)))((1)((1)))(( 0,

1

1=
2  



bkbkbbQCknkn k

a

k
b  

    
10,120,

1

2=
12 ...2))1)((1)(( 



   abk

a

k
b QCbkbkbbQC   

    
)}1))((1)((}1)( 0,0,

0=
0,

1

0=
2




  kk

b

k
k

a

k
qPkkbbQbb   

    )({1])}{[(][][))((1)({ 122
2
2

2
2 IEdIIEBEBEIEbb    

    
kQCknbQCQIE k

a

k
bkn

a

k

b

n
k

a

k
0,

1

1=
20,

1

0=1=
20,

1

0=
1 )()( 



   

   
k

a

k
abk

a

k
b QIEQCkQC 0,

1

0=
210,120,

1

2=
12 )(...)(1 







    

   
)},)((} 0,0,

0=
0,

1

0=
20,

1

0=
2




  kk

b

k
k

a

k
k

a

k
qPkbbQkQ   

  

,
})(][2{

=(1) 2
22

9
0 IEBEb

Nq



 

 

2
110,

1

0=
229 ))(1])([([{}{)(][{= IEIIEQdIEBEbN k

a

k
 



  



Bulletin of Pure and Applied Sciences / Vol. 36E (Math & Stat.) No.2 / July-December 2017 
 

 
129 

1)((])()(21])[()( 0,

1

0=1=
2111  



bbQCbIEIEIIEIE kn

a

k

b

n
  

10,120,

1

2=
12 ...2))1)((1)(( 



   abk

a

k
b QCbkbkbbQC   

k

a

k
QkkkIEIIEbbb 0,

1

0=
2 1)]()(21])[([1))(1)(( 



   

)({2{)1))((1)((}1)( 10,0,
0=

0,

1

0=
2 IEdqPkkbbQbb kk

b

k
k

a

k
  



  

kQCknbQCQIE k

a

k
bkn

a

k

b

n
k

a

k
0,

1

1=
20,

1

0=1=
20,

1

0=
1 )()( 



   

k

a

k
abk

a

k
b QIEQCkQC 0,

1

0=
210,120,

1

2=
12 )(...)(1 







    

})(][)})((} 220,0,
0=

0,

1

0=
20,

1

0=
2  IEBEqPkbbQkQ kk

b

k
k

a

k
k

a

k




   

)({1])}{[(][][))((1)({ 122
2
2

2
2 IEdIIEBEBEIEbb    

kQCknbQCQIE k

a

k
bkn

a

k

b

n
k

a

k
0,

1

1=
20,

1

0=1=
20,

1

0=
1 )()( 



   

k

a

k
abk

a

k
b QIEQCkQC 0,

1

0=
210,120,

1

2=
12 )(...)(1 







    

)}.)((} 0,0,
0=

0,

1

0=
20,

1

0=
2




  kk

b

k
k

a

k
k

a

k
qPkbbQkQ   

 
10.  THE AVERAGE WAITING TIME IN THE QUEUE 
 
By using Little’s formula, the average waiting tim of a customers in the high priority queue is  

      1

1
1

=


q
q

L
W

 
 (99) 

and average waiting time of a customer in the non-priority queue is  

     2

2
2

=


q
q

L
W   (100) 

where 
1q

L  and 
2qL  have been found in equations (97)  and (98) .  

 
11.  PARTICULAR CASES 
 
Case I: 
If there are no priority arrival and no batch arrivals for low priority customers that is, 0=1  and 

zzC =)( 2 , then our model is reduced to /1/ ),( baGM  queueing systems. Now,  
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 this result is coincide with Holman. D.F. (1981) . 
 
Case II: 
If there are no priority arrival, no bulk service and no batch arrivals for low priority customers that is, 

1==0,=1 ba  and zzC =)( 2 , then our model is reduced to /1/GM  queueing systems. Now,  
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this result is coincide with Medhi.J (1994) .  
 
12.  NUMERICAL RESULTS 
 
The above queueing model is analysed numerically with the following assumptions. We consider the 
single arrival and single service for both priority and low-priority customers. Service time for both 
high-priority and low-priority customers follows the exponential and Erlang-2 distributions that is,  
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We assume arbitrary values to the parameters such that the stability condition is satisfied. MATLAB 
software has been used to illustrate the results numerically. Note that the exponential distribution is 

0>,=)( xvexf vx
, Erlang-2 stage distribution is 0>,=)( 2 xxevxf vx

.  
In table 1 and 2 shows that increasing the arrival rate of high priority customers decrease the idle time and 
also increase the busy period and queue lengths for the values of 2 =0.8, 1 =1.2,1.4,1.6,1.8,2. 

6=  
In table 3 and 4 shows that increasing the arrival rate of low-priority customers decrease the idle time 
and queue length of high priority customers, and also increase the busy period, queue length of 
low-priority customers for the values of 1 =1, 2 =1.2,1.4,1.6,1.8,2. 6=  
All the trends shown by this tables are as expected.  
Results are presented for the values of 1  and 2  in the following tables with their corresponding 
graphical representations of the system performance measures of both exponential and Erlangian-2 
distributions. 
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Table 1: Effect of 1  on various queue characteristics 
 

Exponential Distribution 
1  Q    

1q
L  

2qL  

1.2 0.6667 0.3333 0.7528 0.2840 
1.4 0.6333 0.3667 0.7673 0.3229 
1.6 0.6000 0.4000 0.7997 0.3593 
1.8 0.5667 0.4333 0.8546 0.3921 
2.0 0.5333 0.4667 0.9374 0.4199 

 
Table 2: Effect of 1  on various queue characteristics 

 
Erlang-2 stage Distribution 

1  Q    
1q

L  
2qL  

1.2 0.6667 0.3333 0.7406 0.2606 
1.4 0.6333 0.3667 0.7467 0.2988 
1.6 0.6000 0.4000 0.7670 0.3344 
1.8 0.5667 0.4333 0.8048 0.3662 
2.0 0.5333 0.4667 0.8642 0.3930 

 
 

Table 3: Effect of 2  on various queue characteristics 
 

  Exponential Distribution  
2  Q    

1q
L  

2qL  

1.2 0.6333 0.3667 0.6892 0.7460 
1.4 0.6000 0.4000 0.6568 1.1473 
1.6 0.5667 0.4333 0.6238 1.6643 
1.8 0.5333 0.4667 0.5902 2.3039 
2.0 0.5000 0.5000 0.5559 3.0681 

 
 

Table 4: Effect of 2  on various queue characteristics 
 

Erlang-2 stage Distribution 
2  Q    

1q
L  

2qL  

1.2 0.5500 0.4500 0.5802 0.5306 
1.4 0.5000 0.5000 0.5290 0.8055 
1.6 0.4500 0.5500 0.4772 1.1369 
1.8 0.4000 0.6000 0.4249 1.5073 
2.0 0.3500 0.6500 0.3721 1.8873 
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