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1. INTRODUCTION AND PRELIMINARIES

The fixed point theorems in metric spaces are playing a major role to construct methods in mathematics
to solve problems in applied mathematics and sciences. The study of common fixed points of mappings
satisfying various contractive conditions has been the centre of rigorous research activity.

Mustafa and Sims [4] introduced the concept of G-metric space as a generalization of metric space.

Definition 1.1: Let X be a nonempty set and G : X x X x X — R" be a function satisfying the
following axioms:
(Gl) G Vy,2)=0ifx=y=2,
(G2) 0<G(x x,y) forall x,y € Xwith x £y,
(G3) GCGXXx,VV<G(xvY,z) forallx,y, z€Xwithz#y,
(G4) G(xY,2) =G(X, z,Y) =G(Y, z, X) = ... (symmetry in all three variables),
(G5)  G(x,V,2) <G(x, a,a) + G(a, y, 2) for all x, y, z, a € X, (rectangle inequality).
The function G is called a generalized metric or a G — metric on X, and the pair (X, G) is called a
G - metric space.
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Definition 1.2: Let (X, G) be a G — metric space, {x»} a sequence of points in X. We say that {X,} is
G — convergent to x in X if lim G(X, X,, Xm) = 0; i.e., for any € > 0 there exists an N such that
m,n—wo

G (X, Xn, Xm) < € for all m, n >N and a G-Cauchy sequence if , for any € > 0, there exists an N such
that G (Xn, Xm, X)) < € foralln, m, I >N.

Proposition 1.3: Let (X, G) be a G — metric space and {x,}be a sequence in X. Then the following are
equivalent:

(i) {x.} is G -convergent to x,

(i) G (X Xy X) > 0asn— oo,

(iii) G (X, X, X)—> O0asn— oo,

(iv) G (Xm X, X) = O0asm, n — oo.

Proposition 1.4: In a G — metric space (X, G) the following are equivalent:
(i) The sequence {x,} is G — Cauchy,
(ii) for each e > 0 there exists an N such that G (X,, Xm, Xm) <€ foralln, m>N.

A G-metric space X is said to complete if every G-Cauchy sequence in X is a G-convergent sequence
in X.

Proposition 1.5: Let (X, G) be a G — metric space. Then the function G(x, y, z) is jointly continuous in
all three of its variables.

Definition 1.6: A G — metric space (X, G) is called a symmetric G — metric space if
G(x, Y, y) = G(y, X, x) forall x, y in X.

Definition 1.7: Let fand g be single-valued self -mappings on a set X. If w = fx = gx for some
Xe X, then xis called a coincidence point of f and g, and w is called a point of coincidence of
fand g.

Abbas and Rhoades [1] proved the existence of the unique common fixed points of a pair of weakly
compatible mappings in G-metric spaces.

Proposition 1.8: ([1, Proposition 1.5]) Let f and g be weakly compatible self-mappings on a set X . If
f and g have a unique point of coincidence w = fx = gx, then w is the unique common fixed point of
fand g.

Matkowski [3] introduced the ®-map as :

Definition 1.9: Let @ be theset of all function ¢ such that ¢ : [0, +o0) — [0, +o0) is a non-decreasing
function satisfying lim,,_, ¢™(t) = 0 for all t € (0, +x). If ¢ € @, then ¢ is called a ®-map.
Furthermore, if ¢ is a ®-map, then

0 o(t) <t for all t € (0, +),

(i) ¢(0)=0.

2. MAIN RESULTS
Now we prove our main results in G-metric space using ®-map.

Theorem 2.1: Let f and g be self -maps of a G-metric space (X, G) satisfying
f(X) S a(X) (21)
where G(X) is complete subspace of X , and

G(gx, gy, 92), G(gx, fx, ), G(gy, Ty, fy), G(gy, fx, x)
G(ix, Ty, f2) = (p<max {G(fx, gy, 92), G(ay, fz fz), G(gz, fz, fz), G(gz, x, £X), G(gz, fy, fy)})’ (2.2)
forall x,y, z € X;
Then fand g have a unique point of coincidence in X. Moreover if f and g are weakly compatible, then
f and g have a unique common fixed point.
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Proof.: Let f and g satisfy (2.1) and X, be any arbitrary point in X. Then one can choose a point x; in X
such that fxo = gx; and in general X, such that fx, = gxy.;, for all n €N.
If there is n €N such that gx, = gx,.1, then fand g have a point of coincidence.
Thus we can suppose that gx, # gxa+1 for all n €N. Therefore, for each n €N, by (2.2) we obtain that
G(g%n, OXns1s Pnvr) = G(fXn-1, X, TXp)

G(9n—1,9%n, 9%), G(Qxp_1, 925, 9% ),

G(Qxn, 9Xn+1, PXn41), G(9Xn, 9Xn, 0y)

G(gxnr gxnrgxn)r G(gxnrgxn+11 gxn+1)r
G(9xp, 9%n 41, 9% 1), G(9%0, 92, G%), G(92, OX 11, 9% 41)

< ¢| max

= (P(maX{G(gxnrgxn+1r 9%n+1), G(Q%n—1, 9%, 9%, ), O})
= (P(maX{G(gxnrgxn+1r 9%n+1), G(QXn—1, 9%, 9%, )}).
If max{G(9xy, 9%p+1, 9%n+1), G(@Xn—1, 9%, 9%} = G(GX, GXni1, 9% p1) then
G(gxn, 9% 41, 9%n 1)< 0(G(Qxy, 0%pt1, 9%n11)) <G(9xy,, 9%Xi1,9%,41) Which leads to a contradiction.
This implies that G(gxn, 9%n i1, 9%n 4 1)< ©(G(Qx,_1, 9%y, OX)).
That is, for each n €N, we have
G(xn, Ot 9Xnar) = Glfx,_y, Txy, fy)
< (p(G(gxn—lr gxnr gxn))
< *(G(9xp—2, 9Xn—1, 9%p—1))

< ¢™(G(gxo,9%1,9%1)).
Since lim,,_,., 9™ (G(gxo, 9x;,9x;)) = 0 and ¢(¢) <e, there exists N €N such that
0" (G(gx,,9%;,9%,))< & — ¢(e) for all n > N.
This implies that G(gx,,, 9%,11, 9%n41)< € — @(¢) foralln >N. (2.3)
Now we will show that { gx,, } is G-Cauchy. Let € > 0 be any number.
Let m, n eN withm>n.

We will prove that G(gx,,, §x,,,, 9%, )< & for all m >n >N by induction on m. (2.4)
Since € — ¢(g) < € and by (2.3), we obtain that (2.4) holds for m =n +1.
Suppose that (2.4) holds for m = k. Therefore, for m = k +1, we have by rectangle inequality
G (g, Ok 1, Oxk1) < G920, Ons1, Onsn) + G(GXn11, OXhr1, P 1)
< &= @(g) + G(fx,, fxy, fxy)
<e—o(e) +
<max{ G(gx,, 9%y, 9x;.), G(gx,,, x,,, Tx,,), G(gxy, Txy, T, ), GOy, T, Tx,,) })
¢ G(fx,,, 9xy, 9 ), G(Oxy, fxy, fxi. ), G(gxy, fxy, Txi), GOy, Ty, Ty, G(Qxy, Ty, Tx)
&€& ¢ €,
-ET (p(S) * (p(max {8, & & ¢, 8})
=e—0(e) T o(e) =&
Thus (2.4) holds for all m>n > N. It follows that {gx,,} is G-Cauchy and by the completeness of g(X),
we obtain that {gx,,} is G-convergent to some g € g(X ),so there exists p € X such that gp = g.

We will show that gp = fp. By (2.2), we have
G(gp, gp, fp) < G(gp, gp, gxn) + G(gxy, 9xn, Tp)
=G(gp, gp, 9xy) + G(foxn—1, fxp 1, Tp)
<G(gp, gp, 9x,) +
G(gxn—lr gxn—lr gp)r G(gxn—lr fxn—lr fxn—l)r G(gxn—lr fxn—lr fxn—l)r
¢l max G(Qxn—1, f2tp_1, Txtn_1), Gt _1, 921, 1), G(Qx_1, TP, D),
G(gp, fp, fp), G(ap, fx, 1, X, 1), G(OP, Xy, FXy1)
G(9Xp-1,9%n—1,9P), G(9xXp—1, 9%, 9%, ), G(92y—1, 9%, 92X,
=G(gp, 9P, 9x,) +@| maxy  G(gx,—1,9%,,9%,), G(gx,, ,9xn—1, D), G(gxn—1, P, fP),
G(gp. fp. fp), G(gp, 9x». 9x,,), G(gp, 9x,, X, )
G(9%n—1,0%5-1,9P), G(Gx 1, 9%y, G,),
=G(gp, gp, 9x,,) + o max§  G(gx, ,9x,_1,fP), G(gx, 1, fp, Tp),
G(gp.fp, fp), G(gp, gx,,, 9x,,)
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G(9xy-1,9%n-1,9P), G(9, 1, 9%, 0,,),
Case 1. If max{ G(gx, ,9%,_,,fp),G(gx,_;,fp.fp), = G(gx,_,9%,_1,9p), we obtain that
G(gp. fp. fp), G(gp, 9xn, gxr)

G(gp. gp. fp) < G(ap, 9P, 9x,,) +o( G(gx,_1,9X,—1,9P))
< G(gp, g, 9x,,) + G(9x;—1, 9%, —1,9P).
By taking n — oo, we have G(gp, gp, fp) = 0 and so gp = fp.

G(gxn—1,9%5-1,9P), G(Gx,_1, 9%, 9y,
Case 2.1f max{ G(gx, ,0x,_;,Tp), G(gx,_,Tp.Tp), = G(gx,_1,9x,,0x,), We obtain that
G(gp, fp, fp), G( gp, 9x,, 9x,,)
G(gp, gp, fp) < G(gp, gp, 9x,,) +o( G(gxy_1, 9%y, 9X;))

< G(gp, 9P, 9xp) + G(Gxn—1, Gxn, 0xy).
By taking n — oo, we have G(gp, gp, fp) = 0 and so gp = fp.

G(9x-1,9%—1,9P), G(@xp,— 1, 9%, 9X,),
Case 3.If max{ G(gx, ,gx,_1,p), G(gx,_1, TP, TP), = G(gx,,0x,_,,fp), We obtain that
G(gp. fp.fp).G(g p,gx,.9x,)
G(gp, gp, fp) < G(gp, gp, 9x,,) +o( G(gx,,9x,—1,fP))

< G(gp, gp, 9xy,) + G( gxy, Q1. TP).
By taking n — oo, we have G(gp, gp, fp) = 0 and so gp = fp.

{G(g xn_l,gxn_l,gp),G(gxn_l,gxn,gxn),}
Case 4.1f max G(gx, ,9xn_1,TP),G(gx,_1. Tp.fP), = G(gx,,_1,Tp, fp), We obtain that
G(gp. fp. fp), G(gp, 9x». 9x,)
G(gp, gp, fp) < G(gp, gp, gx,) + (G(gx,—1, TP, TP))
< G(gp, gp, 9x,,) + G(gx,,—1, fp, fp).
By taking n — o, we have G(gp, gp, fp) < 0 + G(gp, fp, fp). But by (G3)
G(gp. fp,fp) < G(gp, gp, fp)and so gp = fp.

G(gxn—lr gxn—lr gp), G(gxn—lr gxnrgxn)x
Case 5.1f max{  G(gx, ,9x,_1,fp), G(gx,_1.Tp.fp), = G(gp, fp,fp), we obtain that
G(gp. fp. fp), G(gp, 9x,,, 9x,,)
G(gp, gp. fp) < G(gp, gp, 9x,) + ¢(G(gp, p,Tp))

< G(gp, gp, 9x,) + G(gp, fp. p).
By taking n — oo, we have G(gp, gp, fp) < 0 + G(gp, fp, fp), a contradiction.

{G(gxn_l, 9%n-1,9P), G(9x_1, gxn,gxn),}
Case 6.1f max{ G(gx, ,0x,_;,fp),G(gx,_1,Tp.Tp), (= G(gp, gx,,gx,), we obtain that
G(gp. fp, fp), G(gp, gx,, 9x,,)
G(gp, gp. fp) < G(gp. 9p, gx,,) + @(G(gp, 9, 9x,,))
<G(gp, gp, 9x,,) + G(gP, gx,,, 9x,))-
By taking n — oo, we have G(gp, fp, fp) =0 and so gp = fp.
Now we show that f and g have a unique point of coincidence. Suppose that fq = gq for some q € X.
Assume that gp # gq.
By applying (2.2), it follows that
G(gp. gp. 9a) = G(fp, fp, fa)

( ax { G(gp. gp.99), G(gp. fp, fp), G(gp. fp, fp), })
G(gp. fp,fp), G(fp, gp. 9q), G(gp. fq, fg), G(ga, fa, fa), G(ga, fp, fp), G(gq, fp, fp)
- ( { G(gp. gp. 99), 0,00, })
- G(fp, gp. 9a), G(gp. fq, fq), G(gq, fq, o)
( {G(gp, gp.9q), G(fp, gp, ga) })
G(gp, fg,fq), G(gq, fa, fg)
( {G(gp,gp,gq)})
G(gp.99,99)
o(G(gp. gp, 9a))
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< G (gp,gp,gg)which leads to a contradiction.
Therefore gp = gq.

This implies that f and g have a unique point of coincidence. By Proposition 1.8 , we can conclude that
f and g have a unique common fixed point.

Our result is of more general nature than that of Anchalee Kaewcharoen's following theorem:

Corollary 2.2: [2:Theorem 2.6]. Let fand g be self -maps of a G-metric space (X, G) satisfying
f(X) < g(X) where G(X) is complete subspace of X , (2.5)

G(fx, fy, fz) < p(max {G(gx, gy, gz), G(gx, fx, x), G(gy, fy, fy), G(fx, gy, gz)} ), (2.6)
forall x,y, z € X;

Then fand g have a unique point of coincidence in X. Moreover if f and g are weakly compatible, then
f and g have a unique common fixed point.

If we take g as the identity function on X in corollary (2.2), we have the following corollary:

Corollary 2.3: [5] Let (X, G) be a complete G-metric space. Suppose that the function f: X — X
satisfies

G (fx,fy,f2)<p(max{G(x,v,2),G(x, fx, fx), Gy, fy.fy), G(fx,y,z)}) 2.7
for all x, y, z € X. Then f has a unique fixed point.
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