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1. INTRODUCTION

Extending the concept of fuzzy sets [1], Atanassov [2] introduced the notion of intuitionistic fuzzy
subset (IFS) in 1983. Rosenfeld [3] was the first who consider the case of a groupoid in terms of fuzzy
sets. Since then these ideas have been applied to other algebraic structures such as group, semigroup,
ring, vector spaces etc. There are several authors who considered fuzzy sets and intuitionistic fuzzy sets
in different algebraic structures, for instance, Jun et al. [4,5], Kuroki [6], Kim et al. [7], Barbhuiya et al.
[8,9,10,11]. The study of BCK-algebras was initiated by Imai and Iseki [12] in 1966. In the same year,
Iseki [13] introduced the notion of a BCIl-algebra which is a generalization of a BCK-algebra. . For the
general development of BCK/BCl-algebras, ideal theory plays an important role. In 1999, Khalid and
Ahmad [14] introduced fuzzy H-ideals in BCl-algebras. In 2010, Satyanarayan et al. [15] introduced
intuitionistic fuzzy H-ideals in BCK-algebras and also several interesting properties of these concepts

were studied. The intuitionistic fuzzy modal operators [] and O was introduced by Atanassov [2]

in 1983. The extension on both the operators [ and O s the new operator D, which represents

both of them. Further in [16] Atanassov extended the operators [ ) <>1 D, to a new operator
F, s called (a, B)-modal operator. The extended modal operator F, ; is not the final generalised

modal operator, the other generalisation are @,®, @ _,® , & ®, 5 E,p;®

a,p? a,p " a,py?

®, 5 [2ly s sand [o], , 5. [see 17,1819,2021,11,22,23],

The effect of all the modal operators on IFSs is again an IFSs. Modal operators play an important rule
in the study of IFSs. In [24, 25] Sharma introduced the idea of t-intuitionistic fuzzy sets in fuzzy
subgroups and fuzzy subrings. Here in this paper, we introduced the notion of t-intuitionistic fuzzy H-
ideals in BCK-algebras and some related properties are investigated. Also we studied the effect of some
model operators on t-intuitionistic fuzzy H-ideals of BCK-algebras.

2. PRELIMINARIES

In this section, we will review some concept related to BCK-algebras. Throughout this paper X will
denote a BCK-algebras.

Definition 2.1: [4,13] An algebra (X ,*,0) of type (2, 0) is called a BCK -algebra if it satisfies the
following axioms:

(i) (x*y)*(x*2))*(z*y) =0

(i) (x*(x*y))*y=0

(iii) x*x=0

(iv) 0xx=0

(v) x*y=0and yxx=0=x=y forall Xx,y,ze X

We can define a partial ordering™ <"on Xby X<V iff x*y =0.

Definition 2.2: [4,13] A BCK-algebra X is said to be commutative if it satisfies the identity
XAY=YAX where XA Yy =Yy*(y*X)VX,ye X. Inacommutative BCK-algebra, it is known
that X A'Y is the greatest lower bound of x and y.

In a BCK-algebra X, the following hold:

i) x*x0=x
(i) (xxy)*z=(x*2)*y
(iii) X*y <X

(iv) (x*y)*z<(x*2)*(y+*2z)
(V) X< VY implies X*¥Z<y*Z and Z*y<Z*X.

A BCK-algebra X is said to be associative if it satisfies the identity
(x*y)*z=x*(y=*z) VXY, Ze X. A non empty subset S of a BCK-algebra X is called a
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subalgebra X if x*y eX , forallX, y €S . A non empty subset | of a BCK algebra X is called an
ideal of X if (i) Oe | (i) x*yel and yel = Xxe| forall X,y e X . Anonempty subset I of a
BCK -algebra X is said to be an H-ideal [5] of X if it satisfies (i) and (iii) X*(y*2z)e | and
yel=x*xzel forall X,Y, ze X.

A fuzzy subset 1 of a BCK-algebra X is called a
(A) fuzzy subalgebra of X if g (X *y) > min{ u(x), u(y)}, forall x, y € X.

(B) doubt fuzzy subalgebra of X if g (x *y) <min{ u(x), u(y)}forall x, y e X.

(C) fuzzy ideal [26] of X if it satisfies the following axioms:

(i) 1 (0) = p ()
(i) g (X)=>min{ u(x*y), u(y)}foral x, y e X.

(D) fuzzy H-ideal [27,28]of X if it satisfies the following axioms:
(i) p(0) = p (x)
(i) g (x*2)>min{ u(x*(y*2z)), u(y)}oral x,y,ze X.

Definition 2.3: [29] An intuitionistic fuzzy set (IFS) A of a non empty set X is an object of the form
A={< X, up(X),vo(X) > x e X}, where p,:X —[0,1] and v,:X —[0,1] with the
condition 0 < 11, (X) +v,(X) <1,Vx e X . The numbers 1,(X) and v,(X) denote respectively
the degree of membership and the degree of non-membership of the element X inset A . For the sake
of simplicity, we shall use the symbol A= (u,,v,) for the intuitionistic fuzzy set

A={< X, up(X),v,(X) >|x € X}. The function 7, (X) =1—u,(X)—v,(X) forall xe X. is
called the degree of uncertainty of X € A. The class of IFSs on a universe X is denoted by IFS(X).

Definition 2.4: [16,29,30] If A ={< X, tt,(X),vo(X) >|x € X} and
B ={< X, ug(x),vg(x) > x € X} are any two IFSs of aset X , then
Ac B ifandonlyifforall X e X, 1, (X) < g (X) and v, (X) 2 vg(X),
A=B ifand onlyifforall X e X, 1, (X) = pg(X) and v, (X) = v (X),
ANB ={< X, (a N p1g)(X), (v, UV )(X) > x € X},
where (1, M g )(X) = Min{ze, (X), g (X)} and (v, Wvg)(X) = max{v ,(X),ve (X)}.
AUB ={< X, (py U p15)(X), (v, NV )(X) > x € X},
where (11, U 1) (%) = max{z, (), 15 (O} and (v, AV )(X) = Mingv, (x),v ()}

Definition 2.5: [30] If A ={< X, t5(X),vA(X) >| x € X} and

B ={< X, t5(X),v5(x) > x € X} are any two IFSs of aset X , then their cartesian product is
defined by

AxB ={<(X,¥), (1ax 15 )(X, ¥), (VA xvg) (X, ¥) >| X,y € X},
where (12, % g )(X, y) = min{u, (x), 15 (Y)} and (v, xvg)(X, y) = max{v ,(x),ve (¥)}-

Definition 2.6: [4]JAn IFS A = (u,,v,) in X s called an intuitionistic fuzzy ideal of X, if it satisfies
the following axioms:

() #a(0) = pp(x)
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(i) v, (0) < v, (X)
(i) z14(X) 2 min{ue, (X *y), ua ()},
(V) va(X) <max{v,(x*y),va(y)}V X,y e X.

Definition 2.7: [5] An IFS A= (u,,v,) in X is called an intuitionistic fuzzy H-ideal of X, if it
satisfies the following axioms:

(i) 11a(0) = pa(x)

(i) vo(0) <v,(X)

(iii) pap (x# 2) 2 min{u, (x*(y * 7)), ua (¥)},

(iv) v (x*xz) <max{v,(x*(y*2)),v (VY)}V X, ¥,z € X.

Definition 2.8: [16,29,30] For any IFS A={< X, t,(X),v,(X) >| xe X} of X and «a €[01],
the operator []:1FS(X) — IFS(X), ¢: IFS(X) — IFS(X), D, : IFS(X) — IFS(X) are
defined as

() LI (A) ={< X, 1, (X),1— 11, (X) >| x € X} is called necessity operator

(i) O (A) ={< x,1-v,(x),v,(X) >| x € X} is called possibility operator

(i) D, (A)={< X, up,(X)+am,(X),v,(X)+(1-a)7,(X) >|xe X} is called o -modal
operator.

Clearly [J (A) ¢ A< 0 (A) and the equality hold, when A is a fuzzy set also D,(A) =lJ (A) and

D,(A) =0(A). Therefore the o -Modal operator D, (A) is an extension of necessity operator
(] (A) and possibility operator ¢ (A) .

Definition 2.9: [16,30] For any IFS A={< X, t,(X),vo(X)>|xe X} of X and for any
a, B [01] such that a+ <1, the (a, ) -modal operator F, ,:1FS(X)— IFS(X) is
defined as F 5 (A) ={< X, uy(X) +am 4 (X), v (X) + Br o (X) >[ x € X}, where
a(X) =1— pu,(X)—v,(X) forall X e X. Therefore we can write

Fp (A) a5 F (A0 = (ko (v, iy (X)

where He, , (X) = pa(X) + a7 ,(X) and VFa'ﬁ(A)(X)) =va(X)+ Bra(X).

Clearly, F,,(A) =[] (A), Fo,(A)=0(A)and F,, ,(A)=D,(A)

a,l-a

Definition 2.10: [16,29,30] For any IFS A={< X, t1,(X),v,(X) >|x € X} of X and « €[01],
the operators ®,®,®_,®_:1FS(X)— IFS(X) are defined as

. _ Ha(X) va(x)+1
(i) ®(A) ={<x, > T 5

> x e X}

@ ®(A) = {<x L a0 51 xy

(iii) @, A={< X,au,(X),av,(X) +1-a >| x e X}

(iv) ® A={<X,au,(X)+1-a,av,(X) > x e X}

Therefore @, A= @A and ®,. A=®A Hence ®,,®, are the generalisation of ®,®.

Definition 2.11: [26,27,28,30] For any IFS A={< X, u,(X),v,(X) > xe X} of X and

a,B,a+ B €[01], the operator ®, ,,®, 5, E, ;1 IFS(X) — IFS(X) are defined as
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) ®, 5 (A) ={< x,a1, (x),av, (x) + B >| x e X}
(i) ®, ,(A) ={< X, a, (X)+ B.av,(x) > xe X}
(i) E, , A={< x, Blaps, (x) +1-a), (B ,(x) +1- B) >| x e X}

Therefore @y ;A=®A and Q. ,;A=®AD,,  (A=0,(A),®,, ,(A)=8,(A)
Hence ®, ,, ®, ; are the generalisation of @, ® and also @, ® . The operators D, ;9,4

al-a al-a

was introduced by Katerina Dencheva®. Which was further extended to operators as defined below

Definition 2.12: [26,27,28,30] For any IFS A={< X, 1, (X),v,(X) >|xe X} of X and
o, B,y €[01], and max(e, B)+y <1 the operator @ ®, 5, IFS(X) —> IFS(X) are

a,By? a,
defined as

W) ®, ,, (A) ={< X,a11, (), Bv,(X) +7 > x & X}
(i) ®,,, (A) ={< X, () +7, Bv, (x) > x e X}
Therefore Dos0s05 A= PA , ®gs50505 A= A, D, 1. (A=@,(A),
10 (A =8, (A), ®,,, (A=, (A,®,,, (A=, (AHne ®,, ©

are the generalisation of all operators @©,8,®_ ,®_,® ®a,ﬁ' The extension of operators

®

a.B.y
a,p?

and ®,, 5 is the operator E' and is defined below

apiy? a.py.6

Definition 2.13: [26,27,28,30] For any IFS A={< X, u,(X),v,(X)>|xe X} of X and

a,B,y.6 €[01], and max(a, B)+y +6 <1 the operator E' JIFS(X) — IFS(X) are
defined as

[o], ;. s(A) ={< X, ap, (X) +7, Bva(X) +6 > x € X}

a,B,y,0

(o]0 (A =@, (A)[o], 1o (A) =, (A)
[o]..00s (A =@, 5 (A)[e], .00 (A =8, , (A
Ea,ﬁ,o,y,(A) =®,,. (A, Ea,ﬁ,y,o(A) =@, 5, (A)
Aiso E, 5 (A) =[], 0 0oy (A)

Hence E'a .. are the generalisation of all operators as dicussed above. Now final extension above

operators are the operator |§| which is defined by

a,B,y,0,66 !

Definition 2.14: [26,27,28,30] For any IFS A={< X, t,(X),v,(X) > xe X} of X and
o,B,v0,6,§ €[01], and max(a—-¢,B-e)+y+o<Ll,min(a—-¢,f—-€)+y+52>0

[9], 01000 (A =@, (A), [0, 1 1000 (A =®,(A)
[9, 0500 (A =D, 5 (AL 4. 5000 (A) =@, (A)
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[0, 0500 (A) =@, (AL 5 000(A) =@, 5, (A)
Also @a,ﬁ,y,&,O,O(A) = E'a,ﬁ,y,& (A)

Hence @a,ﬁ,y,a,s,g (A) are the final generalisation of all operators dicussed above.

Definition 2.15: Let X and Y be two non empty setsand f : X — Y be a mapping. Let A and B be
IFS’s of X and Y respectively . Then the image of A under the map f is denoted by f(A) and is defined

by FCANY) = (e (V) V i ay (YD) where
_ v ua () xe ()} _ JAva()ixe ()}
= v =

Hiwm ) { 0  otherwise '™ ) 1 otherwise

under f is denoted by f *(B) and is defined as

FEB)() = (1, 4, () = (g (), v (T(X)));Vxe X

also pre image of B

£1(8)(x)

Definition 2.16: Let A= (,LtA,VA) be an intuitionistic fuzzy set of BCK-algebra X. Let t €[0,1]

then the instuitionistic fuzzt set A" of X called t- intuitionistic fuzzy subset (t-IFS) of X w.r.t. A and is
denoted by A' ={<X, H (X), v (X) > x € X}=<,uA‘ ,vA‘> where g, (X) = min{u, (x), t}
and v, (x) = max{v,(x),1-t} VxeX

Remark 2.17: [24,25] Let A" = <,uA‘ WV >and B' = <,uB‘ Ve > be two t-intuitionistic fuzzy subsets
of BCK-algebra X then (ANB)' = A'nB'

Remark 2.18: [24,25] Let f : X — Y be a mapping. Let A and B be two IFS of X and Y

respectively ,then f *(B') = ( f _1(B))t and f(A)=(f (A))t ;Vt e[0,1]

Definition 2.19: Let A" =<,uAt WV >and B! =<,uBt ,VB‘> be two t-intuitionistic fuzzy subsets of

BCK- algebra X , then their cartesian product A'xB' = <uA‘XB‘ WV > is defined by

A'xB!

Hpt gt (X, y)=min {,UA‘ (), Het (Y)}
Vg Y =max{v, (v (¥)} Y xyeX.

Definition 2.20: Let A= (,uA,VA) be an t-intuitionistic fuzzy setin Xand «, B €[0 1] then the

U level set 11,“ and the v level set Vap Of Als defined by
p ={xeXluy(x)2a}andv,, ={xe X/v,(x)<p}
3. T- INTUITIONISTIC FUZZY H-IDEALS OF BCK-ALGEBRAS

In this section, we define t- intuitionistic fuzzy H-ideals of BCKI-algebras and prove some interesting
properties of these ideals.

Definition 3.1: An IFS A= (u,,v,) in X is called an t- intuitionistic fuzzy subalgebra of X, if it
satisfies the following axioms:

() 4, (6 y) 2 minfue, (), 1, ()},
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(i) v (xxy)<max{v, (x),v, (V)}V X yeX.
Definition 3.2: An IFS A = (u,,v,) in Xis called an t- intuitionistic fuzzy ideal of X, if it satisfies
the following axioms:

) 41, ()2 g1, (X)

(i) v, (0)<v, ()

(i) g1, (X) = minfge, (x*Y), g1, ()},

(iv) v, () <max{v, (x*y),v, (Y)}V X,y € X.

Definition 3.3: An IFS A= (u,,v,) in X is called an t- intuitionistic fuzzy H-ideal of X, if it
satisfies the following axioms:

(i) 1, (0) 2, (x)

(i) v, (0)<v, ()

(i) 1, (*2) = mingas, O (y *2)), 1, (Y3,

(V) v, (x*z) <max{yv, (x*(y*2)),v, (V)}V XY, zeX.

Theorem 3.4: If A= (uA,VA) be an intuitionistic fuzzy H-ideal of BCK- algebra X then A is also t-
intuitionistic fuzzy H-ideal of X.

Proof: Since A = (u,,v,) is an intuitionistic fuzzy H-ideal of X, then
(i) 1a(0)2 pa(x)
(i) vo(0) S va(X)
(iii) pep (2 2) 2 min{u, (x> (y * 2)), ua (V) }
(iv) va(xxz) <max{v,(x*(y*2)),v,(Y)}V X, y,ze X.

Now, 4, (0) = min{, (0),t} = min{u, (x), t} =, (X)
v (0) = max{v, (0), 1—t}< max{v,, (x),L-t = v, (X)

e (0xz) = mind, (x+ 2),8 = min {min { 1, (x* (y*2)), (9} 1}
= min{min {1, (0 (y*2)),t}, min{ g, (y).t}}
= min {,UA‘ (X*(y* Z)),,UA‘ (y)}

Similarly we have v, (X*2) < max{vAt (xx(y=2)),v, (y)} v XY,zeX.
Hence A is an t-intuitionistic fuzzy H-ideal of X.

Remark 3.5: The converse of above Theorem need not be true as shown in Example below.
Example 3.6: Consider a BCK -algebra X ={0,1, 2} with the following cayley table 1.

Tablel: Ilustration of converse of Theorem 3.4

N | O *
N|RL OO
R |OIN|F
OIN| (N
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The IF subset A={< X, (X),vo(X)>xe X} given by u,(0)=0.6, u,(1)=0.4,
1,(2)=0.8, and v,(0)=0.4, v,(1) =0.6, v,(2) = 0.7, is not an IF H -ideal of X . Since
1, (0) < 1, (2). Now take t=0.3 , then g,(X) >t =0.3 and v,(X) < 1-t=0.7 for all X e X.
Therefore f1,0(0) 2 1 (X), v, (0) S, () 4, (62) = i, (x5 (y2), (Y03

and v, (x*z) <max{v, (x*(y*2)),v, (V)}V X, y,ze X.
Hence A is an t-intuitionistic fuzzy H-ideal of X.

Theorem 3.7: If A=(u,,v,) is an intuitionistic fuzzy set of BCK-algebra X and let

t <min{p,1-q}, where p=min{u,(X)|xe X} and q=max{v,(x)|xe X} then A is
also t-intuitionistic fuzzy H-ideal of BCK-algebra X.
Proof. Since t < min{p,1-q}

t<min{p,1-q}

=p>t and 1-g>t

=p>t and Qg<1l-t

= min{u,(x)| xe X}>t and max{v,(X)|xe X}<1l-t

= u(X)>t,vV xeX and v,(x)<1l-t,V xeX
Therefore

p )2 gy (X)), g (X% 2) Zmind e (X (y *2)), e (Y)}
v Q) <v, (X)), v (xxz)<max{v, (x*(y*2)),v, (¥)}V X ¥,z € X, hold

Hence A is t-intuitionistic fuzzy H-ideal of X.

Theorem 3.8: The intersection of two t-intuitionistic fuzzy H-ideals of BCK-algebra X is also t-
intuitionistic fuzzy H-ideal of BCK-algebra of X.

Proof. Let A= (uA,VA) and B= (uB,VB) are two t-intuitionistic fuzzy H-ideal of BCK-algebra X
, then

(1 (0) = g, (), e (X 2) = min{e, (x*(y *2)), 1, (V)},
v (0) <v, (X)), v, (x*xz) <max{v, (x*(y*2)),v, (Y)}V XY, zeX.
and

0 (0) 2 41, (%), e (x5 2) = minfua, (3 (y % 2)), 1. ()3,
v (0) v (X)), v (x*2) <max{v, (x*(y*2)), v, (Y)}V X, Y,z € X.
Now,

(i) #p gy (0)=min{u, ¢ (0),8 =min{min {4, (0), 45 (0)} t}
= min{min{,(0),t}, min{ 1 (0),t}}
=min{u, (0), 4, (0)}
> min {1, (%), gt (X)}
=t g =, (%)
(i) Vi) (0) =max{v, .z (0),t}= max{max{vA(O),vB (O)} ,t}
= max {max {v, (0),t},max{v, (0),t}}
= max{vA‘ 0).v, (0)}
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< max {VAt (X), vy (x)}
=V, =V, (0

(iii) Hg O+ 2) 2 mindaeg, (x*(y * 2)), 1 (YD}

o O0FD) = it (x%2), 5}

= min{min(g ) (X* 2), 1) (X * 7)), 1}
> min{mir{min(, (x *(y * 2)), 4, (y)), min(ug (x* (y * 2)), 115 ()} 1}

> min{min{min{e, (x*(y ), g (x*(y * 2)) 3,0, min{u, (), 15 ()3 0}
= Mimin s (% (y * 2)),£), Min(sz,. ().}
= minu (c* (y < 2)), 1, ()}

S, () zming (xE(y*2)p

(ANB) (AnB)
Similarly we can show that

(iv) L (xx2z) < max{v(/m)t (x*(y=*2)),v

()}

(AnB)

o

(AnB

Theorem 3.9: The intersection of any number of t-intuitionistic fuzzy H-ideals of BCK- algebra X is
also t-intuitionistic fuzzy H-ideal of X.

Theorem 3.10: For every t-intuitionistic fuzzy H-ideal A" of an associative BCK-algebra X, if the
following inequality X*@ < b holds in X, then

0 b (xx2) > 1, (0)
(i) v (x+a) < Vi (b), Vx e X.

Proof: Let X,a,b € X such that X*a <b then (X * a) *b=0and since A" is t-intuitionistic fuzzy
H-ideal of X ,so

We have 11, (X*2)> min{uAt (x*(b*a)),uAt (b)}
= min{ w((xxb)*a),u, (b)} since X is associative
- min{uAt ((x*a)*b), u, (b)}
=min{u , (0), 1, (0)]

=, (b)  because g, (0) = p, (X)
Therefore, /1 ¢ (x*a)> 1, (b)
Again v (x*a) < max{vAt (x*(b*a))v (b)}
= max {VAt ((x*b)*a) v (b)} since X is associative
- max{vAt ((x*a)*b),v, (b)}
=max{v  (0).v ()]

=v,.(b) because v (0) <v . (X)
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Hence v (X * a) <V (b)

Theorem 3.11: If an intuitionistic fuzzy set A= (uA,VA) be an intuitionistic fuzzy H-ideal of a
BCK-algebra X and if X <y holds in X, then
(@) a, (¥) 2, (y)

(i) v () <V (¥),
Proof Straightforward.

Theorem 3.12: Let A= (uA,VA) be an t-intuitionistic fuzzy H-ideal in BCK-algebra X if and only

if the level sets 1,“ and v, , are H-ideals of X where a,  €[0 1].

AB
Proof Let A= (uA,VA) be an t-intuitionistic fuzzy H-ideal in BCK-algebra X and let
a,Be[01],xe pu,” then p,(X) 2 andalso i, (0) > i, (X) forall x € X. Now
MIng 2,0, 83 = 41, (0) = p1 (X) = Ming. 42,(x), which implies 11, (0) 2 1, (X)
ie, u,(0)=aie, 0 u,”. Letx,y,z€ Xbesuchthat x*(y*z),y € pu,” then
pa(X*(y*2)) 2, p,(y)2a also
Honoy (x*2)> min{“(ma)t (x*(y*2)), Hop oy (y)}oralx,y,z € X.
ming (s h=p (o) zminga, (=), ()
= ming MinGu o) O¢* (y * 2)), , MinGua ) (V). 1}
= MINE M) 0<% (Y * 2)), fgaey (V183
= Uy (5 2) 2 MIat ) (5 (V#2)), fu g (W} =i, 0} = = X¥Z € g1,

(ANB)

Hence 11, is an H-ideals of X. Similarly we can show v, , is an H-ideals of X.

AB

Conversely, let level sets 1, and v, , are H-ideals of X for o, § €[0 1] .Let x& X such that

AB
Ha(X) = and v,(X) = B then X€ 1," and X€ v, Sinceu,” and v, , are H-ideals of X

Therefore O0c u,” and O v, hence 1,(0) 2 a = u, (X)and v, (0) < B =v, (X). Again if

(X z) >min{u, (X*(y*2)), ua(y)}, does not holds for X, y,z € X then there exists some
X,y 7' eX such that 41, (X" 2") <min{u, (X" * (y'*2')), u, (y')}, take
t ={ua (X Z') +mindu, (X (y'*2)), s (V)R 2. then
pa (X 2') <tg <min{u, (X *(Y'*2)), ua (Y} e, ua (X * (Y *27) 2 85, p, (V') 2t and

wa(X % 2") <t,.Which implies X'*(y'*2"),y" € w,” but X'*2" ¢ 11,”.Which contradicts the
fact that g, is an H-ideals of X. Hence we must have £1, (X* z) > min{u, (X* (y * 2)), 1, (V) }-
Similarly we can show that v, (x*z) <max{v,(X*(y*2)),va(Y)}V X,y,z € X. Therefore

A:(uA,VA) is an intuitionistic fuzzy H-ideal of X and hence by Theorem 3.4 A is an t-
intuitionistic fuzzy H-ideal of X.

Theorem 3.13: If intuitionistic fuzzy set A:(uA,VA)is t-intuitionistic fuzzy H-ideal of BCK
algebra X. Then

(i) p, (0%(0%x)) > 1 (%)
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(i) v (0%(0%x)) <v  (X)

We have 4 (0%(0%x))= min{yAt (0*(x(0* x))),yAt (x)}
= min{uAt (O*(X*O)),NAt (x)}
= min{uAt (0= X),yAt (X)}
=min{u  (0), 1, (9]
=1, (X) V xe X
Therefore, 1, (0*(0*X)) = 1 (X) vV xeX.

Again, v  (0%(0%X)) < max{vAt (0%(x(0x x))),vAt (x)}
= max{vAt (0%(x*0)),v (x)}
= max {vAt (0*x),v, (x)}
= max{vAt (0),vAt (x)}
=v,(X) V xe X
Therefore, v (0%(0%x))<v (x) , ¥ XxeX.

Theorem 3.14: If A be IF H-ideal of BCK-algebra of X, then Fa'ﬁ (A) are also t-intuitionistic fuzzy
H-ideal of BCK-algebra X.

Proof: If A:(uA,VA)be an intuitionistic fuzzy H-ideal of BCK-algebra X then A is also t-
intuitionistic fuzzy H-ideal of X.

Therefore, (i) 4, (0) = g, (X)
(i) v, (0) < v . (X)
(iii) pr,e (x*2) = min{u, (X*(y*2)), 1 (V)3
(V) v (x*xz) <max{y, (x*(y*2)),v, (V)}V XY, zeX.

Proof We have Fayﬂ(At)(X)= (1, ﬂ(A‘)(X),vF ﬂ(A‘)(X))
Where 41_ ﬂ(A‘)(X) = p, (X)+ar, (X) and v_ ﬂ(A‘)(X) =v, (X) + B (X). Now
(M)
e @ O +am, ()
= 11, (0) + (1 11, (0) ~v,, (O))
=a+(l-a)u,(0)-av,(0)
2a+(1-a)u, (x)—av,(X)
= p () +a(l=p, (X)—v, (X))
= 1, (9 + 7, (X)
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= /JFa,ﬁ (A‘) (X)

uFa'ﬂ(A‘)(O) > uFa,/;(A‘)(X)
(i)
Ve, @ =V, 0+ B, ()

=1, (0)+ (L1, ©) v, )

= B+ (1= f),,(0) - i, (0

< B (1= B, (9~ it ()

=1, 09+ BV, ()~ 1, ()

=v, () +pr, (X)

= #FJN‘)(X)

VFa,ﬁ(A‘) 0)< VFO,,/,»(A‘) (x)
(i)
uFa‘ﬁ(A‘)(X* 2)

=u, (x*2)+ar, (X*2)
= 1, (¢4 2)+ @l o, (x*2) v, (x*2)
=a+(l-a)u, (x*z)—av, (X*2)
2a+(1-a)min(u, (x*(y*2)), u, (y))—amax(v, (x*(y+*z)),v,(y))
= of{1-max(v . (x*(y *2)),v . (Y))}+ (1—a) min(e, (x* (y *2)), 1, (¥))
=amin(l-v, (x*(y*2)),1-v, (Y)}+@-a) min(u, (x*(y*2)), 1, ()
=mifa(1-v, (x*(y*2)))+(1-a)p, (x*(y*2)),a(l-v, () + (1-a)u, (V)}
= mindu, (x*(y*2)) +a(l—p, (x*(y*2)) v, (x*(y*2))), p, (V) + (1=, () =v , (V))}
=mindu, o (s (D) b (O}

M ﬁ(A‘)(x* 7)> min{,uFa ﬁ(A‘)(x* (y*2)), He ﬁ(A‘)(y)}

Similarly we can prove
VFa,ﬁM‘)(X *7) < max{vFa'ﬁ(A‘) (x*(y* z)),vFa’ﬁ(A‘)(y)}

Hence F, ; (A') isa t-intuitionistic fuzzy H-ideal of X.
Remark 3.15: The converse of above Theorem need not be true as shown in Example below.
Example 3.16: Consider a BCK-algebra X ={0,1,2,3,4} with the following cayley table 2.

Table 2: Illustration of converse of Theorem 3.14.

NS EE
NEININSEE
NN EEE
NEIEINEDS
NENNEE
o|w[N[klo[P
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The IF subset A={< X, (X),v,(X)>|xe X} given by u,(0)=0.66, u,(1)=0.6,
1, (2)=05, 4,(3) =05, 1, (4)=04 and v,(0)=0.34,v,(1)=0.3,v,(2) =0.5,
v,(3)=0.5, v,(4)=0.6 is not an IF H -ideal of X . Since v,(0)£v,(1). Now take
a=02,=07,a+p<1, ten F, (A)={< X,uFa‘ﬁ(A)(X),vFa‘ﬁ(A)(X) > xe X} is

,uFO_ZVOJ(A) (0), =0.66, 'uF0.2,0.7(A) (1)=0.62, 'uF0.2,0_7(A) (2)=0.5, 'uFO.Z,OJ(A) (3)=0.5,
Heo207(M (4)=04  and VFo2,07( (0)=0.34, VFo207(A (1)=0.37, Vo207 (A (2)=025,
VE 0078 (3)=05, L (4) =0.6. It can easily verified that F;, ,(A) isalF H -ideal of

X. Again choose any t; € (0,0.4), then F,,,(A) isa t,-IF H -ideal of X.

Corollary 3.17: If A be IF H-ideal of BCK-algebra of X then [ A and ¢ A are also t-intuitionistic
fuzzy H-ideal of BCK-algebra X.

Theorem 3.18: If A be IF H-ideal of BCK-algebra of X then @a,ﬂ,yﬁ,s,é(A) are also t-
intuitionistic fuzzy H-ideal of BCK-algebra X.

Proof: If A:(uA,VA)be an intuitionistic fuzzy H-ideal of BCK-algebra X then A is also t-
intuitionistic fuzzy H-ideal of X.
Therefore, (i) 4, (0) = g, (X)

(i) v, (0) <v . (%)

(iii) 41, (x*2) > min{u, (x*(y*2)), 1, ()},

(V) v (x*xz) <max{y, (x*(y*2)),v, (V)}V XV, zeX.

t _
Proof We have @a'ﬁ'yﬁ,g@ (A)(X) = (”Ba‘m,,g‘g(A‘)(X)’VEMW@(A‘)(X))
Where ;JBWMM(N)(X) =au, (X)—ev, (X)+y and

vElaﬁ‘y‘&‘g‘g(At) (X) = ﬁvA‘ (X) _g,UA‘ (X) +0. Now
()
HBa‘ﬁ‘y‘s‘e‘;(A‘)(o) O, () &V 0)+y

2 a:uAt (X) _EVAt (X) +y

- ulzlaﬁ‘yﬁ‘x‘g(At) (X)

S My
(i)
vlzlﬂﬁ‘}/ﬁ‘g‘g (At)(o) = ﬁvA‘ (0) - g,UA‘ (0) +6

;(Al)(O)ZuEI 4(At)(X)

a,py0.E a By.d e,

<PV () =g (X)+6

- vlzlaﬁ‘yﬁ‘g‘g (At)(x)
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. <
o VEI(X‘[}‘V‘&;;((At) (O) - vEla‘p‘y‘(s‘g‘;(At) (X)

(iii)
Moo ax)=ap, (xxz)—ev, (X*2) +y

> aminfu, (x*(y*2)), i, (Y)}—e max{y, (x*(y*2)),v, (Y)}+7

> minfoy,, (x*(y*2)), i, (V)}+emin{l-v  (x*(y*2),1-v, (y)}+y ¢

=min{o, (x*(y*2))+e(l-v, (x*(y*2)),au, (V) +el-v, (Y)}+r-¢

=minfou, (x* (y*2)) + e(L—v (X *(y*2)) +7 —&,a, (Y) +e(L—v , (¥)) +7 — £}

= minfags, (xx (y* 2) + £, Ry #2)) 7 = ., (Y) + 607, (W) +7 — €}

= minfau, (x*(y*2))—&v  (x*(y*2)) + 7, au, (Y) —&v, (¥)) +7}

- min{ugwm‘gm (x*(y*2)), ugwmgm(y)}

Which implies
Hy,, e Ezminduy GG Ry D))o (0}

Similarly we can prove
i <
) Vi, CFDSmyy g O (y* 2oy (0

Remark 3.19: The converse of above Theorem is also not true.

Corollary 3.20: If A be IF H-ideal of BCK-algebra of X, then

(i) (-B(A) isalso an t-intuitionistic fuzzy H-ideal of BCK-algebra X.
(i) ®( A) is also an t-intuitionistic fuzzy H-ideal of BCK-algebra X.
(iii) (‘Ba (A) is also a t-intuitionistic fuzzy H-ideal of BCK-algebra X.

(iv) ®a (A) isalso an t-intuitionistic fuzzy H-ideal of BCK-algebra X..

™ ©,, (A) is also an t-intuitionistic fuzzy H-ideal of BCK-algebra X.

(vi) ®a'ﬁ (A) is also an t-intuitionistic fuzzy H-ideal of BCK-algebra X.

(vii) D, 5. (A) isalsoan t-intuitionistic fuzzy H-ideal of BCK-algebra X.
(viii) &, 5., (A) is also an t-intuitionistic fuzzy H-ideal of BCK-algebra X..
(viii) E'oz,ﬂ,m (A) is also an t-intuitionistic fuzzy H-ideal of BCK-algebra X.

Remark 3.21: The converse of above Corollary(s) is also not true.

Definition 3.22: Let X and Y be two BCK-algebras, then a mapping f : X — Y s said to be
homomorphism if f(x=*y)=f(x)* f(y), VXx,ye X .

Theorem 3.23: Let f : X — Y be a homomorphism of BCK —algebras then (0)=0.
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Proof. Straightforward.
Theorem 3.24: Let f: X —Y be a homomorphism of BCK-algebras, If A be a t-intuitionistic

fuzzy H-ideal of Y , then f "(A)) is t-intuitionistic fuzzy H-ideal of X.

Proof. A be a t-intuitionistic fuzzy fuzzy H-ideal of Y. Let X,y € X be any elements, then

F2 (A0 = (1,3, OOV, 1, 00). Now

(i) ,uf_l(At)(O) =, f(0) > Hy [f(X)] = ,uf_l(At)(X) [Since A is a t-intuitionistic fuzzy H-
idealof Y]

(i) V1,0 =V, FO) v [T =V 0 (0

(i) wehave fH(A')(x*2)= (:uf—l(At)(X* Z)'Vf—l(At)(X* 2))

Now, :uf—l(At)(X* ) =, f(x*2)
= u, [T F(2)]
> min{u  (f(x*(y=*2))), 1, (f(Y)}
=mingy, . O+ (y*2), 15 YO}
Therefore s, (x*2)>minfu , o (ce(y+2) i, 1 (Y0}
Similarly we can show that
(iv) vf—l(At)(X* 7)< max{vf—l(At)(X* (y* Z))’vf—l(At) ()}
Hence, f (A") = (f *(A))" is t-intuitionistic fuzzy H-ideal of X.

Theorem 3.25: Cartesian product of two t-intuitionistic fuzzy H-ideals of X is again a t-intuitionistic
fuzzy H-ideal of X x X .

Proof. Let A'=<pu .,v > and B'=<py v > be two t-intuitionistic fuzzy H-ideals of
AT A LA
BCK/BCl-algebra X. Then their cartesian product A'xB' =< y7i

o 6 Y) = mindu (%), 1 (Y)}
Vg ay)=max{y () (Y)} vxyeX.

> where
alxgt’ 'uAtht

Now

0 e 00 =p, (0,0)
=min{u . (0), 1, (0)}
>min{u  (X), 41, (¥)}
= Ky (6 Y)

=, 002p, (xy)

(i)
v 0.0)=v, (00)
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=max{v . (0),v_ (0)}
<max{v  (X),v ()}
= Y st (x.y)
=Vt 0,0)< Vgt (x,¥)
(i)
‘uAtht ((X1’ yl) * (X3’ y3))
=M gt (% %%, Y1 *Y5)
= min{ge, (% %%, 41, (Y: * Ya)}

> min{min{ue (% * (%, %)), 1, ()1 mindae (3, (Y, * ¥3). 41, (1)}

= mindmin{,, (%, (%, *5), 4, (0 (%, * Y )1 mindac (%), 1, (¥)3}
=minfu, (0606 #5),Y % (0 # YD)t (%, ¥,)}

=minfu, (04 )% 06 %, Y, )t (06, Y0}

=mindu, (0 Y% (0% Y2)* O YD) (%1203

= e ot (O Y1) % (%, ) 2 mindae (O, Y2) * (060 ¥2) (%0 Yo D)) 1 (00 Y2)}
Similarly we can show that

(iv)

Vet (O Y2) (g, ya)) smaxdy (06, Y1) * (5% ¥5) * (%, YD) v o (060 )}

Hence A'xB'=<p U, > isat-intuitionistic fuzzy H-ideal of X x X.

At T alyp

Corollary 3.26: If A' =< MoV ,p > and B' =< Ht, Ve > be two tintuitionistic fuzzy H-ideals

of BCK-algebra X. Then LJ (A" xB") O(A' xB"), F.z (A" xB') are also t-intuitionistic fuzzy H-
ideals of X x X.

4. CONCLUSION

We introduced the notion of t-intuitionistic fuzzy H-ideal of BCK-algebra and we studied several
properties. We observe that If t=1 the t-intuitionistic fuzzy H-ideal of BCK-algebra becomes a
intuitionistic fuzzy H-ideal of BCK-algebra. Also we studied the effect of some Modal operators on
intuitionistic fuzzy H-ideal. In our opinion, these definitions and results can be extended to other
algebraic systems also.
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