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1. INTRODUCTION

Let there be v factors X;, X,, ..., X, which influence the response variable Y. Then the design matrix
DNxv. iS

D = (( Xut, Xu2, «o- s Xwv) ) (1.1)
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where X,; be the level of the i factor in the u™ treatment combination (i=1,2, ... v; u=1,2...N), and let
Y., denote the response at the u™ combination, then the corresponding vector of observations are
Y=Yy Yy .., Y 1.2)

Divide the v factors X;, X,, ..., X, into two groups, viz.,

S1= (X, oy Xp) @nd Sp= (Kpsa, oy Xv) 1.3

Suppose it is required to fit a second order response surface model in v factors, given by
Y=XB+g (1.4)

Where Y = (Y4, Ya, ..., Yy)'is the vector of observations,

Xu = (L, Xz Xuzs «or Kave Xouzs X2s oo Xouus XuXuz, +.. XovrXuy) is the u™ row of X
B= (Bo, B1, B, --- Bv> Bi1, B2z, --- Puws Pias -~ Pv-av)' IS the vector of parameters

€= (&, &, ... &)’ IS the vector of random errors.

Assume that E(g)=0, D(g)= o *l and £ ~ N(0,6 ).

If the design D satisfies the following conditions

12 X %™ X o= 0 when ever &;is odd and T & < 4; i#jzkA=1,2, ... v A
2.2X%i=Nuz; Zx%i=3Nus; 2x%ix%=Nu, (fori=1,2, ..., p) (1.5)
3.2 =Ny T xhi=3Nh, ; % X2 X2 = Ny (for j= p+1, ..., V) >
4.3 X% X% =NO (fori=1,2,....p; j=p+l, .., V)

J

Then, the pattern of the Moment Matrix N(X'X) is

[ 1 0 0 wlp Ay 0 0 0 \

0 wh 0 0 0 0 0 0

0 0 Al 0 0 0 0 0

wdy 0 0 w21+] o3 0 0 0

Advp1 O 0 0] A214]] 0 0 0

0 0 0 0 0 mwl, 0 0

0 0 0 0 0 0 ly, O

0 0 0 0 0 0 0 61 (1.6)
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The variance of the estimated response at any u™ design point X, is
V(Yu) = V(Bo) + [V(Bi) + 2Cov(Bo. Bid] pi* + V(i )ps* + [V(B; )+2Cov(Bo. By po* +

V(Bj)p" +2Cov(Bii By)pa’ps’ 1.7
Hence, we have

V(Yu) = N6 [ao + [(1/p2) +2ai]ps” + [(1A2)+ 287)] p2° + [Ci+Colps® + [Ca+Cslps’ +
[(1/0) 42C3] pi2p22 ] (1.8)

Where
8 = [1- a1piop - @ Aa(v-p)]

ar= { Hz- @zl Aatta(v-p) - OCv-p)] } / [ 1o’ - pa(p+2)]

= [-pa0p + pa(p+2)] / {[Daba(v-p) - O(v-p)] [Aatzp - Op] - [Ao"(V-p) - Ra(v-p+2)] [ p-us(p+2)T}

C]_: 1/ 27\.4

C4: 1/ 27\.2

Cs = [aka pa - Oas] / [A0(v-p) - Aapia(v-p+2) ]

sz ['&17\.2 - Cle - C37\.4(V'p+2)] / p6

Cs= [-a2 - 1apCs - 22C4] 1 [Aa(v-p)]

Thus, from (1.8), Variance of Y, is a function of plz, =2 X% summation is over i= 1,2, ..., p) and pzz
(=X X% summation is over i= p+1, p+2, ..., v) only. If the V/(Y,) is a function of p,®and p,® only then
the design D is said to be second order group divisible rotatable design (SOGDRD).

Das and Dey (1967), Adhikary and Sinha (1976), Adhikary and Panda (1983) and several authors gave
the different methods of constructions of SOGDRD. In this paper, SOGDRD are derived suggesting
some modifications to the methods of Das and Dey in section 2.1 & 2.2. A new method of
construction of CCD type SOGDRD is also derived. In addition to these methods, general formula for
A- and D- optimality and estimated responses for SOGDRD are presented.

2. METHODS OF CONSTRUCTION OF SOGDRD

Das and Dey (1967) made an attempt to construct the SOGDRD and proposed two methods one
through factorials and another through BIBD. Constructional methods given by these authors are also
incorrect. Because in all these designs = x,; X°,; # 0 when i and j belong to different groups. In this
section, the methods for the construction of SOGDRD through factorial design and BIBD are suggested
by making certain modifications to Das and Dey (1967).

2.1 METHODS OF CONSTRUCTION OF SOGDRD THROUGH FACTORIALS

Consider a set of combinations of 2" factorial design points with the levels +a. for v factors. Divide the
v factors into two groups, one containing the p factors and the remaining containing (v-p) factors.
Consider a set Sy, of 2p combinations of the type (+y, O, ... , 0), ..., (0,0, ... , £y) and a set S, of 2(v-p)
combinations of type (B, 0, ..., 0), ..., (0, ... , £B). Generate 4p(v-p) combinations by taking 2(v-p)
combinations of S, with each of the combinations of S;. Take nq central points if necessary. Thus the
total number of design points are N=2" + 4p(v-p) + n,.

Obtain the unknown levels +a, £f3, +y such that they satisfy the relations

Exhi=3Tx%ix (fori=12, .., p) (2.1.1)
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2 xhi=32 X% X (forj=p+l, ... v)

2.1.2)

The resulting design provides a v-dimensional SOGDRD with N= 2"+ 4p(v-p) +n, design points. For

the N design points, we have
1. 2x%i=Np, =2" o+ 4(v-p) ¥
T X = 3Ny = 2" o + 4(v-p) v*

z qui quj :NH4 =2" (14

2. TXi=Nk =2"0?+4pp?
2 xi=3NAs =2 +4p p’

z qui quj =Nhg = 2" (14

3. Zx%ixX%=NO =2" o' +4p A

Using the relations in (2.3) and (2.4), we obtain

(2.1.3)
(fori=1,2, ..., p)
(2.1.49)
forj=p+1,...v)
(fori=1,2, .., p;j=ptd, ...,v) (2.15)
BYat =2"" p
(2.1.6)

y*a* =2"(v-p)

From (2.1.6), it can be easily seen that, if we fix any one of the values (either o or B or y) arbitrarily we
can obtain the values of the other two parameters. The method is illustrated in the example 2.1.1.

EXAMPLE 2.1.1: Consider a set of combinations for four factors with the levels and these four
factors are divided into two groups such that each group consists of two factors. Then the SOGDRD in

four factors with 33 design points.

-

=0 =0
0
0 %
0
0 %
0 0

N

+a

=

=

\

+a
0

=
=B

J

Then, from (2.1.6), we have [34/(14 =4 and y4/a4=4. For A,=p, =1, we can obtain a=1, p= \2 and y=\/2.

A= 4.64062= Ly, 6= 5.15625.
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2.2 METHOD OF CONSTRUCTION OF SOGDRD THROUGH BIBD

Consider a balanced incomplete block design (BIBD) with the parameters v, b, r, k and A such that
r<3\. Let Ny, be its incidence matrix consists of zeros and unities as elements. Replace the unities in
N, With a 2 factorial or with a suitable fraction of 2 with the levels +1 and —1. Divide the v factors
into two groups one containing the p factors and the other containing (v-p) factors.

Consider a set S; of 2p combinations f the type (xy, 0, ..., 0), ..., (0,0, ... , +y) and a set S, of 2(v-p)
combinations of type (B, 0, ..., 0), ..., (0, ... , £B). Generate 4p(v-p) combinations by taking 2(v-p)
combinations of S, with each of the combinations of S;. Add ng central points if necessary. Thus the
total number of the design points are b.2% + 4p(v-p).

Obtain the unknown levels +a, +f3, £y such that they satisfy the relations

Exi=32 XXy (fori=12, .., p)

2.2.1)
Exhi=3Tx% X% (forj=p+l, .. v) (2.2.2)

The resulting design provides a v-dimensional SOGDRD with N= b2+ 4p(v-p) +n, design points. For
the N design points, we have
1. 2x%i=Ny, =25 r.a® + 4(vp) y*

2 x4 =3Np = 2% a* + 4(v-p) v*

(2.2.3)
z qui quj = N].L4 = 2k 7\..(14
(fori=1,2, ...,p)
2. 2X%=Nk, =2%ro+4pp’
2 xi=3Nr, =2 a*+4p p*
(2.2.4)
¥ X x5 = Ny =28 Ao’ (for j = p+1, ... V)
3. XX =NO =2%ra’ +4p pH°  (fori=1,2, ...,p;j =p+l, ..,V) (2.2.5)
Using the relations of (2.2.1) and (2.2.2), we obtain
B*/a* =251(30 -r) /4(v-p)
(2.2.6)

yYat =213 -r)/dp

If we fix any of them (either a or B or y ) arbitrarily so that other two give a positive solution. The
method is illustrated in the example 2.2.1

EXAMPLE 2.2.1: Consider a BIBD with the parameters v=4=b, A=2 and r=3=k so that r <3 A. Using

the above method, we can obtain a SOGDRD in four factors with 48 design points such that each factor
consisting of five levels.
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[ )
+a +a +a 0
+a +a 0 +a
+a 0 +a +a
0 +a *a +o
&y 0 +B 0
0 +y 0 =B
&y 0 0 =B
0 +y +B 0

\O 0 0 0 j

Then from (2.11), we have, p%/a* =3, y*/0* =3. For A;=p1, =1, we can obtain, 6?=6/(3+\3), p?= 6/(1+\3)
=% and A= 11,=0.53898, 6= 0.93782.
REMARKS:
1. The number of design points got by Das and Dey for the methods are N=2" + 2p(v-p) + n, and
N= b2+ 2p(v-p) +ne where as in the above methods are N=2" + 4p(v-p) + n, and N= b2*+
4p(v-p) +no.
2. Das and Dey methods are not satisfying the condition = x,; X°,; = 0 when i and j belong to
different groups where as the above methods are satisfying the condition.

3. CONSTRUCTION OF CENTRAL COMPOSITE TYPE SOGDRD

In this section, a new method of construction of SOGDRD through factorial design, which is of central
composite type, is suggested.

METHOD 3.1: Consider the treatment combinations of the type (a, a, ... , o, B, B, ... , B) with the first
p elements as a's and the next (v-p) elements as B's for v factors. Associate the set with a 2" factorial or
with a suitable fraction of 2" with the levels +1 and —1. Take the 2v additional axial points [2p points
of the type (&, ..., 0, ..., 0) ... (0, ..., £y, 0, ..., 0) and 2(v-p) points of the type (0, ..., 0, £5, ..., 0) ...
,...,0,0, ..., +3,) in v-dimensions]. Complete the design by taking n, central point if necessary.
Obtain the unknown levels +a, +f3, +y and +8 such that they satisfy the relations.

Exi=32 XXy (fori#j=12,..,p) (3.1)
Exi =32 XXy (fori#j=p+l, ... v) (3.2)

The resulting design provides a v-dimensional SOGDRD with N= 2"+ 2v + n, design points.

For the N design points, we have
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1. x%i=N pp =2 ol + 4(v-p) yz h
(3.3
2 xi=3Nw = 2" a* + 4(v-p) v S
> qui quj = N].L4 =2" (14
< (fori=1,2, ..., p)
\
2. IXi=Nk, =2'p*+4p &
(3.9
2xi=3Nh, =2"p'+4p &’ >
z qui quj =NM = 2Y B4
) forj=p+1,...v)
3. TX%i X% =No =2 p%’ (fori=1,2, ...p; j = p+1, ...,v) (3.5)
Using the relations in (3.3) and (3.4), we obtain
84/ B4 - 2V
vt =2 (3.6)

By fixing any two unknown levels say o and B) arbitrarily the other two unknown levels of y and 8 can
be obtained. The resulting design is a SOGDRD. This design is termed as CCD type SOGDRD for v-
dimension. This method is illustrated in the Example 3.1.

REMARKS:

1. The number of the design points in this design is less than the number of the design points in
the design given by the Das and Dey (1967) through factorials.

2. In the above design, if o=p (it implies that y=3) then the resulting design provides a central
composite rotatable design.

EXAMPLE 3.1: Consider a combination of the type (o, o, B, P) with the first two elements as a and
the next elements as B for four factors. Then using the above method we can obtain a SOGDRD in
four factors design points such that each factors with five levels.

[ *a +0l +B SN
w0 0 0
0 N 0
0 0 +3 0
0 0 0 +3
0 0 0 0
N J
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From the relations, we can obtain the values of levels. Suppose o=1 and =2, then we get y=2 and &
=4, In this case ,=3.84, 1,=0.96, A= 10.24, 11,=0.64, 6=2.56.
4. OPTIMALITY CRITERIA AND VARIANCE OF ESTIMATED RESPONSE

In this section, an optimality criteria and variance of estimated response are studied. The A- and D-
optimality for SOGDRD are derived from the moment matrix (1.6) as

A-optimality for a SOGDRD is:

Trace (X’X) = N7 [ay+ {p/wo} + { (v-p)/A2} + { p(p-1)/2ps} +
{ (v-p)(v-p-1)/20s} + {p(v-p)/B} + (C1+Cy)p + (C4+ Cs)(v-p) ]

D-optimality for a SOGDRD is

Det (X’X) = 172" N¥ 1P 0P wa’ - 0P Ay W ]

Ao = ha(V-p+2) - 2 (V=) ; A = pa(v+2) - po’p

W= Ay —p(V-p)( 0- Aatiz)?; K= (V+1)(v+2)/2 ; L =(v-p)(v-p-+1)/2 ; J=(p-1)(p+2)/2

A comparison table of the above three methods is presented below.

Example A-Optimality D-Optimality Variance of estimated Response V(Y,)

2.1.1 0.17815 6.684 x 10 0.0352 + 0.0279(p’+p,%) + 0.0029(p, +p,") +
0.0465 p:°p,”

2.2.1 3.6839 1.550 x 10% 2.6613 +1.2994(p,*+p,2) + 0.1933(py*+p,") +
0.3178 p:°p,°

31 0.41896 1.548 x 10 0.1067 - 0.0117p,* — 0.0029p,° + 0.383 p,* +
0.0014p,* +0.0112p,%p,?
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