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1. INTRODUCTION 
 
The classical theory of elasticity neglects the effect of the distribution of couples over the surface 
across which different parts of a continuum interact mechanically with each other.  The micro polar 
theory developed by Eringen and Eringen [1] is based on the condition that micreomotion of the 
medium is restricted to micro-rotation.  To analyze the mechanical behavior of micromorphic solid it 
requires 12 second order partial differential equations in 12 unknowns involving 18 elastic constants.  
Koh[5] developed simpler theory by extending the concept of coincidence of principal directions of 
stress and strain in classical elasticity to the micro-elastic solid.  Imposing a particular form of micro – 
isotropy Koh obtained special constraints on the elastic moduli, thereby reducing number 18 to 10 in 
the special case.  In a subsequent formulation of the problem with respect to principal direction of the 
micro-strain one needs to consider only nine equations in nine unknowns.   
 
The theory developed by Koh is known as micro – isotropic, micro-elastic theory.  Assuming the 
micro-motion is restricted to micro-rotation and stress moment tensor has a particular form of anti – 
symmetry one obtain the equations of micropolar elasticity.   
 
The propagation of plane waves in two semi-infinite media separated by a plane interface was 
discussed by Sommerfield [6], Jeffery [7], Muskant [8] and others have discussed wave propagation in 
case where distance of the point source from the plane is finite.   
 
Wave propagation in semi-infinite micro polar isotropic elastic solid lying over another micro polar 
elastic solid is studied by M. Parameshwar Rao and B. Kesava Rao [9]. Reflection and Refraction of 
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Abstract 

In this paper an attempt is made to study the propagation of SH waves in two micro-morphic half 
spaces. The period equation is obtained.  It is observed that three additional waves are found 
which are not encountered in classical elasticity. 
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SH waves at a corrugated interface between two dimensional transversely isotropic half spaces is 
studied by S.K. Tomar and S.L. Saini. [10] 
 
In this paper we discuss the SH waves in two micromorphic elastic half spaces.  This problem is of 
geophysical interest, particularly in investigations concerned with earthquakes and other phenomena in 
seismology.  Since the propagation characteristics of earth vary with depth, the first approximation to 
the actual problem can be achieved by regarding the  earth as formed of several layers in each of which 
physical additional waves are found.  These three waves are dispersive and depend only on 
micromorphic constrants that is other than ߣ and ߤ. 
 
2. BASIC EQUATIONS 
 
The basic equations for micro-isotropic, micro elastic solids are obtained by Koh, Parameshwaran and 
Koh [11] are given as follows. 
 
The constitutive equations are: 

  Km2Kmpp1km eA2At    (1) 
 

     pppkm3kmkm rA2t   (2) 
 

   km5kmpp4km A2A   (3) 
 

    k,mn2mnk,pp1mnk B2Bt   (4) 
 

   llk l,l kp,p5,k45k BBB2m                   (5) 
 
Where 

11A  ,  31B   
 

22A  ,  1012B2   
 

53A  ,  107943 22B     
 

14A  ,                 44 2B   (6) 
 

25A    95 2B   
 
Subject to the conditions 
 

0A2A3 21  ,     0A2  ,         0A3   
 

0A2A3 54  ,                            0A5  , (7) 
 
3B1 + 2B2 > 0,          B2 > 0,             B3 > 0      
 

343 BBB  ,     0BBB 543   
 
The micro – displacement in the micro-elastic continuum is denoted by ߤ௞  and the micro-deformation 
by ߶௠௡. For the linear theoty, we have the macro – strain ݁௞௠  = the macro – rotation vector rk ,(௞,௠)ߤ = 
ଵ
ଶ
 ߳௣௞௠ ௠,௞ߤ  , the micro-strain ߶(௠௡)  and micro –rotation vector  ߶௣ = = ଵ

ଶ
 ߳௣௞௠  ߶௞௠  .  The stress 

measures are the asymmetric stress (macro-stress) tmn, the relative stress (micro-stress) ߪ௞௠  and the 
stress moment tkmn. Also the couple stress tensor mkp = ߳௣௞௠ ௞௠௡ݐ  . 
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We indicate the symmetric part with () while the anti-symmetric part with []. ߤ ,ߣ are classical material 
constants and ߪଵ ଶߪ , ହߪ , , ߬ଷ , ߬ସ , ߬଻ , ߬ଽ  and ߬ଵ଴  are micro – isotropic and micro – elastic material 
constants.  Further ߳௣௞௠ is the permutation symbol. 
 
The equations of motion with the body forces and body couple are given by 
 
    (A1 + A2 – A3) ߤ௣,௣௠  + (A2  + A3) ߤ௠,௣௣ + 2A3߳௣௞௠߶௣,௞ + ߩfm = ߩ డమఓ೘

డ௧మ
  (8) 

 

     B1߶௣௣,௞௞ߜ௜௝ + 2B2 ߶(௜௝),௞௞ - A4 ߶௣௣ߜ௜௝  - 2A5߶(௜௝) + ߩf(ij)  = ଵ
ଶ
 jߩ 

డమ∅(೔ೕ)

డ௧మ
       (9) 

 

     2B3߶௣,௠௠ + 2(B4 + B5) ߶௠,௠௣ - 4 A3 (rp + ߶௣) – ߩlp  = ߩj 
డమ∅೛
డ௧మ

   (10) 
 
Where comma denotes partial derivative with respect to space variable (xk) and repeated indices 
indicate summation. 
 
 
Solution of the problem 
 
Consider two micromorphic halfspaces with different mechanical properties perfectly welded along the 
x-axis (Fig. 1) 
             
 

       y      
  
 
 
 
 
 
 
 
 
 
 
 
        ρ(2) , II 
 

                   x 
        ρ(1) , I 

 
 
 
 
 
 
 

Fig.1. 
 

Since we are considering time harmonic waves the macro displacement, micro rotation and macro-
displacement are functions of x, y, t for both the media and are given by  
 

    ,0vu 11             t,y,xww 11   
  

    t,y,x1
1

1
1  ,      t,y,x1

2
1

2  ,   01
3    

  



Bulletin of Pure and Applied Sciences / Vol. 36E (Math & Stat.) No.2 / July-December 2017 

 

 
257 

 
 

 
   t,y,x1
31

1
31  ,    

 
 
   t,y,x1
32

1
32 

 
 

    t,y,x1
33

1
33  , ∅ଵଵଵ  = ∅(ଵଶ)

(ଵ)  =  
  01
12 

 
 
for y < 0 and  
 

    ,0vu 22       t,y,xww 22    (12) 
 

    t,y,x2
1

2
1  ;     t,y,x2

2
2

2  ,   02
3    

  
 

 
 

 
   t,y,x2
31

2
31  ,  

 
 
   t,y,x2
32

2
32   

 
    t,y,x2

33
2

33  ,    
 
  02
12

2
22

2
11    

 
for y>0. Quantities with super suffix with (1) are corresponding to the medium I (y<0) and that of super 
suffix (2) corresponding to the medium II (y>0). 
 
Under the absence of body forces and body couples the field equations (8) to (10) are reduce to  
 

    
   
















 2

i2

2

i2
i

3
i

2 y
wwAA

x
  

   
 

 

2

i2
i

i
2

i
1i

3 t
w

y
A2




















x

 (13) 

 

 
   

    i
5

i
42

i
1

2

2

i
1

2
i

3 BB2
y

B2 













x

 
   
















y

i
2

2

2

i
1

2

xx  
 

 
 

     
 

2

i
1

2
iii

1

i
i

3 t
j

y
w

2
1A4

















   (14) 

 

 
   

    i
5

i
42

i
2

2

2

i
2

2
i

3 BB2
y

B2 













x

 
   
















2

i
2

2i
1

2

yyx  
 

 
 

     
 

2

i
2

2
0ii

2

i
i

3 t
jw

2
1A4


















x

  (15) 

 

   
 

    0A
y

B i
33

i
42

i
33

2
i

332

2
i

1 













x

  (16)  

 

               i
335

i
334

i
332

2
i

332

2
i

2
i

332

2
i

332

2
i

1 A2A
y

B2
yx

B 

































x
    

 

2

i
33

2
ii

t
j

2
1






 
(17) 
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 
 
 

 
       

 

2

i
32

2
iii

325
i
322

2
i
322

2
i

2 t
j

2
1A2

y
B2




















x

     (18) 

 

 
 
 

 
   

 
     

 

2

i
31

2
iii

31
i

5
i
312

2
i
312

2
i

2 t
j

2
1A2

y
B2




















x  

 
 

   (19) 
 
In view of (16) the equation (17) reduces to  

 

           i
332

2
iii

335
i

332

2
i

332

2

2 t
j

2
1A2

y
B2 




















x

     (20) 

 
where i = 1 ,2. The field equations for the medium I corresponds to   i =1 and for medium II 
corresponds to i=2. 
 

The equations (13) to (15) are coupled equations and coupled in terms of    i
1

i ,w   and  i
2 .  

 
As a trial solution, let us assume  
 

         ctyiqexpymexpAw iii   
 

         ctyiqexpymexpB iii

1
  (21) 

 
         ctyiqexpymexpC iii
2   

 

where  iA ,  iB ,  iC  are constants, q is the wave number and c is phase velocity. 
Substituting equations (21) in the equations (13) to (15) we get 

 

0iqci
3A2iBimi

3A2iA2q2ci2q
2imi

3Ai
2A 










































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



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



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

































      (22) 

 




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0iC2qijii
3A4 














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

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
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


        (24) 

For  i=1 we have a system of homogenous equations in  1A ,  1B  and  1C . Similarly for  i = 2 we 

have another system of homogeneous equations in  2A ,  2B  and  2C . For the existence of non – 

trivial solution of the system of equations in  1A ,  1B  and  1C , the determinant of the coefficient 
matrix should be zero.  (i.e.) (25). 

0a ij    (25) 

 
where  
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                22i11

3
21

5
1

4
211

322 qCjA4qBB2qmB2a
2

   (26) 
 

      iqmBB2a 11
5

1
423       qiA2a 1

331   
 

      11
5

1
432 mqiBB2a   

 
                  22111

3
11

5
1
4

211
333 cqjA4mBB2qmB2a

22

  
 
Expanding the determinant we get  

 

.1212q1j2q
21m11j




































 



















































 

 

.2q
11

j
11

22q
21

m
1

j
1









































































 

 
   

 
 

   
     0qmq

C
cCCm

C
CC 2112

2
6

21
2

1
11

1
6

1
1

1
1 22

22
2

2

22












 



  (27) 

 
where 

 
   

 1

1
2

1
11

1
A2AC

2




 ;         
     

 1

1
3

1
2

1
11

2
AAAC

2




  
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 
 

 1

1
31

3
A2C

2


                     

 

    ;
j

B2C 11

1
31

4

2


          

    
   11

1
5

1
41

5 j
BB2C

2




  

 

 
 

 1

1
21

6
AC

2


  ;                   

 21
6

2
1

C
C

  

 

 
 

 2

2

1
6

1
31

C
C

 ;                    
 

 2

2

1
6

1
41

C
C

  ,               
 

 2

2

1
6

1
51

C
C

                 (28) 

 

Neglecting  21  term in (6.1.17) we obtain a set of approximate roots for  21m and we suppose these 

roots be 2
1b , 2

2b  and 2
3b .  Thus,  

 
 

      
 

   
2

11

1

111

1
2
1 1

j
2b 
















  (29) 

 

 
 

2
1

12
2 q

2
11b 















 
  (30) 

 
 

   

 

 
2

i

1

ii

1
2
3 q1

j
2b 























  (31) 

 
We assume that 21 b,b  and 3b  are positive. The general solutions for displacements and rotation 
functions in the lower half space (y<0) are of  form  
 

        ctxiqexpybexpLmw
22

11   (32) 

 

      ctxiqexpybexpL k

3

1k
kk

1
1  



  (33) 

 

      ctxiqexpybexpL k

3

1k
k

1
2  


  (34) 

 
where L1, L2 and L3 are constants, 

 

 
           

  qiC
cqjC2qbCCujM 2

22

1
3

22i1222
2

1
5

1i
1




  (35) 

and  
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1
1 bi

q
 , 

qi
b2

2  , 
qi

b3
3    (36) 

 

The system of equations in    22 B,A  and  2C  are similar to the set equations in  1A ,  1B  and 
 1C  except change in super suffix. Hence the solutions      2

2
2

1
2 ,,w   for the upper half space (y>0) 

are  
 

        ctiqexpybexpLMw 55
22  x    (37) 

 
      ctiqexpybexpL k

6

4k
kk

2
1  



x    (38) 

 
      ctiqexpybexpL k

6

4k
k

2
2  



x    (39) 

 

where L4, L5 and L6 are constants; 2
6

2
5

2
4 b,b,b  are roots of the determinant of the coefficients of the 

equations in  2A ,  2B ,  2C  by neglecting  22 , 

 
           

  qiC
cqjc2qbCCjM 2

22

2
3

2222222
5

2
5

2
4

2

2



    (40) 

 

,
bi
q

4
4


  ,

qi
b5

5


  
qi
b6

6


                        (41) 

 

and 2
4b , 2

5b , 2
6b  are respectively equal to the right hand sides of the equations (29) - (31) replacing 

the super suffix 1 by 2. On the stress free boundary surface the required boundary conditions are  
 1w  =  2w  

 
 1
1  =  2

1 ,   1
2  =  2

2           
 
 1
23t  =  2

23t ,   1
21m  =  2

21m  
 
These boundary conditions involves the macro-displacement and micro-rotations. Substituting 
equations (32) to (34) and (37) to (39) in equations (42) we get  
 

    0LMLM 5
2

2
1   (43) 

 
0LLLLLL 6655443322141   (44) 

0LLLLLL 654321    (45) 
 

        0LmbALmbA 5
2

5
2

22
1

2
1

2   (46) 
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2L2b2
1
4Biq1

3B1L1b1
1
4Biq1

3B 











































 

 

4L4b4
2

4Biq2
3B3L3b3

1
4Biq1

3B 











































 

 

06L6b6
2

4Biq2
3B5L5b5

2
4Biq2

3B 











































 (47) 
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1
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1
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1
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1
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1
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1
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1
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











































































 

 

4Liq4
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2

5B
2

4B
2

3B3Liq3
1
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1
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1
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1
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











































































 

 

5Liq5
2

5B5b
2

5B
2

4B
2

3B 











































  

 

06Liq6
2

5B6b
2

5B
2

4B
2

3B 

































  (48) 

 
A non-vanishing solution of the above system of equations for 54321 L,L,L,L,L  and 6L  exists if 
an only if the determinant of the coefficients is zero i.e.,  
 

0bij    (49) 

 
where  
 

0b11  ;   1
12 Mb  ;  0b13  ; 0b14   

 
 2

15 Mb  ;  0b16  ; 
 

121b  ;  222b  ;   323b  ; 
 

424b  ;  525b  ;  626b  ; 

1b31  ;  1b32  ;  1b33  ; 
 

1b34  ;  1b35  ;  1b36  ; 
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0b41  ;     1
2

1
242 MbAb  ; 0b43  ; 

 
0b44  ;     2

5
2

245 MbAb  ; 0b46  ; 
 

   
11

1
4

1
351 bBiqBb   

 
   

22
1

4
1

352 bBiqBb   
 

   
33

1
4

1
353 bBiqBb   

 
    44

2
4

2
354 bBiqBb   

 
    55

2
4

2
355 bBiqBb    
    66

2
4

2
356 bBiqBb   

 
         iqBbBBBb

1

1

51

1

5

1

4

1

361
  

 
         iqBbBBBb

2

1

52

1

5

1

4

1

362
  

 
         iqBbBBBb 3

1
53

1
5

1
4

1
363    

 
         iqBbBBBb 4

2
54

2
5

2
4

2
364   

 
         iqBbBBBb 5

2
55

2
5

2
4

2
365   

 
         iqBbBBBb 6

2
56

2
5

2
4

2
366   

 
The determinant (49) can be expressed as two factors, hence each factor is equal to zero. Thus we have,  
 

         0bAbAMM 2
1

25
2

2
21    (50) 

and 
 

 0cij    4,3,2,1j,i    (51) 

 
where 
 

111c  ; 312c  ; 413c  ; 614c   
 

1c21  ; 1c22  ; 1c23  ; 1c24      
 

5131 bc  ; 5332 bc  ; 5433 bc  ; 5634 bc   

6141 bc  ; 6342 bc  ; 6443 bc  ; 6644 bc   
 
It is interesting to note that the equation (50) gives two additional waves (depends only on 
micromorphic constants) not encountered in classical elasticity. 
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As the equation (51) yield an equation in complex form a further discussion on it not initiated.  
 
Now we study the effect of micro-strains in the present problem. 
 
We seek the solution of (18) to (20) as  
 

 
       ctyiqexpyexpN1
1
31  1  

 

 
       ctyiqexpyexpN 2
1
32  1   (52) 

 

 
       ctyiqexpyexpN3
1
33  1   

 

and        ctyiqexpyexpN 2
4

2
31    

 
       ctyiqexpyexpN 2

5
2

32    
 

       ctyiqexpyexpN 2
6

3
33    (53) 

 

 
 

 

   

 
2

1
2

211

1
2

1
51 q

B4
Cj1

B
A2








 
l     

     

 
2

2
2

222

2

2
52 q

B4
Cj1

B
A2








 
l   

 
and iN   6,5,4,3,2,1i   are constants. The boundary conditions to be satisfied involving the 
micro-strains are  
 

 1
31    =    2

31   
 

 1
32    =    2

32    1
33    =    2

33  
 

 
 1

322t   =     
 2

322t                                 (54) 
 

 
 1

332t   =     
 2

332t    
 1

312t  =     
 2

312t  
 
Substituting equations (6.1.44) in (6.1.48)  we get  
 

41
NN  , 

52
NN   and  

63
NN   

 
Further substituting (6.1.45) and (6.1.49) we obtain the frequency equation.  

 
 

 

   

 

 

 

   

  0q
B4

Cj1
B
Aq

B4
Cj1

B
A 2

2
2

222

2
2

2
52

1
2

211

1
2

1
5 







 








 
                                                    (55) 

This wave depends only on micromorphic constants that is other than elastic constants ߤ ,ߣ of classical 
elasticity. 
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