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1. INTRODUCTION

The classical theory of elasticity neglects the effect of the distribution of couples over the surface
across which different parts of a continuum interact mechanically with each other. The micro polar
theory developed by Eringen and Eringen [1] is based on the condition that micreomotion of the
medium is restricted to micro-rotation. To analyze the mechanical behavior of micromorphic solid it
requires 12 second order partial differential equations in 12 unknowns involving 18 elastic constants.
Koh[5] developed simpler theory by extending the concept of coincidence of principal directions of
stress and strain in classical elasticity to the micro-elastic solid. Imposing a particular form of micro —
isotropy Koh obtained special constraints on the elastic moduli, thereby reducing number 18 to 10 in
the special case. In a subsequent formulation of the problem with respect to principal direction of the
micro-strain one needs to consider only nine equations in nine unknowns.

The theory developed by Koh is known as micro — isotropic, micro-elastic theory. Assuming the
micro-motion is restricted to micro-rotation and stress moment tensor has a particular form of anti —
symmetry one obtain the equations of micropolar elasticity.

The propagation of plane waves in two semi-infinite media separated by a plane interface was
discussed by Sommerfield [6], Jeffery [7], Muskant [8] and others have discussed wave propagation in
case where distance of the point source from the plane is finite.

Wave propagation in semi-infinite micro polar isotropic elastic solid lying over another micro polar
elastic solid is studied by M. Parameshwar Rao and B. Kesava Rao [9]. Reflection and Refraction of
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SH waves at a corrugated interface between two dimensional transversely isotropic half spaces is
studied by S.K. Tomar and S.L. Saini. [10]

In this paper we discuss the SH waves in two micromorphic elastic half spaces. This problem is of
geophysical interest, particularly in investigations concerned with earthquakes and other phenomena in
seismology. Since the propagation characteristics of earth vary with depth, the first approximation to
the actual problem can be achieved by regarding the earth as formed of several layers in each of which
physical additional waves are found. These three waves are dispersive and depend only on
micromorphic constrants that is other than A and u.

2. BASIC EQUATIONS

The basic equations for micro-isotropic, micro elastic solids are obtained by Koh, Parameshwaran and
Koh [11] are given as follows.

The constitutive equations are:

L) = AT Ok +2A8, (1)
t[km] = O] = 2A, € (rp + d)p) )
Olin] = ~AuPppOim = 2A5P(m) 3)
() = Bi®pp kO + 2B, 0(mn) ey
M) = —2(Bsdy, +Bo,, +Bed, 8, ) ®)
Where

A =k+o,, B, =1,

A,=pn+o,, 2B, =1,+71,

A, =0, B,=2t,+2t,+1, -1

A, =-c,, B, =21, (6)
A, =-0, B, =21,

Subject to the conditions

3A,+2A,>0, A,>0, A,>0

3A,+2A, >0, A, >0, @)
3B +2B,>0, B, >0, B;>0

-B,<B,<B,, B,+B,+B;>0

The micro — displacement in the micro-elastic continuum is denoted by g, and the micro-deformation
by ¢y For the linear theoty, we have the macro — strain e, = i ), the macro — rotation vector r =

1 - - - - 1
3 Epkm Hmics the micro-strain ¢,y and micro —rotation vector ¢, = = 3 Epkm Piem - The stress

measures are the asymmetric stress (macro-stress) t.,, the relative stress (micro-stress) gy, and the
stress moment tq,. Also the couple stress tensor My, = €ppm timn-
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We indicate the symmetric part with () while the anti-symmetric part with []. A, i are classical material
constants and a,, 0,, 05, T3, T4, T7, T and 74, are micro — isotropic and micro — elastic material
constants. Further e, is the permutation symbol.

The equations of motion with the body forces and body couple are given by

0%um
(Al + AZ - AS) .up,pm + (AZ + AS) .um,pp + 2A36pkm¢p,k + me =p 0?2 (8)
_1 . 02®(ij)
Bi¢pp. i Oij + 2B2 P(ijy e = Aa PppSij - 2AsPijy + ply = 2P % )

%0,
t2

283¢p,mm + 2(B4 + B5) ¢m,mp -4 A3 (rp + ¢p) _plp = pj P)

(10)

Where comma denotes partial derivative with respect to space variable (x) and repeated indices
indicate summation.

Solution of the problem

Consider two micromorphic halfspaces with different mechanical properties perfectly welded along the
x-axis (Fig. 1)

<

0@ .1l

o)1

Fig.1.

Since we are considering time harmonic waves the macro displacement, micro rotation and macro-
displacement are functions of x, y, t for both the media and are given by

uW=v¥=0, wY=w"(xy, t)

0= 6y,0). 6 =ey.1). 6 =0
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1 1 1 1
¢53)1) = ¢53)1)(X1y1 t)’ ¢E3)2) = ¢E3)2)(X1yft)
d% = 05 (x,y, 1), 0, =0, = 93 =0
fory <0and

u(Z) — V(Z) — 0’ W(Z) — W(Z)(X, y’ t) (12)

5 =000 0): 6 =0 y,0). 6" =0

¢E§I> = ¢E§I>(X,y, t), ¢E§z)) = ¢E§;)(Xfy1t)
0% =05 (x,y,1). 65 =% = () =0

for y>0. Quantities with super suffix with (1) are corresponding to the medium I (y<0) and that of super
suffix (2) corresponding to the medium I1 (y>0).

Under the absence of body forces and body couples the field equations (8) to (10) are reduce to

_ _ 20,,(1) 2.1,() (i) A2 ()
(AD +AY _avvz +8W +2AY (220! =P(')8V\£ (13)
ox° oy oy  oX ot
2.4 (i) 2.4 (i) 24(i) 24.(i)
2ng>{—aaj; +—aaj’; }+2(BS)+BS)) {%+%}
1 ow" o 001
—4Al + - 14
135w -
o9y oy i g 0%
2B {ai)z aj’; }+2(BQ+B ){ﬁ oy
o —1ow 0’9}
—4AD =4 2 15
{0 |t 08 o
i ’ i 0’95, i) 4 (i
o) 2o+ 0 a0 @
i 0 0 i 0 i i i 1 ad)
B“{az 33+6y¢33}+28 {ax ¢§;+N¢§;}—A4¢23—2A5¢§; SP =
(17)
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Y 2 B 2 (i
28 Zoal Dbl |- 2aal = 1ot T "

[ A2 2 ] 2 (i
ng>_% 0+ %q)z;g_ ~2Al4(), =~ a;zgg

(19)
In view of (16) the equation (17) reduces to
2 2 2

28 T o |- ame - ot o
where i = 1 ,2. The field equations for the medium | corresponds to i =1 and for medium 1l
corresponds to i=2.
The equations (13) to (15) are coupled equations and coupled in terms of W(i), d)ii) and d)(z')
As a trial solution, let us assume
w® = AV exp(m®y)exp[iq (y —ct)]
d)f) =B"exp (m(i)y) exp [igq(y —ct)] 1)

) =C exp(myJexplia (y—ct)
where A(i), B(i), C(i) are constants, q is the wave number and c is phase velocity.

Substituting equations (21) in the equations (13) to (15) we get

3 3

{[Am%g)} [mmz _qz]+ptijczqz }A(U+2A(iJm(iJB(iJ_2A(iJiqC » @2

PWONORD +[28gj{mmz _qz]_z(ng oo -] j(i]qzcz}B(i]
{Z[Bg)Jng)jm(i)iq}C(i) ~0 @
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—4Ag)+p(i)j(i)q2 C(i) =0 (24)

For i=1 we have a system of homogenous equations in A(l), BY and C(l). Similarly for i =2 we
have another system of homogeneous equations in A(Z), B® and C(Z). For the existence of non —

trivial solution of the system of equations in A(l), B(l) and C(l), the determinant of the coefficient
matrix should be zero. (i.e.) (25).

2,/ =0 (25)

where
a, =(AY+ Agl))(m(l)z -q° )+ pc?q?

a,, = 2A0m0
a,, =—2AYiq

2, = —2A0mY

a,, = 2BY (" —g? |- 2(BY + BY) g2 - 4AY + p¥jCq? (26)
a,, =2(BY +BY) mPiq a,, =2A%iq

a,, =2(BY +BY)igm®

agy = 2B0(m® —g? J+ 2(BY + BY) mt —4AY + o0 jgc?

Expanding the determinant we get

{ jm(em Hp)) {mmz _q2]+ 12,0, em}_

@ _ o? ) W _clr _ g2 , )
{Cl e qz} & mt” ~q7)=0 @
6 6
where
o _ AV 2AY ol _ AV +AY A
1
p(l) p(l)
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() (®) (O] ()
cor _2As cor 2280 cor 2(BY +BY)
1 1):(1) 7 1):(1
p() p()J() p()J()
) 2
cW = A, £ o
p(l) Cgl)
W ? W
o_Cs | o0 - G 50 Cs
S T o W I (28)
Ce Ce Ce
Neglecting E(l)z term in (6.1.17) we obtain a set of approximate roots for m(l)2 and we suppose these

roots be blz, b; and b;. Thus,

, 2ev Y
b, = P o) " =g 50 (29)
2 @) e 2
b3 =|1-&"1-- |la (30)
5 ) 0
bl = {@ + [1— %qu (31)

We assume that bl,b2 and b3 are positive. The general solutions for displacements and rotation
functions in the lower half space (y<0) are of form

w" = m®L_exp(~b_y)expliq(x - ct)] (32)
3
¢1(1) = Zkk L, exp (_ ka)EXp [iq (X - Ct)] (33)
k=1
3
(I)z(l) = Z L, exp <_ ka) eXp [iq (X - Ct)] (34)
k=1

where L;, L, and Lz are constants,

o Pcu® + W (b2 —g?)-2C2 + pWjilg2c?
MY = - (35)
~C'ig

and
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q b, b,
2 A== 36
ib, iqg " g 9

The system of equations in A(Z), B(Z) and C(Z) are similar to the set equations in A(l), B(l) and

C(l) except change in super suffix. Hence the solutions W(Z), d)iz),d)(zz) for the upper half space (y>0)
are

w® =ML exp (byy) exp [iq (x—ct)] 37
6

6.7 =Y e Lexp (by) exp fig (x—ct)] (38)
k=4
6

6,7 =3 L. exp (b.y) exp [ig (x—ct)] (@)
k=4

where L,, Ls and Lg are constants; bi,bé,bg are roots of the determinant of the coefficients of the
equations in A® B c® by neglecting 6(2)2,
J-(Z)ng)2 +ng)2 (bé _qz)_ 202 +p(2)j(2)q202

e Yl U (41)

6

ib, iq iq

and bi, bé, bé are respectively equal to the right hand sides of the equations (29) - (31) replacing
the super suffix 1 by 2. On the stress free boundary surface the required boundary conditions are

= o W= o
=) mg = m

These boundary conditions involves the macro-displacement and micro-rotations. Substituting
equations (32) to (34) and (37) to (39) in equations (42) we get

MYL, -M@L, =0 (43)
ALy, + AL, + L, —A,L, — Al — AL, =0 (44)
L,+L,+L,-L,-L,—L,=0 (45)
A%,mYL, + APb,m?L, =0 (46)
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oo L el
NE I

4 7676

—-thq+5f5,b}LS—{B§%q+B@%,b}L =0 @7)

2), g2, gl2) 2L ol -
+|B +B4 +85 b6+B5 k6|q L6—0 (48)

A non-vanishing solution of the above system of equations for L,,L,,L,,L,,L; and L exists if
an only if the determinant of the coefficients is zero i.e.,

lby| =0 (49)
where

b, =0 b, =MY; b, =0 b, =0

by, =-M®@; b, =0

b, =2, b, =2, b, =2,

b,, =\, b, = —A b, =—A,

b,, =1; b,, =1; by, =1;

b, =-1 b, =-1 b, =-1
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b, =0; b, =AYb,MY; b, =0;
b, =0; b =APb,M?; b, =0;
b,, = BYig-BYAb,

b,, = BYig - BYA,b,

b, = BYig - B!x,b,

b, =-[B%iq+B%b,2,]

« =—[Biq+BZb,]

b
b, = —[B%iq +Bb, ]

b =([BY+B"+B")b, ~BY%iq
b_ =(B"+B"+B")b, B2 ig
(BY +BY+BY) b, +BY,ig
be, = (B? +B? +B?) b, + BPh,iq
(B? +B? +BZ) b, + BPhiq
bes = (B + B? +B?)) b, + B,

The determinant (49) can be expressed as two factors, hence each factor is equal to zero. Thus we have,

M(l)M(Z)(A(ZZ)bs +A(21)b2)= 0 (50)
and

|cij| =0 (i,j=12,34) (51)
where

Ch= }‘1 Cp = 7‘3 Cis = _7‘4 Cu= _7‘6

Cp = 1 Cp = 1 Cp = -1 Cp = -1

Cy = b51; Cyp = b53; Cyz = b54; Cay = Dsg

Cpu= bBl; Cp= b63; Cp = b64; Cu= bee

It is interesting to note that the equation (50) gives two additional waves (depends only on
micromorphic constants) not encountered in classical elasticity.
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As the equation (51) yield an equation in complex form a further discussion on it not initiated.
Now we study the effect of micro-strains in the present problem.

We seek the solution of (18) to (20) as
o) =N, exp(-¢Vy) exp fig(y —ct)]

o = N, exp(-¢y) exp [ia(y - ct)] (52)
o = N, exp (- £*y) exp [ig(y - ct)]

and ¢ = N, exp(—£®y) exp [iq(y - ct)]

0% = Nyexp(~£?y) exp [ig(y - ct)]

02 = N, exp(-¢@y) exp [ig(y —ct)] (53)

A () eI e LAY () 01707
gt o | + o |
B! 4B" B, 48

and N, (i ::L2,3,4,5,6) are constants. The boundary conditions to be satisfied involving the
micro-strains are

1 2
00 = o

1 2 1 2
0 = 0% o = 0%
1 2
t(z()?,z) = tg(gz) (54)
1 2 1 2
t(z()33) = t(z(ls) t(z()al) = t(Z(gl)
Substituting equations (6.1.44) in (6.1.48) we get
N =N ,N =N_and N_=N
1 4 2 5 3 6
Further substituting (6.1.45) and (6.1.49) we obtain the frequency equation.
BY 4BY BY 4B%

This wave depends only on micromorphic constants that is other than elastic constants A, u of classical
elasticity.

Acknowledgement: The author thanks the UGC New Delhi for support provided by them through the
NON-SAP (2009).
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