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Abstract The study of image or picture generation has been of great interest for
researchers as they find a variety of applications such as character recognition, pictorial
information system design, pattern recognition and so on. Matrix grammars are an exten-
sion of string grammars to two dimensions in formal language theory, to generate picture
array languages. P system is an area of membrane computing which was proposed by
Păun inspired by the structure and functioning of living cells. P systems are useful in
dealing with different problems, including the problem of handling picture array genera-
tion. In this paper we define P systems for matrix grammars with regular and context
free rules which brings out the suitability of P system model for picture array generation.
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1 Introduction

Picture processing is one of the areas of computer science which is concerned with the analysis and
generation of pictures. Pictures are regarded as ‘concatenations’ of subpictures which in turn are built
up out of still smaller parts. A digitized picture is a finite rectangular array of ‘points’ and ‘elements’
each of which has associated with it one of a discrete finite set of ‘values’. Thus a picture can be
represented as a m × n matrix in which each entry aij , 1 ≤ i ≤ m, 1 ≤ j ≤ n has one of the
values, say V1, . . . , Vk (see, [4]). In this paper a linguistic model called matrix grammars is used for the
generation of the rectangular arrays. Some interesting classes of pictures including certain letters of the
alphabet, kolam, (traditional picture patterns used to decorate the floor in south Indian homes) and
wall paper designs (repetitive patterns) can be generated by these grammars (see, [3]). The theory of
P system (or membrane computing) is a recent and intensively investigated area of Natural computing,
a field of research that tries to imitate nature in the way it computes. Neural networks, generic
algorithms and DNA computing are three areas of Natural computing already well established. A new
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computability model, called a P system, which is a distributed highly parallel theoretical model based
on membrane structure and the behaviour of living cells is introduced by Păun [1]. One of the branches
of membrane computing is the rewriting P system in which objects in membranes are described by
strings and these strings are processed by rewriting rules or other string manipulating operations. In
this paper, we generate matrix languages for various pictures using the P system with different types
of rewriting rules.

2 Preliminaries

Definition 2.1. A phrase-structure grammar denoted by G, consists of four components (N, T, P, S),
where N ∩ T = ∅. N is a finite sets of symbols, called non-terminals. T is a finite sets of symbols,
called the terminals. S is a distinguished element of N and is called a start symbol. P is a finite
set of productions which are ordered pairs of the form (u, v), where u ∈ V + containing at least one
non-terminal and v ∈ V ∗, where V = N ∪T , V + contains strings over V and V ∗ = V +∪empty word λ.

Definition 2.2. If a phrase-structure grammar consists of only rules of the form A → aB or A → a,
where A, B ∈ N, a ∈ T then the grammar is called a regular grammar (or a right-linear grammar).

Definition 2.3. A context- free grammar (CFG) is a 4- tuple G = (N, T, P, S) where, N is a finite non-
empty set of symbols, called the non-terminals (or variables), T is the terminal alphabet (or terminals),
N ∩ T = ∅, S ∈ N is the start symbol and P is a finite non-empty set of rules of the form A → α,
where A ∈ N and α ∈ (N ∪ T )∗.

Definition 2.4. [5] A Phrase Structure Grammar(PSG), Context Sensitive Grammar(CSG), Context
Free Grammar(CFG), Right Linear Grammar (RLS) is a two tuple M = (G, G′) , where G = (V, I, P, S)
is a PSG, CSG, CFG, RLS with V = a finite set of horizontal non-terminals, I = a finite set of
intermediates = (S1, S2, . . . , Sk), P = finite set of production rules called horizontal production rules,
S = start symbol S ∈ V and V ∩ I =∅. G′ = ∪k

i=1Gi
′ where Gi

′ = (Vi, Ti, Pi, Si) are Right Linear
Grammar with T i = a finite set of terminals, V i = a finite set of vertical non- terminals, Si =
start symbol, P i = a finite set of right linear production rules Vi ∩ Vj = ∅ if i 6= j.

Definition 2.5. The set of all matrices generated by M is defined to be

L (M) =

{

m × n arrays [aij ] , i = 1, . . . , m; j = 1, . . . , n; m, n ≥ 1/S1 . . . Sn

∗

⇓ [aij ]

}

.

Definition 2.6. [1] A rewriting P system Π = (V, µ, w1, . . . , wn, R1, . . . , Rn, i0) where V is an
alphabet, µ is a membrane structure, w1, . . . , wn are finite languages over V , R1, . . . , Rn are fi-
nite sets of context-free evolution rules of the form X → v (tar), with X ∈ V, v ∈ V ∗, tar ∈
{here , out} ∪ {inj |1 ≤ j ≤ n}and io is the output membrane. The language generated by a system Π
is denoted by L(Π) and it consists of all strings placed in the output membrane when at the end the
computations halt. Each string is processed by one rule only, the parallelism refers here to processing
simultaneously all available strings by all applicable rules. If several rules can be applied to a string,
may be in several places each, then we take only one rule and only one possibility to apply it and
consider the obtained string as the next state of the object described by the string.

Definition 2.7. [2] In a maximal parallelism rewriting step (M), all occurrences of all symbols
(which can be the subject of a rewriting rule) are simultaneously rewritten by rules which are non-
deterministically chosen in the set of all applicable rewriting rules. That is, if the string, w =
x1a1x2a2x3a3 . . . xnanxn+1 with w ∈ V +, a1 . . . , an ∈ V and xi ∈ (V − {a1, . . . , an})

∗, i =1, . . . , n+1
is such that there are no rules defined over symbols in the strings x1, . . . , xn+1 and there are some
rules r1 : a1 → α1, . . . , rm : am → αm not necessarily distinct, then we obtain in one maximally parallel
rewriting step the string w′ = x1α1x2α2x3α3 . . . xmαmxm+1.

Definition 2.8. [2] A rewriting operation with unique parallelism (U) consists in the substitution of all
occurrences of exactly one symbol according to exactly one rule, which is non-deterministically chosen
between all rules that can be applied to that symbol. That is, given a string w = x1ax2ax3 . . . xnaxn+1
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with xi ∈ (V − {a})∗ , i = 1, . . . , n + 1 and one context- free rule r1 : a1 → α1, r2 : a2 → α2, in one
parallel rewriting step we obtain the string w = x1a1x2a2x3a1x4α1x5α2x6, (we non-deterministically
choose the third occurrence of symbol a1 and the first occurrence of symbol a2).

Definition 2.9. [2] With an occurrence parallelism rewriting step (O) , only one occurrence for
each symbol in the string that can be rewritten is non-deterministically chosen to be rewritten. For
example, given two symbols a1, a2 in V and a string w = x1a1x2a2x3a1x4a1x5a2x6, with xj ∈
(V − {a1, a2})

∗, j = 1, . . . , 6, and given the context-free rules r1 : a1 → a1, r2 : a2 → a2, in one step
we could obtain the string w = x1a1x2a2x3a1x4a1x5a2x6 (we non-deterministically choose the third
occurrence of symbol a1 and the first occurrence of symbol a2).

3 Main result

Theorem 3.1. For every right linear matrix grammar there exists a rewriting P system that generates

the corresponding matrix language.

Proof. Consider the regular matrix grammar M = (G, G′), where G = (V, T, S, P ) and G
′

i =
(

V
′

i , T
′

i , S
′

i , P
′

i

)

then G′ = ∪Gi
′ and both G and G′ being right linear matrix grammar.

Now we construct the rewriting P system Π = (V, T, µ, w1, . . . , w4, R1, R2, R3, R4, i0) where, V = ∪Vi
′,

T = ∪Ti
′, µ = [1[2[3]3[4]4]2]1, w1 = S, w2 = w3 = w4 = φ, R1 = {P} , i.e., set of all productions in

grammar G,

R2 =
{

all rules of G
′

i of the form Si → aiAi (tar) , i.e., all the rules

with Si on the LHS where ai ∈ T
′

i , Ai ∈ V
′

i and Si ∈ V
}

R3 =
{

all the right linear rules in G
′

i of the form Ai → aiBj (tar) ,

where ai ∈ T
′

i and Ai, Bj ∈ V
′

i

}

R4 =
{

all the rules of the form Ai → ai (tar) ,where ai ∈ T
′

i and Ai ∈ V
′

i

}

, i.e., all the terminate rules

in the grammar Gi’s.
Initially there are no words in the membranes except in the membrane 1, which contains the initial
word ‘S’, that corresponds to the start symbol in the grammar G . So membrane 1 becomes active and
the rules of R1 are applied, which results in the intermediate language (horizontal languages) which was
generated by G. At this stage, the resulting string is pushed to membrane 2 and the rules are applied
to the intermediate symbols, resulting in words which is a string on V ′

i ∪ T ′

i . Now the string is pushed
to membrane 3, where recursive rules for the language are applied, the process can go on repeating
itself until it is pushed out using the rule with target out. Now the string reaches the membrane 4
where the rules of R4 are applied and process gets terminated since there are no more rules that can
be applied. Thus the process terminates resulting in words which are the words of the matrix language
M . Thus L (Π) = L (M) .

Example 3.2. Consider a regular matrix grammar M = (G, G′) where G represents the horizontal
rules and G′ represents the vertical rules of the grammar.

G = ({S, B} , {S1, S2, S3} , {S → S1B, B → S2B, B → S3} , S) ;

G′ = G1
′ ∪ G2

′ ∪ G3
′ where

G1
′ = ({S1, A1} , {a1} , s1 → a1A1, A1 → b1A1, A1 → c1, S1)

G2
′ = ({S2, A2} , {a2} , s2 → a2A2, A2 → b2A2, A2 → c2, S2)

G3
′ = ({S3, A3} , {a3} , s3 → a3A3, A3 → b3A3, A3 → c3, S3)

are right linear grammars.
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Then
S ⇒ S1S2S3

⇓
a1a2a3

b1b2b3

. . . . . . . . .
⇓

a1a2a3

b1b2b3

c1c2c3

In the above example the set of all matrices generated by M is

L (M) = {S
1
Sm

2 S3, m ≥ 1} =







a1 a2 a3

bn
1 bn

2 bn
3

c1 c2 c3







, n ≥ 0.

The P system for matrix grammar:

Consider the P system of degree 4 (Fig. 1) given by Π = (V, T, [1[2[3]3[4]4]2]1, R1, R2, R3, R4, 4)

 

Fig. 1:

The application picture for above language is the kolam given below in Fig. 2.

Theorem 3.3. For every context free matrix grammar there exists a rewriting P system that contains

it.

Proof. Consider the context free matrix grammar, M = (G, G′), where G is a context free matrix
grammar and G′ is a length equal right linear grammar. The construction of P system is the same as
in the above result. But by applying different types of rewriting rules defined in section 2, we obtain
the different languages for each semantics some of which may coincide depending on the number of
variables and their occurrences in the rules defined. In a right linear matrix grammar only one variable
occurs at any stage of computations in the P system. Therefore all the types of the rewriting rules
will result in the same language. In context free matrix grammar the computation can have more than
one variable either recurring or not as the case may be. We are able to apply the different types of
rewriting rules which generates languages other than the context free matrix language some of which
may coincide with each other.
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Fig. 2:

Example 3.4. Consider a context free matrix grammar M = (G, G′) where G represents horizontal
rules and G′ represents the vertical rules of the grammar.

G = ({S, A} , {S1, S2} , {S → AS1A, A → AS2, A → S2} , S) , G′ = G
′

1 ∪ G
′

2

where
G

′

1 = ({S1, B} , {b} , {S1 → bB, B → bB, B → b} , S1)

G
′

2 = ({S2, A} , {a} , {S2 → aA, A → aA, A → a} , S2)

are right linear grammars.
The horizontal rule is L (G) = {Sn

2 S1S
n
2 |n, m ≥ 1}and the vertical rule is

L
(

G′
)

=
{

(anban)T |n ≥ 1
}

The P system for matrix grammar:
Consider the P system of degree 4, Π = (V, T, [1[2[3]3[4]4]2]1, R1, R2, R3, R4, 4)
where, V = ({S1, S2} , {A, B}) , T = {a, b} ,

w1 = S, w2 = φ, w3 = φ, w4 = φ; R1 = {S → AS1A, A → AS2, A → S2} ;
R2 = {(A → Aout) > (S1 → S1in3

)} ; R3 = {S1 → bB, B → bB, S2 → aA, A → aA} ;
R4 = {A → a, B → b}

In the above P system of matrix grammar we generate two different rewriting languages that is

Unique parallel rewriting: L (M) = {Sn
2 S1S

n
2 |n ≥ 1} =

{

(anban)T |n ≥ 1
}

Occurrence parallel rewriting: L (M) = {Sn
2 S1S

m
2 |n, m ≥ 1} =

{

(anbam)T |n, m ≥ 1
}

.

The application picture for above language is the wall paper design is given below in Fig. 3.

4 Conclusion

In this paper, we generated regular and context free matrix languages using P system with different
types of rewriting rules and considered their applications to picture generation. Our future work focuses
on using different types of P systems on different types of array grammars which can be used in picture
processing.
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Fig. 3: Unique parallel rewriting.
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