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Abstract An (m, n) graph G is edge magic if there exists a bijective function f :
V (G) ∪ E (G) → {1, 2, 3, . . . , m + n} such that f (u) + f (v) + f (uv) = k is a constant,
called the valence of f , for any edge uv of G. Moreover, G is said to be super edge magic
if f (V (G)) = {1, 2, 3, . . . , n}. In this paper, we introduce odd and even edge magic total
labeling.
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1 Introduction

This article deals with finite undirected graphs without loops and multiple edges. It could be denoted
by V (G) and E(G) the set of vertices and set of edges of a graph G, respectively. The set of vertices
adjacent to u in G is denoted by NG(u), and degG(u) = |NG (u) | is the degree of u in G.
Let G be a graph with n vertices and m edges. A one to one correspondence f from V (G) ∪ E(G)
to {1, 2, 3, . . . , n + m} is called an edge magic labeling of G if there exists a constant k such that
f(u) + f(v) + f(uv) = k for any edge uv of G. An edge magic labeling f may be called super edge
magic if f (V (G)) = {1, 2, . . . , n} and (E (G)) = {n + 1, n + 2, . . . , n + m} . A graph G is called
edge magic (and respectively super edge magic) if there exists an edge magic (and respectively super
edge magic) labeling of G.
Sedlacek [4] introduced the magic labeling of graphs in 1963, and since then onwards they have arrived
at many results in magic labeling, especially in edge magic labeling. For new results in graph labeling
we refer to [3]. Preliminary results in consecutive edge magic total labeling can be found in [5].
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Let f : V ∪ E → {1, 2, 3, . . . , n + m} be an edge magic labeling for a graph G. Define the labeling
f ′ : V ∪ E → {1, 2, 3, . . . , n + m}} as follows.

f
′

(x) = n + m + 1 − f (x) ∀ x ∈ V

f
′

(xy) = n + m + 1 − f (xy) ∀ xy ∈ E

Then f ′ is called the dual of f (see [6]), i.e., it could be said that the dual of an edge magic labeling
for a graph G is also an edge magic labeling.
In [1], the concept of magic strength of a graph is discussed. It is well known that for any magic labeling
f of G there is a constant c(f ), such as f (x) + f (y) + f(xy) = c(f ) for any edge xy ∈ E. The
magic strength of G, m(G) is defined as the minimum of all c(f ) here the minimum is taken over by
all magic labelings of G. That is m(G) = min{c(f ) : f is a magic labeling of G}.
In [2], the super edge magic strength is determined for the path Pnon n vertices , the star graph K1,n,
the n− bistar Bn,n obtained from two disjoint copies of K1,n, by joining the center vertices with an
edge, the tree (K1,n : 2) obtained from Bn,n by subdividing the middle edge with a new vertex, the
odd cycle C2n+1, P 2

n and the odd copies of P2, (that is, 2(n + 1)P2).

2 Definitions and Main results

The concept of super edge magic total labeling motivates us to define the following new definition of
odd edge magic total labeling and even edge magic total labeling.

Definition 2.1. An edge magic total labeling f is called an odd edge magic total labeling if f (V (G)) =
{1, 3, 5, . . . , 2n − 1}. A graph G is called an odd edge magic if there exists an odd edge magic total
labeling of G.

Definition 2.2. An edge magic total labeling f is called an even edge magic total labeling if f (V (G)) =
{2, 4, 6, . . . , 2n}. A graph G is called an even edge magic if an even edge magic total labeling of G

exists there.

Theorem 2.3. A cycle Cn is an odd edge magic iff n is odd.

Proof. Suppose there exists an odd edge magic total labeling f of Cn with the magic number k.

kn =
∑

uv∈ E(Cn)

{f (u) + f (v) + f (uv)}

= 2
∑

v∈ V (Cn)

f (v) +
∑

uv∈ E(Cn)

f(uv)

= 2 {1 + 3 + 5 + · · · + 2n − 1} + {2 + 4 + · · · + 2n}

kn = 2n
2 + n(n + 1)

k = 2n + n + 1

k = 3n + 1.

Any edge of Cn is adjacent to only the vertices

f (u) + f (e) + f (v) = k

Here f(u) and f(v) are odd and f (e) is even.
Therefore k = 3n + 1 is even.
k = 3n + 1 is even iff n is odd.
Let n be odd. Let V (Cn) = {v1, v2, . . . , vn} and

E (Cn) = {ei = vivi+1 | 1 ≤ i ≤ n − 1} ∪ {en = vnv1}

Define f (V ∪ E) = {1, 2, . . . , 2n} as follows

f (vi) =

{

n − i + 1, if i is odd
2n − i + 1, if i is even
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and f (ei) = 2i, 1 ≤ i ≤ n.

It is clearly vertified that f is an odd edge magic total labeling of Cn with the magic number k = 3n+1.

Example 2.4. An odd edge magic total labeling of C9 is given in Fig. 1.

 

Fig. 1: n = 9, m = 9, k = 28.

Theorem 2.5. A cycle Cn is an even edge magic iff n is odd.

Proof. Suppose there exists an even edge magic total labeling f of Cn with the magic number k.

kn =
∑

uv∈ E(Cn)

{f (u) + f (v) + f (uv)}

= 2
∑

v∈ V (Cn)

f (v) +
∑

uv∈ E(Cn)

f(uv)

= 2 {2 + 4 + 6 + · · · + 2n} + {1 + 3 + · · · + 2n − 1}

kn = 2n (n + 1) + n
2

k = 2 (n + 1) + n

k = 3n + 2.

Any edge of Cn is adjacent to only the vertices

f (u) + f (e) + f (v) = k

Here f(u) and f(v) are even and f (e) is odd.
Therefore k = 3n + 2 is even.
k = 3n + 2 is odd iff n is odd.
Let n be odd. Let V (Cn) = {v1, v2, . . . , vn} and

E (Cn) = {ei = Vivi+1 | 1 ≤ i ≤ n − 1} ∪ {en = vnv1}

Define f (V ∪ E) = {1, 2, . . . , 2n} as follows

f (vi) =

{

n + i, if i is odd
i, if i is even

and f (ei) = 2i, 1 ≤ i ≤ n.

It is clearly vertified that f is an even edge magic total labeling of Cn with the magic number k = 3n+2.



Odd and even edge ... 51

 

Fig. 2: n = 9, m = 9, k = 29.

Example 2.6. An odd edge magic total labeling of C9 is given in Fig. 2.

Theorem 2.7. rCs is an odd edge magic iff r and s are odd.

Proof. Suppose there exists an odd edge magic total labeling f of rCs with the magic number k.
Then krs =

∑

uv∈E(rCs ) {f (u) + f (v) + f (uv)}

= 2
∑

v∈V (rCs )

f(v) +
∑

uv∈E(rCs )

f(uv)

krs = 2(rs)2 + (rs) (rs + 1)

k = 3rs + 1

Any edge of rCs is adjacent to only two vertices

f (u) + f (e) + f (v) = k.

Here f(u) and f(v) are odd and f(e) is even.
Therefore k = 5rs + 1 is even iff r and s are odd.
Let r and s be odd integers.
Assume that the graph rCs has the vertex set = V1 ∪V2 ∪V3 ∪ · · · ∪Vr , where Vi = {v1

i , v2
i , v3

i , . . . , vs
i }

and the edge set E = E1 ∪ E2 ∪ E3 ∪ · · · ∪ Er , where Ei = {e1
i , e

2
i , e

3
i , . . . , e

s
i}, and e

j
i = v

j
i v

(j+1)
i for

1 ≤ i ≤ r, 1 ≤ j ≤ s − 1, es
i = vs

i v1
i .

Define f (V ∪ E) = {1, 2, 3, . . . , 2rs} as follows:

f
(

v
1
i

)

= 2 (rs − i) + 1, i = 1, 2, . . . , r

f
(

v
2
i

)

=

{

2 (rs − 2r + 2i) − 1, 1 ≤ i ≤ (r−1)
2

2 (rs − 3r + 2i) − 1,
(r+1)

2
≤ i ≤ r .

For j = 3, 4, 5, . . . , s

f
(

v
j
i

)

=

{

2rs − (2j − 1) r − 2i, 1 ≤ i ≤ (r−1)
2

2rs − (2j − 3) r − 2i,
(r+1)

2
≤ i ≤ r .

f
(

e
1
i

)

=

{

r − 2i + 1, 1 ≤ i ≤ (r−1)
2

3r − 2i + 1,
(r+1)

2
≤ i ≤ r .
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j = 2, 4, 6, . . . , s − 1

f
(

e
j
i

)

= rs − 2i + 2 + (j + 1) r, 1 ≤ i ≤ r.

j = 3, 5, 7, . . . , s

f
(

e
j
i

)

=

{

4i + (j − 1) r, 1 ≤ i ≤ (r−1)
2

4i + (j − 3) r,
(r+1)

2
≤ i ≤ r .

It is clearly verified that f is an odd edge magic labeling of rCs with the magic number k = 3rs + 1.

Example 2.8. An odd vertex magic labeling of 5C3 is given in Fig. 3.

 

Fig. 3: n = 15, m = 15, k = 46.

Theorem 2.9. rCs is an Even edge magic iff r and s are odd.

Proof. Suppose there exists an even edge magic total labeling f of rCs with the magic number k.
Then

krs =
∑

uv∈E(rCs )

{f (u) + f (v) + f (uv)}

= 2
∑

v∈V (rCs )

f(v) +
∑

uv∈E(rCs )

f(uv)

krs = 2 (rs) (rs + 1) + (rs)2

k = 3rs + 2

Any edge of rCs is adjacent to only two vertices

f (u) + f (e) + f (v) = k.

Here f(u) and f(v) are odd and f(e) is odd.
Therefore k = 3rs + 2 is odd iff r and s are odd.
Let r and s be odd integers.
Assume that the graph rCs has the vertex set = V1 ∪V2 ∪V3 ∪ · · · ∪Vr , where Vi = {v1

i , v2
i , v3

i , . . . , vs
i }

and the edge set E = E1 ∪ E2 ∪ E3 ∪ · · · ∪ Er , where Ei = {e1
i , e

2
i , e

3
i , . . . , e

s
i}, and e

j
i = v

j
i v

(j+1)
i for

1 ≤ i ≤ r, 1 ≤ j ≤ s − 1, es
i = vs

i v1
i .

Define f (V ∪ E) = {1, 2, 3, . . . , 2rs} as follows:

f
(

v
1
i

)

= 2i, i = 1, 2, . . . , r

f
(

v
2
i

)

=

{

4r − 4i + 2, 1 ≤ i ≤ (r−1)
2

6r − 4i + 2,
(r+1)

2
≤ i ≤ r .

For j = 3, 5, 7, . . . , s

f
(

v
j
i

)

=

{

(2j − 1) r + 2i + 1, 1 ≤ i ≤ (r−1)
2

(2j − 3) r + 2i + 1,
(r+1)

2
≤ i ≤ r .
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f
(

e
1
i

)

=

{

2rs + 2i − r, 1 ≤ i ≤ (r−1)
2

2rs − 3r + 2i,
(r+1)

2
≤ i ≤ r .

j = 2, 4, 6, . . . , s − 1

f (es
i ) = rs + 2i − 1 − (j + 1) r, 1 ≤ i ≤ r.

j = 3, 5, 7, . . . , s

f
(

e
j
i

)

=

{

2rs − 4i + 1 − (j − 1) r, 1 ≤ i ≤ (r−1)
2

2rs − 4i + 1 − (j − 3) r,
(r+1)

2
≤ i ≤ r .

It is clearly verified that f is an even edge magic labeling of rCs with the magic number k = 3rs + 2.

Example 2.10. An Even edge magic labeling of 5C3 is given in Fig 4.

 

Fig. 4: n = 15, m = 15, k = 47.

3 Conclusion and scope

We give two new types of labeling namely odd edge magic total labeling and even edge magic total
labeling in this paper and we proved that odd cycles are odd and even edge magic graph. We also
proved rCs is odd and even edge magic graph where r and s are odd. The investigation of the number
of non-isomorphic on larger size of the remaining graphs is still an open problem.
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