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Abstract A graceful labeling of a graph G with q edges is an injection f : V (G) →
{0, 1, 2, ..., q} with the property that the resulting edge labels are also distinct, where an
edge incident with the vertices u and v is assigned the label |f (u) − f(v)|. A graph which
admits a graceful labeling is called a graceful graph. In this paper, we prove that the
path union of isomorphic copies of PmθSn by fixing the middle vertex of the graph as
the root is graceful and the graphs obtained by joining each vertex of cycle Ck with the
middle vertex of the isomorphic copies of the PmθSn are graceful where m ≡ 1 (mod2)
and k ≡ 0, 3 (mod4).
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1 Introduction

The most famous and challenging graph labeling method is the graceful labeling of graphs introduced by
Rosa [8] in 1967. A graceful labeling of a graph G with q edges is an injection f : V (G) → {0, 1, . . . , q}
with the property that the resulting edge labels are also distinct, where an edge incident with the
vertices u and v is assigned the label |f (u) − f (v)|. A graph which admits a graceful labeling is
called a graceful graph. A variety of graphs and families of graphs are known to be graceful for
the past five decades. Caterpillars are proved to be graceful by Rosa [7]. Morgan [6] has shown
that all lobsters with perfect matchings are graceful. Hrniar and Haviar [4] have shown that all
trees of diameter five are graceful. Rosa [7] showed that the n-cycle Cn is graceful if and only if
n ≡ 0 or 3 (mod4). Wheels Wn = Cn + Kl are graceful [3]. Helms are shown to be graceful [1]. Let
G1, G2, . . . , Gn (n > 2) be the copies of a graph G. Then the graph G (n) obtained by adding an edge
to Gi and Gi+1, i = 1, 2, . . . , (n − 1) is called the path-union of n copies of the graph G [5]. Kaneria et
al. [5] have proved that the path union of finite copies of C4n and C4n with twin chords are graceful.
For a cycle Cn, each vertex of Cn is replaced by connected graphs G1, G2, G3, . . . , Gn and is known as
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cycle of graphs. We shall denote it by C (G1, G2, G3, . . . , Gn). If we replace each vertex by a graph G,
i.e., G1 = G, G2 = G, G3 = G, . . . , Gn = G such cycle of a graph G is denoted by C (n · G). Solairaju
et al. [8] proved that the graph PmθSn is edge odd graceful. The graph PmθSn is a tree obtained
from the path Pm by adding a star graph Sn to each of the pendant vertices of Pm. For an exhaustive
survey on this topic the reader is referred to the dynamic survey by Gallian [2]. In this paper, we prove
that the path union of isomorphic copies of PmθSn by fixing the middle vertex of the graph as the root
is graceful and the graphs obtained by joining each vertex of cycle Ck with the middle vertex of the
isomorphic copies of the PmθSn are graceful, where k ≡ 0, 3 (mod4) and m ≡ 1 (mod2).

2 Preliminary definitions and main results

In this section we first recall the definitions for the cycle graph, the star graph and the path union of
graphs. Later we prove that the path union of isomorphic copies of PmθSn by fixing the middle vertex
of the graph as the root is graceful and the graphs obtained by joining each vertex of cycle Ck with
the middle vertex of the isomorphic copies of the PmθSn are graceful where, k ≡ 0, 3 (mod4) and m ≡
1 (mod2).

Definition 2.1. A sequence of vertices [v0,v1,v2, . . . , vn,v0,] is a cycle of length n +1 if vi+1vi ∈ E, i =
1, 2, . . . , n and vnv0 ∈ E. A cycle of length n is denoted by Cn.

Definition 2.2. The star graph Sn of order n, sometimes simply known as an “n-star graph”, is a tree
on n vertices with one vertex of degree n − 1 and the other (n − 1) vertices of vertex degree 1.

Definition 2.3. The graph PmθSn is a tree obtained from the path Pm by adding a star graph Sn to
each of the pendant vertices of Pm.

Definition 2.4. Let G be a graph and G1, G2, . . ., Gn(n > 2) be n copies of the graph G. Then the
graph obtained by adding an edge from Gi to Gi+1, i = 1, 2, . . . , n − 1 is called the path union of G.

Theorem 2.5. The path union of isomorphic copies of PmθSn by fixing the middle vertex of the graph

as the root is graceful where, m ≡ 1 (mod2).

Proof. Let the graph G = PmθSn be a tree obtained from the path Pm by adding a star graph Sn to
each of the pendant vertices of Pm as shown in Fig.1. Let G′ be the graph obtained from G by fixing
the middle vertex of the path Pm where, m ≡ 1 (mod2) as a root of the tree which is shown in Fig.2.

 
Fig. 1: The graph G.

Let G
′

1, G
′

2, . . . , G
′

t(t > 2) be t copies of G′ as shown in Fig.3. The first copy G
′

1 of G′ is described
as follows: denote the vertices in the path Pm as u1

1, u
1
2, . . . , u

1
m and the vertices of the star Sn which

are attached with the each end of the pendant vertices of Pm are denoted as u1
1,1, u

1
1,2, . . . , u

1
1,n and

u1
m,1, u

1
m,2, . . . , u

1
m,n in the clockwise direction. The second copy G

′

2 of G′ is described as follows:
the vertices in the path Pm are denoted as u2

1, u
2
2, . . . , u

2
m and the vertices of the star Sn which
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Fig. 2: The graph G′.

are attached with the each end of the pendant vertices of Pm are denoted as u2
1,1, u

2
1,2, . . . , u

2
1,n and

u2
m,1, u

2
m,2, . . . , u

2
m,n in the clockwise direction. Finally the last copy G

′

t of G′ is described by denoting
the vertices in the path Pm as ut

1, u
t
2, . . . , u

t
m and the vertices of the star Sn which are attached with

each end of the pendant vertices of Pm are denoted as ut
1,1, u

t
1,2, . . . , u

t
1,n and ut

m,1, u
t
m,2, . . . , u

t
m,n in

the clockwise direction. Let G′′ be the graph obtained by adding an edge ei between the root vertex of
the copies G

′

i and G
′

i+1, 1 ≤ i ≤ (t − 1). The graph G′′ so obtained is called the path union of PmθSn

which is shown in Fig.4. Note that in G′′ the vertices in the path Pm are denoted as ui
j for 1 ≤ i ≤ t

and 1 ≤ j ≤ m and the vertices in the star Sn are denoted as ui
j,s for 1 ≤ i ≤ t, 1 ≤ j ≤ m and

1 ≤ s ≤ n. If q, v denote the number of edges and vertices respectively in G′′, then q = (2n + m) t − 1
and v = (2n + m) t.

 

Fig. 3: The copies of the graph G′.

Labeling for the vertices ui
j for 1 ≤ i ≤ t and 1 ≤ j ≤ m

f
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⌊
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⌊

t

2
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⌈

m

2

⌉

f
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u
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m

2

⌉)
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Fig. 4: The graph G′′ which is the path union of PmθSn.

Labeling for the vertices ui
j,s for 1 ≤ i ≤ t, 1 ≤ j ≤ m and 1 ≤ s ≤ n

f
(

u
2i−1

j,s

)

= (i − 1) (2n + m) + (s − 1) for 1 6 i 6

⌈

t

2

⌉

, 1 6 s 6 n, j = 1

f
(

u
2i−1

j,s

)

= n +
⌊

m

2

⌋

+ (i − 1) (2n + m) + (s − 1) for 1 6 i 6

⌈

t

2

⌉

, 1 6 s 6 n, j = m

f
(

u
2i
j,s

)

= q −
(

n +
⌊

m

2

⌋)

− (i − 1) (2n + m) + (s − 1) for 1 6 i 6

⌊

t

2

⌋

, 1 6 s 6 n, j = 1

f
(

u
2i
j,s

)

= q − (2n + m − 1) − (i − 1) (2n + m) + (s − 1) for 1 6 i 6

⌊

t

2

⌋

, 1 6 s 6 n, j = m

From the above definition it is clear that all the vertex labels are distinct. The edge labels can be
computed for the above vertex labels and they are also found to be distinct from 1 to q. Therefore,
the path union of isomorphic copies of PmθSn by fixing the middle vertex of the graph as the root is
graceful where, m ≡ 1 (mod2) which is illustrated in Fig.5.

Illustration 2.6. Here q = 84, n = 5, m = 7, t = 5.

 

Fig. 5: The graceful labeling of path union of five copies of P7θS5.
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Theorem 2.7. The graphs obtained by joining each vertex of the cycle Ck with the middle vertex of

the isomorphic copies of the PmθSn are graceful where, k ≡ 0, 3 (mod4) and m ≡ 1 (mod2).

Proof. Let G be a cycle Ck with k vertices that are denoted as v1, v2, . . . , vk in the anticlockwise
direction and H be the connected graph PmθSn whose path vertices are denoted as u1, u2, . . . , um nd
the vertices of the star Sn which are attached with the each end of the pendant vertices of Pm are
denoted as u1,1, u1,2, . . . , u1,n and um,1, um,2, . . . , um,n as shown in Fig.6.

 

Fig. 6: The graphs G and H.

Let C (k ◦ H) be the cycle of graphs that is obtained by replacing each vertex of the cycle Ck by the
graph H. In other words each vertex vi for 1 ≤ i ≤ k is identified with the root vertex u⌈m

2
⌉ of the

graph H. As the k copies of H are attached to the cycle Ck by the identification of vi’s of Ck with u⌈m

2
⌉

of each of the k copies of H. We shall denote these identified vertices as v1 = u1

⌈m

2
⌉ for the first copy of

H, v2 = u2

⌈m

2
⌉ for the second copy of H, vk = uk

⌈m

2
⌉ for the kth copy of H. In general, vi = ui

⌈m

2
⌉ for

1 ≤ i ≤ k for the ith copy of H. Now we rename the path vertices in the first copy of H in C (k ◦ H)
as u1

1, u
1
2, . . . , u

1
m and the vertices of the star Sn which are attached with each end of the pendant

vertices of Pm are denoted as u1
1,1, u

1
1,2, . . . , u

1
1,n and u1

m,1, u
1
m,2, . . . , u

1
m,n in the clockwise direction.

The path vertices in the second copy of H are renamed as u2
1, u

2
2, . . . , u

2
m and the vertices of the star

Sn which are attached with each end of the pendant vertices of Pm are denoted as u2
1,1, u

2
1,2, . . . , u

2
1,n

and u2
m,1, u

2
m,2, . . . , u

2
m,n in the clockwise direction. This continues and the path vertices in the last

copy of H are denoted as uk
1 , uk

2 , . . . , uk
m and the vertices of the star Sn which are attached with each

end of the pendant vertices of Pm are denoted as uk
1,1, u

k
1,2, . . . , u

k
1,n and uk

m,1, u
k
m,2, . . . , u

k
m,n in the

clockwise direction. Thus, ui
j represent the path vertices in the ith copy of H for 1 ≤ i ≤ k, 1 ≤ j ≤ m

and the vertices in the star Sn are denoted as ui
j,s for 1 ≤ i ≤ k, 1 ≤ j ≤ m, 1 ≤ s ≤ n. If q denotes

the number of vertices and edges respectively in C (k ◦ H) then p = q = (2n + m) k. Also noting that
the theorem is proved for k ≡ 0, 3 (mod4) the vertices of C (k ◦ H) are labeled as follows depending on
the parameter k.
Labeling for the vertices ui

j for 1 ≤ i ≤ k and 1 ≤ j ≤ m

f
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u
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f
(

u
2i−1
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)
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⌈
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m
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u
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⌈
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⌉
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⌊
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(

u
2i
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(
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⌈

m
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⌈

k

4

⌉
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⌊
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, 1 6 j 6

⌊

m
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⌋

Labeling for the vertices ui
j,s for 1 ≤ i ≤ k,1 ≤ j ≤ m and 1 ≤ s ≤ n

f
(

u
2i−1

j,s

)

= (i − 1) (2n + m) + (s − 1) for 1 6 i 6

⌈

k

2

⌉

, 1 6 s 6 n, j = 1

f
(

u
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)

= n +
⌊

m

2

⌋
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⌈

k

2

⌉

, 1 6 s 6 n, j = m

f
(

u
2i
j,s
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= q −
(
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⌊

m

2
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⌈

k

4
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f
(

u
2i
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)

= q − 1 −
(

n +
⌊
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⌋)
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⌈

k
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2
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(

u
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⌈

k

4

⌉
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f
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u
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⌈

k

4

⌉

< i 6

⌊

k

2

⌋

, 1 6 s 6 n, j = m

From the above definition it is clear that all the vertex labels are distinct. The edge labels can be
computed for the above vertex labels and they are also found to be distinct from 1 to q. Therefore, the
cycle C (k ◦ H) where H denotes the isomorphic copies of PmθSn is graceful where k ≡ 0, 3 (mod4) is
illustrated in Fig.7.

Illustration 2.8. Here q = 68, k = 4, m = 7, n = 5 (Fig.7).

3 Conclusion

In this paper we proved that the path union of isomorphic copies of PmθSn by fixing the middle
vertex of the graph as the root is graceful and the graphs obtained by joining each vertex of cycle Ck

with the middle vertex of the isomorphic copies of PmθSn are graceful where, k ≡ 0, 3 (mod4) and
m ≡ 1 (mod2). We intend to prove the same result for any number of vertices in our next step.
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