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ABSTRACT 
 

In this paper, an innovative concept of 𝛂- Cut diminish fuzzy graph 𝑮𝜶(𝝈𝜶, 𝝁𝜶)  and 𝛂- Cut strong arc of 𝛂- Cut 

diminish Fuzzy graph are introduced in the new domain. Further complement of 𝛂- Cut diminish fuzzy graph 

are discussed with new approach. Definition of 𝛂- Cut strong domination and Global Strong domination in 𝛂- 

Cut diminish fuzzy graph are also introduced by 𝛂- Cut strong arc. Moreover, some standard theorems and 

related results in Global domination of 𝛂- Cut diminish fuzzy graph are presented with suitable example of 

Standard 𝛂- Cut diminish fuzzy graph.  

 

KEYWORDS:  𝜶- Cut diminsh fuzzy graph,𝜶 -Cut strong arc, 𝜶- Cut non strong arc, complement ofα- 

Cut,𝜶-Cut Strong arc domination, 𝛂- Cut strong global domination. 

 

AMS classification: 05C72

 
 

1. INTRODUCTION 

 

Fuzzy graph is the generalization of the ordinary graph. Therefore it is natural that though fuzzy graph inherits 

many properties similar to those of ordinary graph, it deviates at many places. The earliest idea of dominating 

sets date back to the origin of game of chess in India over 400 years ago in which placing the minimum number 

of a chess piece (such as Queen, knight ext..) over chess board so as to dominate all the squares of chess board 

was investigated. The formal mathematical definition of domination was given by Ore.O in 1962. In 1975 A. 

Rosenfeld introduced the notion of fuzzy graph and several analogs of theoretic concepts such as path, cycle and 

connectedness. A. Somasundaram and S. Somasundaram discussed the domination in fuzzy graph using 

effective arc. A. Nagoorgani and V.T. Chandrasekarn discussed the domination in fuzzy graph [3]. V. 

Senthilkumar and C. Y. Ponnappan are discussed the strong arc and strong arc domination [6-13]. For 0≤ 𝜶 ≤
𝟏, 𝛂- Cut Graph(Crips graph) are discussed by J.N. Mondeson and P.S.Nair [2].A dominating set D of  a graph 

G, is a global dominating set in G if D is also a dominating set of 𝑮̅ of G. The global domination number γg(G) 

of G is the minimum cardinality of global dominating set. E. Sampathkumar introduced the concept of Global 

dominating set in graph theory. Before introducing new the results, we are placed few preliminary definitions 

and results for new one. 
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2. PRELIMINARIES 

 

Definition 2.1 

Fuzzy graph G(𝜎, 𝜇) is pair of function 𝑉 → [0,1]and𝜇: 𝑉 × 𝑉 → [0,1]where for all 𝑢, 𝑣 𝑖𝑛 𝑉 , we have 

𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢) ∧ 𝜎(𝑣). 
 

Definition 2.2 

A Path𝜌 of a fuzzy graph G(𝜎, 𝜇) is a sequence of distinct nodes v1, v2, v3,…vn such that 𝜇(𝑣𝑖−1, 𝑣𝑖) >
0 where 1 ≤ 𝑖 ≤ 𝑛 . A path is called a cycle if 𝑢0 = 𝑢𝑛and𝑛 ≥ 3 

 

Definition 2.3 

The complement of a fuzzy graph G(𝜎, 𝜇) is a subgraph 𝐺̅ = (𝜎, 𝜇̅)where𝜎 = 𝜎 and 

𝜇̅(𝑢, 𝑣) = 𝜎(𝑢) ∧ 𝜎(𝑣) − 𝜇(𝑢, 𝑣)for all𝑢, 𝑣𝑖𝑛𝑉. A fuzzy graph is self complementary if 𝐺 = 𝐺̅ 

 

Definition 2.4 

 The order p and size q of a fuzzy graph G(𝜎, 𝜇) is defined as 

𝑝 = ∑ 𝜎(𝑢)𝑢∈𝑉 and𝑞 = ∑ 𝜇(𝑢, 𝑣)(𝑢,𝑣)∈𝐸 . 

 

Definition 2.5 

The degree of the vertex u is defined as the sum of weight of arc incident at u, and is denoted by d(u). 

 

Definition 2.6 

Let u,v be two nodes in G(𝜎, 𝜇). If they are connected by means of a path 𝜌 then strength of that path is  

⋀ 𝜇(𝑢𝑖−1, 𝑣𝑖)
𝑛
𝑖=𝑖  . 

 

Definition 2.7 

Two nodes that are joined by a path are said to be connected. The relation connected is reflexive, symmetric and 

transitive. If u and v are connected by means of length k, then 𝜇𝑘(𝑢, 𝑣) = sup {𝜇(𝑢, 𝑣1) ∧ 𝜇(𝑣1, 𝑣2) … ∧
𝜇(𝑣𝑘−1, 𝑣𝑘) ∣ 𝑢, 𝑣1, 𝑣2, … 𝑣in such path𝜌 } 

 

Definition 2.8 

A Strongest path joining any two nodes u,v is a path corresponding to maximum strength between u and v. The 

strength of the strongest path is denoted by 𝜇∞(𝑢, 𝑣). 

𝜇∞(𝑢, 𝑣) = sup {𝜇𝑘(𝑢, 𝑣) ∣ k = 1,2,3…  

 

Example 2.9 

                         u(0.8)         0.4              v(o.5) 

                        

                         0.6             0 .3                    0.5                                                     

 

 

 

                          w(0.7)                    x(0.5)                    

 

Figure: 2. 1:  

 

In this fuzzy graph, Fig(i)(a), u , w, v, x is a u-x path of  length 3 and strength is 0.3. Another path of u-x   is  u, 

v, x of  length 2  and strength is 0.4. But strength of the strongest path joining u and x is 𝜇∞(𝑢, 𝑥) =
sup{0.3,0.4} = 0.4 

 

Definition 2.10 

A node is a fuzzy cut node of G(𝜎, 𝜇) if removal of it reduces the strength of the connectedness between some 

other pair of nodes. That is, w is a fuzzy cut node of G(𝜎, 𝜇) iff there exist u,v such that w is on every strongest 

path from u to v .   

 

Definition 2.11 

For ≤ 𝜶 ≤ 𝟏 , 𝜶-cut graph of a fuzzy graph G(𝜎, 𝜇) is a crisp graph with 𝐺𝛼( 𝑉𝛼 , 𝐸𝛼) such that  𝑉𝛼  ={𝑢 ∈
𝑉 / 𝜎(𝑢) ≥  𝛼 } and   𝐸𝛼 = {(𝑢, 𝑣) / 𝜇(𝑢, 𝑣) ≥  𝛼 }. 
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3. 𝜶- CUT DIMINISH FUZZY GRAPH 𝑮𝜶(𝝈𝜶, 𝝁𝜶) 

 

Definition 3.1 

The𝛼- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼)is pair of function 𝜎𝛼: 𝑉 → [𝛼, 1]  and   

𝜇𝛼: 𝑉 × 𝑉 → [𝛼, 1] , for any threshold  𝛼 ∈ [0,1] and for all u, v in V we have 𝜇𝛼(𝑢, 𝑣) ≤ 𝜎𝛼(𝑢) ∧ 𝜎𝛼(𝑣). 
 Further  𝑉𝛼 = {𝑢 ∈ 𝑉 / 𝜎(𝑢) ≥  𝛼 } and   𝐸𝛼 = {(𝑢, 𝑣) ∈ 𝑉 × 𝑉 / 𝜇(𝑢, 𝑣) ≥  𝛼 } 

 

Definition 3.2 

 A strong 𝛼- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼)is pair of function 𝜎𝛼: 𝑉 → (𝛼, 1]  and 𝜇𝛼: 𝑉 × 𝑉 → (𝛼, 1]  
where  𝛼 ∈ [0,1]  ,  for all u, v in V we have 𝜇𝛼(𝑢, 𝑣) ≤ 𝜎𝛼(𝑢) ∧ 𝜎𝛼(𝑣). 
with vertex set 𝑉𝛼 = {𝑢 ∈ 𝑉 / 𝜎(𝑢) >  𝛼 } and edge set  𝐸𝛼 = {(𝑢, 𝑣) ∈ 𝑉 × 𝑉 / 𝜇(𝑢, 𝑣) >  𝛼 } 

 

Example 3.3 

Consider a fuzzy graphG(𝜎, 𝜇) 

 

                       u(0.8)         0.4              v(o.5) 

 

                        0.6       0 .3            0.4 0.5                                                     

 

 

                   w(0.7)                               x(0.5)     

                               Figure: 3.1(a)                

 

𝜶- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼)  of a fuzzy graph G(𝝈, 𝝁) are drawn below. 

For  𝜶 = 0.5 ∈ [𝟎, 𝟏] 
 

                 u(0.8)                            v(o.5) 

 

                        0.6        0.5                                                     

 

 

                   w(0.7)                  x(0.5) 

 

                                   Figure:3.1(b) 

 

Strong 𝜶- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼)  of a fuzzy graph G(𝝈, 𝝁) are drawn below 

                         u(0.8)          

 

                        0.6        

 

 

                   w(0.7)               Figure:3.1(c)  

 

Note: In the above example  

(𝑖)𝛼- Cut diminish Fuzzy graph𝐺𝛼(𝜎𝛼 , 𝜇𝛼)  of a connected fuzzy graph G(𝜎, 𝜇) is a sub graph when𝛼 ≠ 0. 

(ii)  𝛼- Cut diminish Fuzzy graph𝐺𝛼(𝜎𝛼 , 𝜇𝛼)  of a connected fuzzy graph G(𝜎, 𝜇) may be connected or  

disconnected. 

(iii) If𝛼- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼)   is same as  fuzzy graph G(𝜎, 𝜇)  then 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) is Iso𝛼- Cut 

diminish Fuzzy graph.( this case only possible if 𝛼 = 0 ). 

Therefore, Iso𝛼- Cut diminish Fuzzy graph is called 0-Cut diminish Fuzzy graph 

 

Definition 3.4 

An arc (u,v) of  𝛼- Cut diminish Fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) is called a 𝛼- Cut strong arc if 

𝜇𝛼(𝑢, 𝑣) = 𝜇𝛼∞(𝑢, 𝑣) else arc(u,v) is called 𝛼-Cut non strong arc. 

𝛼- Cut Strong neighbourhood of u∈ 𝑉𝛼 is 𝑁𝑠
𝛼(𝑢) = {𝑣 ∈ 𝑉𝛼: 𝑎𝑟𝑐(𝑢, 𝑣)isα- Cutstrong} . 

𝑁𝑠
𝛼[𝑢] = 𝑁𝑠

𝛼(𝑢) ∪ {𝑢} is the closed neighborhood of u.  

 

The minimum cardinality of   𝛼- Cut strong neighbourhood 𝛿𝑠
𝛼(𝐺𝛼) = min {|𝑁𝑠

𝛼(𝑢)|: 𝑢 ∈ 𝑉𝛼(𝐺𝛼)}. 

Maximum cardinality of 𝛼- Cut strong  neighbourhood ∆𝑠
𝛼(𝐺𝛼) = max {|𝑁𝑠

𝛼(𝑢)|: 𝑢 ∈ 𝑉𝛼(𝐺𝛼)}.   
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Definition 3.5  

Let𝐺𝛼(𝜎𝛼 , 𝜇𝛼)  be a fuzzy graph. Let u, v be two nodes of 𝐺𝛼(𝜎𝛼 , 𝜇𝛼). We say thatu 𝛼- Cut strong arcdominates 

v if arc (u,v) is a 𝛼- Cut strong arc. A subset 𝐷𝛼  of 𝑉𝛼 is called a 𝛼- Cutstrong arc dominating set of 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) 

if for every 𝑣 ∈ 𝑉𝛼 − 𝐷𝛼 , there exists 𝑢 ∈ 𝐷𝛼  such that u 𝜶- Cut strong arc dominates v. A dominating set  𝐷𝛼  

is called a minimal 𝛼- Cutstrong arc dominating set if no proper subset of  𝐷𝛼  is a 𝛼- Cut strong arc dominating 

set. The minimum fuzzy cardinality taken over all 𝛼- Cut strong arc dominating sets of a graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) is 

called the 𝛼- Cut strong arc domination number and is denoted by𝛾𝑠
𝛼(𝐺𝛼)and the corresponding dominating 

set𝐷𝛼  is called minimum𝛼- Cut strong arc dominating set. The number of elements in the minimum 𝛼- Cut 

strong arc dominating set𝐷𝛼  is denoted by n[𝛾𝑠
𝛼(𝐺𝛼)] 

 

Moreover, 𝛾𝑠
𝛼(𝐺𝛼) = ∑ 𝜎𝛼(𝑢) ; u∈ 𝐷𝛼  is the minimum 𝛼- Cut strong arc dominating set. 

 

Example 3.6 

 

                    u(0.8)             0.4                     v(0.5) 

 

                        0.6       0 .2       0.3               0.5                                                     

 

 

 

                     w(0.7)               0.1               x(0.5)                    

 

Fuzzy graph G(𝝈, 𝝁)      

 

Figure: 3.2:                                             

 

Fix  𝜶 = 0.3  

 

                   u(0.8)             0.4                     v(0.5) 

 

                        0.6                   0.3               0.5                                                     

 

 

                          

                       w(0.7)                      x(0.5)    

 

𝜶- Cut diminish Fuzzy graph 𝑮𝜶(𝝈𝜶, 𝝁𝜶) 

 

 

Figure: 3.3: 

 

 In  Figure 3.3,  

 Arc (u, v), (u, w), (v, x) are 0.3- Cut strong arcs  and (v, w) is 0.3 - Cut non strong arc. 

 

Illustration 

 u , w, v is a u-v path of  length 2 and strength is 0.3. Another path of u-v   is  u, v of  length 1  and strength is 

0.4. But strength of the strongest path joining u and v is 𝜇𝛼∞(𝑢, 𝑣) = sup{0.3,0.4} = 0.4 

𝜇𝛼(𝑢, 𝑣) = 0.4    and 𝜇𝛼∞(𝑢, 𝑣)  = 0.4 .Therefore 𝜇𝛼(𝑢, 𝑣) = 𝜇𝛼∞(𝑢, 𝑣) = 0.4 

Arc (u, v) is 0.3- Cut strong arcs 

 

Therefore, u 𝛼- Cut strong arc dominates v (or)  

                  v  𝛼- Cut strong arc dominates u 

Similarly, 𝜇𝛼(𝑣, 𝑤) = 0.3    and  𝜇𝛼∞(𝑣, 𝑤)  = 0.4 .Therefore 𝜇𝛼(𝑣, 𝑤) ≠ 𝜇𝛼∞(𝑣, 𝑤) 

Hence, Arc (v, w) is 0.3 - Cut non strong arc 

 

From this, v cannot 𝛼- Cut strong arc dominates w (or) 

                 w cannot 𝛼- Cut strong arc dominates  v 

𝐷1
𝛼  = {u, x} ,𝐷2

𝛼  = {w, x}, 𝐷3
𝛼  = {w, v} ,𝐷4

𝛼= {u,v} are𝛼- Cut strong arc dominating sets. Also 𝐷1
𝛼 , 𝐷2

𝛼 , 𝐷3
𝛼

, 𝐷4
𝛼  

are minimal 𝛼- Cut strong arc dominating sets. 
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 Therefore   |𝐷1
𝛼| = 0.8 + 0.5 = 1.3, |𝐷2

𝛼| = 0.7 + 0.5 = 1.2, 
|𝐷3

𝛼| = 0.5 + 0.7 = 1.2 𝑎𝑛𝑑 |𝐷4
𝛼| = 0.8 + 0.5 = 1.3. 

 

Therefore, min{1.3, 1.2, 1.2, 1.3 } = 1.2.  Hence 𝐷2
𝛼and 𝐷3

𝛼  are𝛼- Cut strong arc minimum dominating sets.  

𝛾𝑠
𝛼(𝐺𝛼) = 1.2   andn[𝛾𝑠

𝛼(𝐺𝛼)] = 2 

 

Observation 3.7 

n[𝛾𝑠
𝛼(𝐺𝛼)]. 𝜶 ≤ 𝛾𝑠

𝛼(𝐺𝛼) ≤ n[𝛾𝑠
𝛼(𝐺𝛼)] 

 

Proof:  It can be illustrated by example 

From the above example  

we have  𝛼 = 0.3,𝛾𝑠
𝛼(𝐺𝛼) = 1.2   and  n[𝛾𝑠

𝛼(𝐺𝛼)] = 2 

n[𝛾𝑠
𝛼(𝐺𝛼)]𝜶 ≤ 𝛾𝑠

𝛼(𝐺𝛼) ≤ n[𝛾𝑠
𝛼(𝐺𝛼)] 

⇒ 2( 0.3) ≤ 1.2 ≤2 

⇒  0.6 ≤ 1.2 ≤ 2 

 

Theorem 3.8 

Let G(𝜎, 𝜇) be a fuzzy graph and let  𝐺𝛼(𝜎𝛼 , 𝜇𝛼) be  𝛼- Cut diminish Fuzzy graph. If  0 ≤ 𝛼 ≤ 𝛽 ≤ 1  then  

𝐺𝛽(𝜎𝛽 , 𝜇𝛽)  is 𝛽- Cut diminish Fuzzy sub graph of 𝐺𝛼(𝜎𝛼 , 𝜇𝛼).  

 

Proof: 

Since 0 ≤ 𝛼 ≤ 𝛽 ≤ 1 , we must have the relation 𝜎𝛽 ⊆ 𝜎𝛼 and  𝜇𝛽 ⊆ 𝜇𝛼. Reference [ 6] 

 

Illustration 

Consider a fuzzy graph G(𝜎, 𝜇) 

 

                    u(0.8)             0.4                     v(0.5) 

 

                        0.6       0 .2       0.3                 0.5                                                     

 

 

                w(0.7)               0.1                 x(0.5)                    

 

Figure: 3 

For𝛼 = 0.2  

 

                   u(0.8)             0.4                     v(0.5) 

                                0.2 

                        0.6                      0.3              0.5                                                     

 

 

                        

                        w(0.7)                         x(0.5)                    

For  𝛽 = 0. 3  

                    u(0.8)             0.4                     v(0.5) 

 

                        0.6                   0.3              0.5                                                     

 

 

                      

                        w(0.7)                  x(0.5)                    

 

Clearly  𝜎𝛽 ⊆ 𝜎𝛼and  𝜇𝛽 ⊆ 𝜇𝛼. 
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4. COMPLEMENT OF 𝜶- CUT DIMINISH FUZZY GRAPH 𝑮𝜶(𝝈𝜶, 𝝁𝜶) 

 

Definition 4.1 

For any threshold 𝛼 ∈ [0,1], the complement of a 𝛼- cut diminish fuzzy graph 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) is a subgraph 

𝐺𝛼̅̅ ̅̅ (𝜎𝛼̅̅̅̅ , 𝜇𝛼̅̅̅̅ ) where  𝜎𝛼̅̅̅̅  = 𝜎𝛼and 𝜇𝛼̅̅̅̅ (x,y) =   𝜇𝛼(𝑥, 𝑦)  ∈ 𝜇𝛼   if  𝜎𝛼(x) ∧ 𝜎𝛼(y)- 𝜇𝛼(𝑥, 𝑦) ≤ 𝛼 , for all𝑥, 𝑦𝑖𝑛𝑉 . 

 

That is   𝜇𝛼̅̅̅̅  ={𝜇𝛼(𝑥, 𝑦)  ∈ 𝜇𝛼 when 𝜎𝛼(x) ∧ 𝜎𝛼(y)-𝜇𝛼(𝑥, 𝑦) ∈ [0,𝛼]  } where  0 ≤ 𝛼 ≤ 1. 

 

Example 4.2 

Consider 𝛼- cut diminish fuzzy graph𝐺𝛼  

For𝛼 = 0.2  

 

                    u(0.8)             0.4                     v(0.6) 

                                0.2 

                        0.6                   0.3                  0.5                                                     

 

 

                   w(0.7)                  x(0.6)                    

 

Complement𝛼- cut diminish fuzzy graph𝐺𝛼̅̅ ̅̅  are drawn below 

 

For𝛼 = 0.2  

 

                     u(0.8)             0.4                     v(0.5) 

 

                                0.6                                0.5                                                     

 

 

                          

                         w(0.7)                  x(0.5)                    

 

 

Two arc (u,x) and (v,w) are removed since 𝜎𝛼(u) ∧ 𝜎𝛼(x)- 𝜇𝛼(𝑢, 𝑥) ≥ 0.2 

For the arc (u,x)  ,  Min{ 0.6 ,0.8}- 0.3 =0.3 which is greater than 𝛼 = 0.2 

 

(For the sake of inconvenient , use 𝐺𝛼(𝜎𝛼 , 𝜇𝛼) = 𝐺𝛼  and 𝐺𝛼̅̅ ̅̅ (𝜎𝛼̅̅̅̅ , 𝜇𝛼̅̅̅̅ ) = 𝐺𝛼̅̅ ̅̅  is the complement of 𝛼- Cut 

diminish fuzzy graph 𝐺𝛼) 

 

5. GLOBAL DOMINATION IN FUZZY GRAPH BY USING STRONG ARC 

 

A strong arc dominating set  D of  a fuzzy graph G, is called a global strong arc dominating set of G if D is also 

a strong arc dominating set of 𝐺̅ of G. The global domination number γgs(G) of G is the minimum fuzzy 

cardinality taken over all global strong arc dominating set of G and  corresponding Global strong arc dominating 

set is called a minimum Global strong arc dominating set . The number of elements of global strong arc 

dominating set using strong is denoted by n [γgs(G)].  

 

5.1GLOBAL DOMINATING IN𝜶- CUT DIMINISH FUZZY GRAPH 𝑮𝜶(𝝈𝜶, 𝝁𝜶) 

 

A strong arc dominating set𝐷𝛼  of  a 𝛼- Cutdiminish fuzzy graph 𝐺𝛼 , is called a global strong arc dominating set 

of G if 𝐷𝛼  is also a strong arc dominating set of 𝐺𝛼̅̅ ̅̅  of 𝐺𝛼 . The global domination number γgs(𝐺𝛼) of 𝐺𝛼  is the 

minimum fuzzy cardinality taken over all global strong arc dominating set𝐷𝛼  of 𝐺𝛼and  corresponding 

Globalstrong arc dominating set is called a minimum Global strong arc dominating set . The number of elements 

of global strong arc dominating set using strong is denoted by n[γgs(𝐺𝛼)].  
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