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Abstract  The main objective of this paper is to construct new analogous definitions
of the families of Humbert functions using the generating function method as the starting
point. We study a class of various results in the family of Humbert functions with the
help of the families of generating functions, explicit representations, especially differential
recurrence relations and study some of the significant properties of this family of func-

tions.

Key words  Humbert functions, generating functions, recurrences relations.

2020 Mathematics Subject Classification 33C10, 33C45, 33C50, 33C99, 44A20.

1 Introduction

In [3,4,7,9], the Humbert functions are defined by the generating function

exp {% <u+t— %)} = Z Tomn (z)u™t".

m,n=—o0
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Generating relations involving generalized Humbert functions ... 103

It is a well-known fact that the Humbert function is defined as

@ = () (it
) T 3 T(m+ Dl(n+1) 2\ 27

[e'e]

].)k m-+n+3k
m—i—k:—i—l) (n+k+1)(§> '

k=0

We now make use of the Mellin-Barnes contour integral for the Gamma function (see, for details, ( [5, p.
17, equation 2.7(4)], | and [8, p. 219, Equation 4.1(5)]):
1 1 o+i00

t,—a
_— = — t“dt.
T(a) 27 ¢

T—100

where Re(a) > 0 and o > 0, the contour in the complex s-plane is of the familiar Mellin-Barnes type.
The subject of generating relations plays an important role in the development and study of special
functions. We will further generalize the class of Bessel functions, by using the same approach as
exposed above, to define the family of generalized Humbert functions of different types.

2 Definitions of new Humbert functions and their properties

In this section, we apply the generating functions to get explicit formulas for the family of general-
ized Humbert functions of different types and discuss some interesting significant properties for these
functions as the generalizations of the above mentioned identities.

Definition 2.1. The product of symmetric exponential functions is defined by the generating function

. . _ X 1 _ - ,q,1l m,n
Fi(z;u,t;p,q,1) = exp {m (Up +t7 — W)} = Z I (@)u™t". (2.1)

m,n=-—o0

From (2.1), we have
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Now set pr — lk = m and qi — lk = n to get

i (*.1)k z k+i+rupr—lktqi—lk
Klalr!\p+q+1

m+lk | ntlk
p + q +k
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Explicitly, we obtain the explicit expression of Humbert function Jﬁ;?ﬁl (z) as
m,+lk+n«glk+k

éklr(%kl :1)1):(%“+1) (p+z+l) ’ , (2.2)
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Theorem 2.2. The Humbert function Jﬁ;?ﬁl (z) satisfy the relations

d
m+1 p+q+l 7 . .4,
it D )Jmi,n< )= DI 1)+ L ), (24

and
(n+1)(P+qg+1)

- ngqnl+1( )= qJ’rZ:;,q'r;,lfq+1( )+ 1re m—+1, n+l+1( ). (2.5)

Proof. In (2.1), we start to derive with respect to z in the generating functions

1 p q 1 T p q 1 _ - i p,q,l myn
p+q+l(u +t (ut)l)eXp {p—l—q-ﬁ-l(u +t Dy = Z dem,n(ac)u t".

m,n=—oo

after explicating the Lh.s., we obtain (2.3).
By differentiating with respect to v and ¢ in (2.1), separately, we have:

x p—1 l T P q 1 o = p,q,l m—1,n
_— 1" — —— = t.
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m,n=-—o0

and
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and by equating the same power of the indexes, we obtain the recurrence relations (2.4) and (2.5). O

Theorem 2.3. The Humbert function Jﬁ;flﬁl (z) satisfies the multiplication formula:

oo

m+n z(1 — MSl i
ptt o) =iy (S ) . (2.6)
k=0

Proof. Substituting, in fact, yuz with z in equation (2.1) and by expanding the exponential function,
we get:
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Setting h — s = n and k — s = m, after equating the same power of n and m, we get the multiplication
formula:

o0 —21 > 30\ K

_ 1—p) l
Jp,q,l(u z) = Z (33(“ N)) Mm+n+2lka,q, (z) = Mern Z (33( ) g9 (2).
m,n m—+lk,n+lk m+lk,n+lk
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O

*
bes’ B
*ME BPAS

PUBLICATIONS

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 39 E, No. 1, January-June, 2020



Generating relations involving generalized Humbert functions ... 105

Note that for p = —1, we get the relation:

BHCR = Y @ =3 () come )
m,n=—oo k=
Theorem 2.4. The Humbert function Jﬁ;flﬁl (z) satisfies the addition formula:
Thil (@ +y) = Z T s s (@) T2 (). (2.7)
Proof. From (2.1), we have
- myn +y 1
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after explicating the Lh.s., we obtain the relation (2.7).

Theorem 2.5. The Humbert function Jﬁ;q;ll (z) satisfies the integral

o+ico o+100
T @) = ( ) / /
’ @ri)>\p+q+l o

ol ts -1 —n_1 %+E+1
t=% lsTi lexp ﬁ —_— dtds. (2.8)
tvsa p+q+l

Proof. Starting from the formula

1 L[, mak
W i) et e,
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+k1l - L ‘Hiooe s~ s
D2 4+1) 210 Joieo ’

and substituting the above expression into the series expression of the Humbert function given in (2.1)
it follows that

1 e \PTT S (-t
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O

Definition 2.6. Let us define the product of symmetric exponential functions as the generating func-
tion

ru P xt ! z l
Fo(zsu,t:pq,l) = Tori) "o T\ oo w) | T T
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From (2.9), we have
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Now, replace m by pr — lk and n by qi — lk to get
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Explicitly, we obtain the explicit form of Humbert function J%,%/!(z) as the series

. oS} (_1)k x m+n+3lk
@) =Y . (2.10)
k=0 k!F(—m““l + 1>r<—"+kl + 1> prati
P q

Theorem 2.7. The following integral holds true for the Humbert function Jf,;‘f;f (z):

1 x mtn
I @) =m0
4 (2) (%”V(p+q+l)
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Definition 2.8. Let us consider the product of symmetric exponential functions by the generating
function

P q l e}
F3(w;u,t;p,q,1) = exp <(ﬂ) + (x—t) - (%) ) = > sl (z)umt". (2.12)
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From (2.12), we have
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Now, replace m by pr — Ik and n by qi — lk to get
i (—1)1C ({)pr <§) ” ({) lkup'rflk:tqiflk
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Explicitly, we state the explicit form of Humbert function as the power series
oo 1) mtlk ntlk ik
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P q
Theorem 2.9. The integral representation of the Humbert function Jf{?,;l(x) is given by
1 2\ 2\"
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3 Generalized Humbert functions

Here, we discuss and derive explicit formulas and some interesting relations linking the various families

of Humbert functions of three variables by using the techniques of generating functions.

Definition 3.1. Let us define the product of exponential functions as the generating function

ut

Fy(x,y,z;u,t;p,q,l) =exp | ————
a(z,y p.q1) pLHqH

m,n=—o0

From (3.1), we have
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Explicitly, we get the explicit formula for Humbert function J,’,’{f’,;l(az, Y, z) as the power series

oo _1)k iErn«!»k:ly'rL+klel
Jhe n ( z, Y,z ) = Z ( mtlk | nlk g (3.2)
kfok!F(%’“Jrl)F(%’“lJrl) (p+q+1) g

Theorem 3.2. The Humbert function Jﬁ;?ﬁl (z,y,2) satisfies the relations

0 paP 1
gﬂl?ﬁl(%%z) = mﬁ{q’p, (2,9,2), (3.3)
9 gy’
a—yJ”’q’ (z,y,2) = mﬁ;{qﬁ (7Y, 2), (3.4)

and

LY et (3.5)

0 paqi
oI (T,y,2) = m mAln

0z

Proof. By deriving in equation (3.1) separately with respect to z, we have

oo

S et = PO o [ (G - (2]

m,n=—o0

— pu(xu)pil i Jp,q,l(x Yy Z)Umtn _ p$p71 i JP#Zvl(x Y Z)Um+ptn
p+q+l = m,n » 9 iy~ m,n » 9
By following the same procedure, we can obtain the recurrence relations (3.4) and (3.5). O

Theorem 3.3. The Humbert function Jﬁ;fl,;l (z,y,2) satisfy the properties

0 10
qu 16 Jf:{i;lzn(m7y7 Z) :pm aiy‘]rz:;qnlqtq(xvyv Z)7 (36)
12t 18Jqu p*lajpyq,l =0 3.7
ox m+p, n(:r,y,z)—i—pa: & m—l,n—l(m’yvz) — Y% ( . )
and
1 -1 0 JPa g—1 9 J;v,q,l _
z 87 m n+q(x7y7 Z) + qy a m—l,n—l(xvyaz) =0. (38)

We now define another kind of generalized Humbert functions J’,’,;?;Ll (z,y, z) of three variables by the
approach of generating functions in the next definition:

Definition 3.4. The generating function of the Humbert functions J%;%/(z,vy, 2) is defined by the
relation

. . _ ru P yt ! z ! _ - pql n
F5(m,y,z,u,t,p,q,l)—exp((?) +<—) —(m))— Z Int (z,y, 2)u™t". (3.9)
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From (3.9), we have
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Now set pr — lk = m and qi — lk = n to get

i (71)k (E)pr(g)tn(E)klupr_lktqi_lk
ko Klilrl \ p q l
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Explicitly, we get the explicit expression of Humbert function J%;%!(z,vy, ) as the power series
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ok m+kl n+kl kl
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Theorem 3.5. For the Humbert function J%%! (x,y,z), we have

—

3.10)
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Proof. We start by partially differentiating with respect to x both sides of (3.9):
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and by equating the same power of the indexes, we get the recurrence relation (3.11). The relations
(3.12) and (3.13) follow in the same manner. O

Theorem 3.6. The Humbert function J7;%, (:c y, z) satisfies the derivative relations

y\ o 2\P 1
(a) %Jfrﬁl;,n(m7yvz) = (;) fnq,’l+q(x Y, 2), (3.14)
-1 p—1
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4  Concluding remarks

We have seen some interesting particular cases of functions that can be considered belonging to the
many families of Humbert functions and consequences of our results have been discussed. Further
investigations will be carried out in the future in other fields of interest and this will be another open
problem for further studies and applications in mathematics and physics.
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