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1.INTRODUCTION

In real physical world, we often encounter a class of objects which do not have precisely defined criteria of
membership, for instance, the “collection of young men” in the set of all men, “collection of beautiful girls” in the
set of all girls, “collection of costly vehicles” in the set of all vehicles etc. Instead, their boundaries seem vague
and the transition from member to nonmember appears gradualy rather than abrupt. Such situations in our real life
which are characterized by vagueness or imprecision can not be answered just in two valued logic (binary) yes or
no. To eliminate the sharp boundary dividing members of the class from non members, Lotfi A. Zadeh ([34]) a
professor of electrical engineering at the University of California in Berkeley and Dieter Klaua ([19, 20]) a
German mathematician, introduced the notion of a fuzzy set to describe vagueness mathematically. Rosenfeld
([30]) first fuzzified the algebraic concept of ‘Group’ into fuzzy subgroup and opened up a new insight in the field
of pure mathematics. Since then, a host of mathematicians have been engrossed in extending the concepts and
results of abstract algebra to boarder framework of fuzzy setting. After the introduction of BCK-algebra by Imai
and Iseki ([9])in 1966, Xi([32]) applied the concept of fuzzy set to BCK-algebra and introduced fuzzy subalgebra
and fuzzy ideals in BCK-algebra etc. Since then, a huge volume of literature has been produced on the theory of
BCK/BCl-algebras. There exist several generalizations of BCK/BCl-algebras, as such BCH-algebras[8], dual
BCK-algebras [22], d-algebras[29], etc. In [25] B.L.Meng introduced the notion of a Cl-algebra as a generation of
a BE-algebra and dual BCK/BCI/BCH-algebras.
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In [35] Zadeh made an extension of the concept of fuzzy set by an interval-valued fuzzy set (i. e. a fuzzy set with
interval valued membership function). In traditional fuzzy logic, to represent, e.g., the expert’s degree of certainty

in different statements, numbers from the interval [0,1] are used. It is often difficult for an expert to exactly

quantify his or her certainty; therefore, instead of a real number, it is more adequate to represent this degree of
certainty by an interval or even by a fuzzy set. In the first case, we get an interval-valued fuzzy set. In the second
case, we get a second-order fuzzy set. Atanassov and Gargov [3] introduced the concept of interval-valued
intuitionistic fuzzy set. In [4] different operators over interval-valued intuitionistic fuzzy sets are defined. Saeid
[31] first introduced the concept of interval valued fuzzy subgroup as a generalization of Rosenfeld’s fuzzy
subgroup. In [7, 27, 12, 31] different authors applied interval-valued fuzzy sets in various algebraic structures.
Combining the fuzzy set and an interval-valued fuzzy set, Jun et al. [14] introduced a new type of set called a cubic
set, and investigated several properties. They also applied the cubic set theory to BCK/BClI-algebras (see [15]).
Subsequently the theory of cubic sets attracted several mathematicians. Jun et al. [16, 17, 18] furhter studied
the theory of cubic sets in different algebraic structures. Yaqoob et al. [33] investigated some properties of cubic
KU-ideals of KU-algebras ([33]). Ahn et al ([1]) introduced cubic subalgebras and cubic filters in CI-algebras and
investigated several related properties. Lee et al. ([23]) and Jun([13]) discussed fuzzy translations, fuzzy
extensions and fuzzy multiplications of fuzzy subalgebras and ideals in BCK/BCl-algebras. They investigated
relations among fuzzy translations, fuzzy extensions and fuzzy multiplications. Motivated by these works, in this
paper we introduce the concept of fuzzy translation and fuzzy multiplication in cubic fuzzy subalgebras and filters
of Cl-algebras.

2. PRELIMINARIES

In this section, we recall some concepts related to CI-algebra, interval-valued fuzzy sets and cubic fuzzy sets.
Definition 2.1: ([12, 13]) An algebraic system (X ,*,1) of type (2,0) is called a Cl-algebra if it satisfies the

following axioms:

(i) x*x=1

() I*x=x

(i) x*(y*z)=y*(x*z) V x,y,z€ X.

A Cl-algebra X satisfying the condition x*1=1, is called a BE-algebra. In any CI-algebra X one can define a
binary relation '<” by x <y ifandonlyif x* y=1.

In any CI-algebra X the following properties hold V x, ye X :

@) y*((y*x)*x) =1,

(i) (x L) * (y*1) = (o y) *1,

(i) if 1<x, then x=1, forall x,ye X.

A non-empty subset S of a Cl-algebra X is called a subalgebra of X if x#*ye§, for all x,yeS. A
nonempty subset / of a Cl-algebra X is called an ideal (see, [13]) of X if (I,) Oel (I,) x*ye [l and
vel=xel foral x,ye X.

Definition 2.2: A fuzzy subset (I of a Cl-algebra X is called a subalgebra of X if

M(x*y)2>min{u(x), u(y)} forall x, ye S.A nonempty subset F ofaCl-algebra X is called a filter
of x if
(i) leF,

(i) xe F,x*ye F =>ye F,Vx,ye X.
A filter F of X is said to be closed if x€ F' implies x*1e F.

Definition 2.3: ([13]) A fuzzy set g4 in X is called a fuzzy filter (FF) of X if it satisfies the following
conditions:

@) p(1) 2 p(x),
(i) p(y) 2 min{u(x*y), u(x)} vV x,ye X.

The notion of interval-valued fuzzy set was introduced by Zadeh ([35]). To consider the notion of interval-valued
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fuzzy sets, we need the following definitions. An interval number on [0,1], denoted by a , is defined as the
closed sub interval of [0,1], where @ =[a,a],satisfying 0<a <a<1. Let D[0,1] denote the set of all
such interval numbers on [0,1] and also denote the interval numbers [0,0] and [1,1] by 0 and 1

respectively. Let a, =[aq,, ;1] and a, =|a,, Z]e D[0,1] . Define on D[0, 1] the relations <,=,<,+,. by
1. a,<a,<a<a, and q,<a,

2. q =52 < a =a, and q, =q,
3. a,<d, = a <a, and 671<a_2
4. a4, +d, o la,+a, a,+a,)
5. d.d, < [min(a,a,,a,a,,a14,,4,a,),max(a,a,,a,a,,a14,,a,a,)1 = [a,a,,4,a,
6. ki =[ka,ka] where O<K<I.
Now consider two intervals a, = [a,, ai], a, =la,, aj]e D[0,1] then we define refine minimum rmin as
rmin(a,,d,) = [min(ﬁ,&),min(ai, Z)] and refine maximum rmax as
rmax(d,,d,) = [max(ﬁ,&),max(gl,aj)] generally if g, :[%,Zi],l;i :[g,l:i]e D0,1] for i=1,2,3,..., then
we define rmax(fli,l;i) = [max(&,li), max(gi,lji)] and rmin (d@,,b,) = [min (a;,b,), min (a,,b,)] and

/\iCTi] and rsup . (a;) =[v,aq, via_i].

[l

rinfi(ai) =[Aq;

i

(D[0,1], <) is a complete lattice with A = rmin,V = rmax, 6 =[0,0] and 1 =[1,1] being the least and

the greatest element respectively.
Definition 2.4: An interval-valued fuzzy set (IVES) defined on a non empty set X is an object having the form
A ={x,[pu(x), 4(x)]},Vxe X where M and [ are two fuzzy sets in X such that ((x) < 4(x) for all
xeX . Let Ji(x)=[u(x), u(x)],Vxe X . Then fi(x)e D[01],Vxe X.
If ,ZZ and ¥V be two interval-valued fuzzy sets in X, then we define

 ICV & forall x€ X, (x) SV(X) and (x) V().

e fi=V & forall x€ X, 1(x)=V(x) and 1(x)=V(x).

« (FOV)(x) = A(x) v V(x) = [max{p(x),v(x) }, max{u(x),v(x)}].

o« (AAV)x) = f(x) AV(x) = [min{ g (x),v(x)}, min{(x),v(x)}].

s (EXV)(x,y) = Ax) AV(Y) = [min{ @), ()}, min{ 4(x).v ()]

o J° (0 = (1= p(x), 1= ()]

Definition 2.5: Let [ be an interval-valued fuzzy set in X. Then for every [0,0]<7 <[1,1], the crisp set
[ ={xe X|fi(x)>1} is called the level subset of fi.

Definition 2.6: An interval-valued fuzzy set [ in Cl-algebra X is called an interval-valued fuzzy subalgebra of X
if d(x+*y)=rmin{il(x),i(y)}, forall x,ye X.

Definition 2.7:  An interval-valued fuzzy set [ in CI -algebra X is called an interval-valued fuzzy filter of X if
() A1) A,

() A(y)=zrmin{i(x*y),fi(x)} foral x,ye X.
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Combining the notion of interval-valued fuzzy set and the fuzzy set Jun et al. introduced the concept of cubic set in
[14] which is defined as follows:

Definition 2.8: Let X be a nonempty set. A cubic set A in X is a structure
A={<x,i1,(x),v,(x)>lxe X},

which is briefly denoted by A = (@,,v,) where ji, = [EA’;A] isan IVFSinXand v, isafuzzysetin X
and it is written as A =< f,,v, >.
For two cubic sets A =< fi,,V, > and B =< fi,,V, > inX, we define

c ACBo I, <fly and v, 2v,

« A=B& forall xe X, fi,(x)=f,(x) and v, (x)=V,(x)

o ANB={<xI(f1, A1), (v, Uv,)(x) > xe X}
where (7, A f,)(x)=rmin{fd,(x),fi,(x)} and (v, UV,)(x)=max{V,(x),V,(x)}

e AUB={< x| (1, O1,)x), (v, \,)(x) > xe X}
where (fI, O fi,)(x) = rmax{f,(x), fi,(x)} and (v, NV, )(x) = min{v ,(x),v,(x)}.
Definition 2.9: ([1]) Let A = (ji,,v,) be cubic set in X, where X is a Cl-algebra, then the set A is cubic CI
-subalgebra over the binary operator * if it satisfies the following conditions:

@) fr,(x*y) 2 rmin{ f1, (x), f2,(y)},
(ii) v, (x*y)<max{v,(x),v,(y)}Vx,ye X.
Example 2.1: Consider Cl-algebra X = {1,a,b,c} with the following Cayley table.

O|T|® | = %
—_ = ===
o=
S |=|C|o|o
—lolo|e o

Define a cubic set A = (f,,V,) inXby
~ 1 a b c
= [0.5,0.8] [0.3,0.5] [0.4,0.7] [0.2,0.4]

4 y 1 a b c
an = .
4101 02 04 08

Then by routine calculations it can be easily verified that A = (fi,,V,) isa cubic subalgebra of X.

Definition 2.10: ([1]) Let A = ([ZA,VA) be cubic set in X, where X is a CI -algebra, then the set A is called
cubic filter of Cl-algebra X over the binary operator “*’ if it satisfies the following conditions:

(i)/aA(l) 2 IaA (x),

@y, <v,(x),

(@, (y) 2 rmin{f1,(x*y), i1, (x) },

(i)W, (y) € max{v,(x v, (D) ¥ xye X.

Example 2.2: Consider the CI -algebra X and define a cubic set A = (f,,v,) inX by

~ 1 a b ‘
“A‘{[on,o.s] [0.4,0.7] [0.3,0.6] [0.1,0~5]j
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4 y 1 a b c
an = .
4102 03 05 08

Then it is easy to verify that A = (@,,V,) is a cubic filter of X.

3.TRANSLATION AND MULTIPLICATION OF CUBIC SUBALGEBRAS AND CUBIC FILTERS OF
CI - ALGEBRAS

In what follows, let X denotes a Cl-algebra, and for any cubic set A=(f,,v,) of X, let
T=inf{v,(x)lxe X} and T=(,7) (T<T. ) where T =1-sup {1,(x)| xe X.}

Definition 3.1: Let A = (fI,,v,) be a cubic subset of X and 0 < a<T where @= [Q,Eg]e D[O,f] and
B€[0,7]. An object of the form A(ng/j,) = ((ﬁA)g,(vA);,) is called an cubic (&, f)-translation of A if it

satisfies (fL,)7(x)= fI,(x)+@& and (v,)5(x)=Vv,(x)—f forall xe X.

Example 3.1: Consider Cl-algebra X as in Example 2.1. Define a cubicset A = (j,,v,) inXby
~ 1 a b c
Ha= [0.5,0.8] [0.3,0.5] [0.4,0.7] [0.2,0.4]

4 y 1 a b c
an = .
41015 02 04 08

Hee T =l—sup{i,(x)lxe X}=1-08=02 and 7z=inf{v,(x)lxe X}=0.15. Let
a=[0.1,0.18 D[O,T] and f=0.1€[0,7]. Then the (&, B) translation ((fZ,); o15>Vados) Of
cubicset A = (f,,V,) isgiven by

() B 1 a b c
Hidorom = [0.6,0.98] [0.4,0.68] [0.5,0.88] [0.3,0.58]
1 a b c
nd vy :[0 05 0.1 03 07]'

Definition 3.2: Let A = (fi,,v,) be a cubic fuzzy subset of X and y & (0,1]. An object having the form
A;,w =((4d, )[;:I (v, )[;:I) is called a cubic ¥ -multiplication of A if(ﬁA);‘f (x)=fi,.y and (VA);‘f =v,.y, for
all xe X.

Example 3.2: Consider a cubic fuzzy set A = (fi,,v,) in X as in Example 2.1. Let ¥ =0.6€ (0,1]. Then
the ¥ -multiplication of ((ﬂA )&,(VA)%) cubicset A = (fi,,v,) is given by

~ \M _ 1 a b ¢
(ﬂA)°‘6_[[O.3,O.48] [0.18.03] [0.24,0.42] [o.12,0.24]j
and (VA)S/I()z[ 1 ‘ ’ y J
*~l0.06 0.12 024 048

Definition 3.2: Let A =(f,,v,) be acubic fuzzy subset of X and 0 <a<T where @ = [, Et] c D[O,f] s
Bel0.7] and ye (0,11 A mapping A%, = (B)5.(v)4): X —[D[0,11,[0,1]] is said to be a

cubic magnified (&,f;y) translation of A= (,,V,) if it satisfies (ﬁA)g{Ty(x):;ﬂA(x).g.@? and
V) (x) =, (x)— B forall xe€ X.
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Example 3.3: Consider a cubic fuzzy set A= (;ZZA’V A) in X as in Example 2.1. For this cubic set

T =1-sup{s,(x)lxe X}=1-0.8=02 and t=inf{v,(x)lxe X}=0.1. Let
@ =10.1, 0.2]e D[0,T]. B =0.1€[0,7] and ¥ =0.5€ (0,1]. Then the cubic magnified (&, 5;%)
translation Ay 5015 Of cubic set A= (f,,V,) is given by

()T B 0 a b c

Hadwozr0s = [0.35,0.6] [0.25,0.45] [0.3,0.55] [0.2,0.40]

0 a b c
d vt o= .

. Vaoros (o.o 005 0.15 0.35J

4. TRANSLATIONS OF CUBIC SUBALGEBRAS

Theorem 4.1: Let A= (fi,,V,) be a cubic subalgebra of X and let & € D[0, T],IB € [0, 7]. Then the cubic
(&, B) -translation A(];? ) Of A is a cubic subalgebra of X.
Proof. Here A(];}’ﬁ) :((ﬂA)g,(VA)Z) andlet x,ye€ X. Then
(g y) = (x*y)+ &
> rmin{ {2, (), f, ()} + &
= rmin{ i, (x) + @, [, () + @)
= rmin{(f1,)5 (%), (Z,)z (M)}
V)s(xxy)=v,(x*y)-f
< max{y, (x),v,(»}- B
=max{y ,(x)=B.v,(y) - B}
=max{(v)(0),(v,)5(0)} V xyeX.
Therefore the cubic fuzzy (&, ) -translation A(];} p) of Ais acubic subalgebra of X.

Theorem 4.2: Let A =(fi,,V,) be a cubic subset of X such that the cubic (&, ) -translation A(];I, 5y OfAis
a cubic subalgebra of X for some & € D[O,f],ﬂe [0,7]. Then A= (fL,,V,) isacubic subalgebraof X.
Proof. Here A(];},ﬁ) = ((ﬂA )2, (VA)Z) is a cubic subalgebraof X and let x,ye X, wehave
Fy(xxy)+ 8= (1) (x*y)
> rmin{ (f,)g (%), (f,)¢(¥)}
= rmin{fi, (x)+ &, [1,(y) + 2}
=rmin{fl, (x),4,(y)}+
Vixxy) =B =v,)p(x%y)
< max{ (v, ) (0.(V, )y ()
=max{v ,(x)=B,v,(y)— B}
=max{v,(x),v,(N}-B V x,yeX.
which implies that g, (x*y)2rmin{fl,(x),{d,(x)} and V,(x*y)<max{v,(x),v,(x)}. Hence
A=(fi,,v,) isacubic subalgebraof X.
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Theorem 4.3: Let A= (fi,,V,) be a cubic subset of X and 0<a<T where @ = [g,&]e D[0,T].

Bel0,7] and ye (0,1]. Then A=(fi,,v,) iscubic subalgebra of X iff A([g,Tﬁ;y) is cubic subalgebra of X.
Proof. It follows from Theorem 4.1 and Theorem 4.3.

Theorem 4.4: The intersection and the union of any two (&, ﬁ ) -translations of a cubic subalgebra of X is also a
cubic subalgebra of X.

Proof. Let A(];? p) and A(]% s5) be two fuzzy translatons a cubic subalgebra A =(a,,v,) of X, where

a,ye D[O,T],,B,(se [0,7]. Assume that & <7 and [ > J, then by Theorem 4.1 A(];y,ﬁ) and A(];ZJ) are
cubic subalgebras of X. Now

()5 O () 5)(x) = rmax{ (fL,)g (x), ()5 (x)}
= rmax{fi,(x)+ &, [, (x)+ 7}
= rmax{ [&(x)+é,,lTA(X) +5],[&(X) +9_7’lTA(X) +71)
= [max{ i, (x)+ &, [, (x)+ Z},max{/TA(X) + @, 1, (1) + )]
= [, () + 7. L (x) + 7]
= [, (0)+7 = (fL,); (%),
(V)5 WD) = minf (V)5 (x), (V)5 (x))
= min{v ,(x) - B,v ,(x)— 5}
=v,(0)-fB

= () ()
Also

(L) NEG)Cx) = rmin{ ()5 (%), (H,)5 (x))
= rmin{ﬂA ()C) + &’ ;ZZA ()C) + 7}
= rmin{[Ji,(x) + &, J1,(x)+ Q1L L, (x) + . ], () + 71}
= lmin{ L, (x) + @, fL,(x) + 7}, min{ L, (x) + & f1,(x) + 7}]
= [f1,(x)+ @[, (x) + @]
= Ji,(x)+ @ = ({I,)}(x)
(V) N5 = max{(v,)(x),(v,)5(x))
=max{v,(x)— B,v,(x)— 0}
=v,(x)-0

= (VA)(T;()C)

Definition 4.1: For two cubic sets A=(4a,,V,) and B=(l,,V,) of X. We define
AcBs i, <i,,v, 2V, forall xe X. Then we say that B is an cubic extension of A.

Definition 4.2. Let A=(f,,v,) and B = (fi,,V,) be two cubic subsets of X. Then, B is called a cubic
S-extension (subalgebra-extension) of A if the following assertions are valid:

(i) B is a cubic extension of A.
(ii) If A is a cubic subalgebra of X, then B is a cubic subalgebra of X.
Theorem 4.5: Let A= (fi,,V,) be a cubic subset of X and & € DI0, T, L €[0,7]. Then the cubic

(&, B) -translation A(TD? ) Of Ais a cubic S-extension of A.
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Proof: Here A= (ji,,V,) and A(Tom) = ((ﬁA)g,(VA);). Now, jI,(x)+@ = (ji,).(x), which implies
A, (x) < (@,)"(x). Again V,(x)— = (vA)Tﬁ(x), which implies v, (x) > (v,)j(x). Therefore AC A7, ;.
Hence A(T& 5 is a cubic extension of A. Since A is a cubic subalgebra of X, therefore A(T& 5 of A is a cubic
subalgebra of X. Hence A(];} ) 1s a cubic fuzzy S-extension of A.

Remark 4.1: The converse of above theorem is not true as is seen by the following example.
Example 4.1: Consider Cl-algebra X as in Example 2.1. Define a cubic set A = (Z,,V,) inX by

~ 1 a b y
“A‘([o.s,og] [0.3.05] [0.4.0.7] [0.2,0~4]J

4 y 1 a b c
an =
4101 03 04 0.8

Then it is easy to verify that A is cubic fuzzy subalgebra of X. Let B =(/,,V,) be a cubic fuzzy subset of X
defined by

- 1 a b c
# B_{[0.6,0.91] [0.33,0.57] [0.44,0.8] [o.25,o.49]j

q y 1 a b c
an = .
2 10.05 023 034 0.78

Then B=({,,V,) is an cubic S-extension of A. But it is not the cubic (&, p) -translation

Al 5 =((H,)5-(V,)p) of Aforall @e D[0,T], Be[0,7]

Theorem 4.6: The intersection of any two cubic S-extensions of a cubic subalgebra of X is also a cubic
S-extension of X.

Proof. Let S = (/,Vs) and T = (f,,V,) betwo cubic S-extensions of a cubic subalgebra A = (fi,,V,).
Therefore, we have AC S & i1, < fi;,V, 2V, forall xe X and ACT & fI, <fI.,V, 2V, forall
xe X. Since

M (x) if g (x) 2 i (x)

fg(x) 1 g (x) 2 fig (x)

ve(x) if vi(x)2Vv.(x)

vp(x) if v (x)2v(x)

(1 2 )(0) = rmind 1, (), () = {

(Vg NV )(x) = max{Vg(x),V;(x)} = {

Hence, f,(x)<(f AL, )(x) and V,(x) = (Vg NV)(X) forall xe X.
Therefore S MT is a cubic S-extension of X.
Remark 4.2: The union of two cubic S-extensions of a cubic subalgebra of X may not a cubic S-extension of X as

shown in the following example.
Example 4.2: Consider a Cl-algebra X ={0,a,b,c,d} with the following Cayley table.

*

1 a b C
1 1 a b C
a 1 1 1 1
b 1 a 1 C
c 1 b b 1
Define a cubic set A = (f,,V,) inXby
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~ 1 a b ¢
”A‘([on,o.s] [0.6.0.75] [0.5.0.65] [0-3,0-4]j

4 - 1 a b c
o 102 05 06 07)

Then it is easy to verify that A is a cubic fuzzy subalgebra of X. Let S = (ﬂs ,Vg) and T = (fi,,v,) betwo
cubic subsets of X defined by

~ 0 a b c
Hs = [0.75,0.85] [0.72,0.80] [0.6,0.7] [0.4,0.5]

4 y 1 a b c
an =
> 1015 03 05 0.6

~ 1 a b c
Fr = [0.8,0.9] [0.63,0.77] [0.65,0.75] [0.7,0.8]

4 y 1 a b c
an = .
101 05 04 03

Now SuT:([Z<SuT),V ), where

(SuT)

~ _ 1 a b ¢
Hison =1 10.8,09] [0.72,0.8] [0.65,0.75] [0.7.0.8]

0 a b c
and Yoon =01 03 04 03)

Then S and T are both cubic S-extension of A. Also S UT is cubic extension of A .Also S UT is cubic
extension of A . But S\UT is not cubic S-extension of A. Since

Ao (cxa)= [, (b)=[0.65,0.75]<[0.7,0.8] = rmin{[0.72,0.80],[[0.7,0.8]}
= rmin{fl s (@), L5 r (c)}and Vs o (c*a) =V (D) =0.4£0.3=max{0.3,0.3}
= max{V g ;,(a),V s, (0}
Definition 4.3: For a cubic fuzzy subset A = (f,,v,) of X,let & € D[O0, f],ﬂe [0,7] with 7 > d&. Let
U, (D) = (xe X1 1, (027 -,
L,(v,;s)={xe X 1v,(x)<s+ ).
Theorem 4.7: If A is a cubic subalgebra of X, then U, (I A;’l:') and Lj (V,;s) are subalgebra of X for all
felm(fi,),se Imv,).
Proof: Let x,y€ U, (fl,;7). Therefore fL,(x)2f—a& and fi,(y)=7—0 . Now
Ay (x*y) 2 rmin{fi, (x), i,(y)}
> rmin{f —&,t — &)
_T-a
=, (x*y)>f—a
which implies x* y€ U (fl,;7).
Let x,y€ Ly(v,;s). Therefore V,(x)<s+f and v,(y)<s+ /. Now

Vv, (x*y) <Smax{v,(x),v,(y)}
<max{s+f,s+p}=s+p
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=>V,(xxy)<s+f
which implies x* ye L;(V,;s).
Remark 4.3:  In the above theorem if A is not a cubic subalgebra of X, then U (ﬂA ; ?) and Lﬁ (V,;s) are

not subalgebra of X as seen in the following example.
Example 4.3: Consider C/ -algebra X as in Example 2.1. Define a cubic set A = (f,,V,) inX by

~ 1 “ b ‘
”A‘([o.2,0.4] [0.5,0.7] [0.6,0.75] [0~7,0~8]j

4 y 1 a b c
an = .
4106 03 04 05

Since i, (a*a)= f1,(1)=[0.2,0.4]1<[0.5,0.7] = rmin{ i, (a), /L, (a)} and
V,(bxb)=v,(1)=0.6£0.4 = max{v,(b),v,(b)}. Therefore A=(fi,,v,) is not a cubic subalgebra
of X. Let @=[0.1,0.2]e D[0,0.2], 4=0.25€[0,0.3] and 7=[0.5,0.8],5=0.3 . Then
U&(ﬂA;;):{a,b,c} and  L,(v,;s)={a,b,c} . Since axa=1¢ U&(ﬂA;?) and
a*a=1¢ Lﬁ(VA;S) . Therefore both Ua(ﬂA;?) and Lp’ (V,; ) arenot a subalgebra of X.

Theorem 4.8: For @e D[0,T],Be[0,7] let Al =((1,)5.(V,)5) be the cubic (&,p)

translation of A = (/fi,,V,). Then, the following assertions are equivalent:

(6] A(];}’ﬁ) = ((ﬂA )2, (VA)Z) is a cubic subalgebra of X.

(ii) Ua(ﬂA;?) and Ly (v,;s) aresubalgebraof X for felm(fi,),se Im(v,) with 7 >a.

Proof: Assume that A(];? ) is a cubic subalgebra of X. Then ( H, )2 is an interval valued fuzzy subalgebra of X
and (VA )Z is adoubt fuzzy subalgebra [5] of X. Let x, ye X suchthat x,ye U, (i,; f) and 7 e Im(i,)

with 7>@. Then f,(x)2f—& and [,(y)>=1—@& That is (i) (x)=jL,(x)+@>7 and

(A (y)=f,(x)+a@=>7.Since (fi,)", is an interval valued fuzzy subalgebra of X, therefore, we have

M (xxy)+a = (1,8 (x* y) > rmin{ (iL,)%(x),(iL,)" (y)} =, which implies &,(x*y)>7 —@& so
that x*ye U, (fl,;T).
Again let x,y€ X such that x,ye Ly(v,;s) and se€lIm(v,). Then V,(x)<s+f and

V,()<s+p e, (VA)Z(X) =v,(x)—f<s and (VA)Z(y) =v,(x)—B<s. Since (VA)Z is a
doubt fuzzy subalgebra of X, it follows that

V(s y) =B =) (xx y) Smax{(v,)(x),(vV)p(»)} < s.
That is V,(x*y)<s+ /. So that x*ye Lg(v,;s) . Therefore U,(ii,;t) and Ly(v,:s) are
subalgebras of X.
Conversely, suppose that U, (f,; ) and L(v,;s) aresubalgebraof X for 7 € Im(il,),s€ Im(V,) with

f>d& To prove that A(];},ﬁ) =((,L7A)§,(VA)Z) is a cubic subalgebra of X. Suppose

A(];y,ﬁ) =((,L7A)§,(VA)Z) is not a cubic subalgebra of X, then at least one of

(BL)5 (x% y) < rmin () (X, (B (1} and - (vV,)p(x% y) > max{(V,)(x),(V,) ()} must

hold. If ()% (x* y) < rmin{(fi,)% (x), (f,)% (y)} holds, then choose € D[0,1] such that such that
(f13)g(a*b) < T < rmin{(fL,); (@), (f,); (D)}
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for some a,be X then f,(a)2f—& and fI,(y)>F—@& but fl,(a*b)<f—@&. This shows that
acU,(fi,;t) and beU,(fi,;T) but a*bg¢ U,(f,;f). This is a contradiction, and therefore
() (x % y) 2 rmin{(fL,)5 (x), (L) (y)} forall x,y€ X.

Again if (VA)]’;(X*y)>max{(VA)2(x),(VA)2(y)} holds, then there exist c¢,de€ X such that
(VA);(C*d)>52max{(VA);(C),(VA);(d)} where 8e[0,1]. Then V,(c)<0+f and
Vid)<o+p bu v,(c¥d)26+f. Hence ceL,(v,:s) and deLy(v,;s) but
c*dg Ly(V,;s) . This is impossible and therefore (VA);(x*y)Smax{(VA);(x),(VA);(y)} for all

x,y€ X. Consequently A(];y,ﬁ) = ((ﬂA)g, (VA)Z) is a cubic subalgebra of X.

Theorem 4.9: Let A= (/,,V,) be a cubic subalgebra of X and let @€ D[O,T],ﬂe [0,7]. If
&>7,B 20 then the cubic (&, ) translation A(];z,ﬁ) = ((ﬂA)g,(VA)Z) of A is a cubic S-extension of
the cubic (¥, 0) -translation A(];Z(s) = ((ﬂA);Z/’(VA )(Ts) of A.

Proof: It is straightforward.
For every cubic subalgebra A= (f,,V,) of X and Je D[0,T],6€[0,7], cubic (¥,0)

-translation A(];Z(s) = ((ﬂA )7T~,, (VA )(Ts) of A is a cubic subalgebra of X. If B = (,ZZB ,VB) is a cubic S-extension
of A(];Z(s) , then there exists e D[O,?],,Be [0,7] such that @ > 7, >0 and A(];i,ﬂ) C B that is
i, (x) > (f1,), and Vy(x) < (VA); forall x€ X . Hence, we have the following theorem.

Theorem 4.10: Let A= (fi,,V,) be a cubic subalgebra of X and let ¥ e D[O0, T1,8¢€[0,7]. For every
cubic S-extension B = (,ZZB,VB) of the cubic (7, O) -translation A(];Z(s) = ((ﬂA )7T~,, (VA )(Ts) of A, there exists
ae D[O,f],ﬂe [0,7] such that & >%,/>3 and B is an cubic S-extension of the cubic (&, f3)

-translation A(];yﬁ) = ((ﬂA )2 R (VA );) of A.
Let us illustrate above Theorem with the help of the following example.
Example 4.4: Consider a cubic set A = (ZI,,V,) inCI- X asin Example 2.1,

~ 1 a b ‘
’UA_{[O.6,O.7] [0.15.0.25] [0.4.0.5] [0~3,0~4]j

1 a b ¢
and V,= .

02 0.7 04 0.6
Then it is easy to verify that A=(#,,V,) is a cubic subalgebra of X. Here
T =1-sup{s,(x)lxe X}=1-0.7=0.3 and r=inf{v,(x)lxe X}=0.2. Let

7 =[0.05, 0.1] € DO, T] and B =0.1€[0,7]. Then the (¥,d) -translation ((lZl’A)?;)AOS,OAI]’(VA)gAI) of
the cubic set A = (fi,,V,) is given by

() = : ’ ; i
Hhooson=|10,65.0.80] [0.2.0.35] [0.45.0.6] [0.35.0.5]
; 1 a b c
and Vot = 01 06 03 05)

Let B =(li;,Vy) be acubic subset of X defined by

- 1 a b c
# B‘[[o.75,0.91] [0.35,0.50] [0.51,0.75] [0.45,0.61]j

145 Bulletin of Pure and Applied Sciences
Vol. 38E (Math & Stat.) No.1/January- June 2019




S.R. Barbhuiya, A.K. Dutta

4 y 1 a b c
an =
P10.01 052 02 042

Then B is a cubic S-extension of (¥, 0) -translation A(]%, s5) Of A and it can be easily verified that B is a cubic
subalgebra of X. But B is not a cubic (&, f3)-translation of A for all & € D[O0, f],ﬂe [0, 7]. If we take
@=[0.1,02] and fB=0.15 then @29 B2 and the cubic (&, [) -translation
A(],;’ﬁ) = ((ﬂA)g,(VA)Z) of A is given by

(B)o1.0m = : ) y .
Adoron=( 0709 [0.25.045] [0.5.07] [0.4.0.6]

Wl = 1 a b c
A0 710,05 0.55 0.25 045)

Since jI,(x) > (i,)5(x) and Vy(x)<(V, ); , therefore A(];iﬁ) C B ie., Bis an cubic S-extension of the

and

cubic (&, f) -translation A(];yﬁ) of A.

Theorem 4.11: A = (fi,,V,) be a cubic subalgebra of X, then the following assertions are equivalent:
(i) A is a cubic subalgebra of X.

(i) Forall 7€ (0,1], A}’ is a cubic subalgebra of X.
Proof: Let A= (fi,,V,) be a cubic subalgebra of X. Therefore, [, (x* y) = rmin{f,(x),f,(y)} and
Vv, (xxy) Smax{v,(x),v,(y)} forall x,ye X.
(L)Y (x#y) = f1,(x* y).y = rmin{ i1, (x), &,(y)}.¥
=rmin{fi,(x).y, i,(y).7}
= rmin{(fL,), (x),(fL,); (y)}
V) (x#y)=v,(x*y).y <max{v,(x),v,(y)}.y
=max{v ,(x).y,V,(¥).7}
= max{V ,(x).7,V,(y).7}
=max{(v,)} (x),(v,)} (")}
Hence A}’ is a cubic subalgebra of X.

Conversely let y€ (0,1] be such that A;,W =((4, )[;,4 ,(VA)[;,/I) is a cubic subalgebra of X. Then for all
x,y€ X, wehave
2, oy = () (o y) = rmind (72, ) (0, (2, (1))

= rmin{f1,(x).y, [1,(y).7}

= rmin{fi,(x), &, (y)}.y
V(s y).y= v,y (xx y) Smax{(v,)) (0),v,); (1)}

= max{y ,(x).y,v,().7}

=max{v ,(x),v,(y)}.y
Therefore f,(x*y) 2 rmin{fl,(x),id,(y)} and Vv, (x*y)<max{v,(x),v,(y)} for all x,ye X
since ¥ # 0. Hence, A= (l1,,V,) is acubic subalgebra of X.
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5. TRANSLATIONS OF CUBIC FILTERS
Theorem 5.1: Let A= (fi,,V,) be a cubic filter of X and let & € D[0,T], 8 € [0,7]. Then the cubic

(&, B) -translation A(];? ) Of A is a cubic filter of X.
Proof. Here A(];?’ﬁ) = ((ﬂA)g,(VA)Z) and let x,ye X. Then TRAOE
A (D+az g, (x)+a=(t,)5(x) ad V)(1)=v,(D)=B<v,(x)=B=1,),x) for al
xe X. Also
() () = (y)+@
> pmin 1, (v y), i, () + @
=rmin{fl,(x*y)+ &, i, (x)+a}
= rmin{(f,)z (x* y),(f,) g (X))
(VA)Z(y):VA(y)_IB
<max{v,(x*y),v,(x)} - B
=max{v ,(x*y)—= B,v,(x)— B}
:max{(VA);(x*y),(VA);(x)} forall x,ye X.

Therefore the cubic (&, ) -translation A(];} ) Of A is a cubic filter of X.

Theorem 5.2: Let A = (fi,,V,) be a cubic subset of X such that the cubic (&, f) -translation A(];} 5 OfAis
a cubic filter of X for some @& € D[0,T], € [0,7]. Then A= (i,,V,) isa cubic filter of X.
Proof: We have A(];i’ﬁ) = ((ﬂA)g,(VA)Z) and let x,ye X, wehave

2, (D) +a = (f,); (1)
2 ()5 (%)
=f,(x)+a
Vi)=B=,)s0
<WH)
=v,(x)-p forall x,yeX,
which implies that fZ,(1)> fZ,(x) and v,(1)<V,(x). Again

B0+ @ = (L)L)
= rmin {(f,)5 (x* y), (F,)5 (%)}
= rmin{fl,(x* y)+ &, [, (x)+ &}
> rmin{fl, (x*y), i, (x)}+&
V,()=B=105)()
<max{(v,)5(x* y),(v )5 (x)}
=max{v,(x*y)—B,v,(x)— B}
=max{v,(x*y),v,(x)}—f forall x,yeX,
from where follows that fZ,(y)=rmin{f,(x*y),f,(x)} and v,(y)<max{v,(x*y),v,(x)}.
Hence A= (il,,V,) isacubic filterof X.
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Theorem 5.3: Let A= (ji,,V,) be a cubic subset of X and 0<a<T where @ = [Q,&]e D[0,T],
pe[0,7] and y€ (0,1]. Then A=(fi,,V,) iscubic filter of X iff A([g,Tﬁ;y) is cubic filter of X.

Proof. It follows from Theorem 5.1 and Theorem 5.2.

Lemma 51: Let A=(#,,V,) be a cubic filter of X. If x<y , then f,(y)=f,(x) and

V,(y)<V,(x) thatis fi, is preservingand V, is order order-reversing.
Proof. Let x,ye X besuchthat x <y. Then x*y=1 andso

laA(Y) 2 rmin{:[lA(x* y)H[lA x)}= rmin{l[lA(l)’l[lA (0}= laA (x)
V,(y)<max{v,(x*y),v,(x)} =max{v,(1),v,(x)}=Vv,(x)

This completes the proof.

Theorem 5.4: Let & € D[O, f],ﬂe [0,7] and A= (fi,,V,) beacubicfilter of X. If X be a BE-algebra,
then the cubic (&, f) -translation A(];? ) Of A is a cubic subalgebra of X.
Proof. Since X is a BE -algebra therefore 1= x#*1=x#(y*y)=y*(x*y) for all x,ye X ie
y < x*y. Hence, by Lemma 5.1, we have fI,(x*y)2 f1,(y) and V,(x*y)<V,(y). Now
(B y) = B, (vx )+ @
2a,(n+a
2 rmin{fi,(x*y),fi,(x)}+&
> rmin{ i1, (y), 1, (X)} + &
=rmin{fl,(x)+a, [, (y)+a}
= rmin{(f1,) (x), ()7 ()}
V)g(x*y)=v,(x*y)-f
sv,-p
<max{v,(x*xy),v,(x)}-
<max{v,(y),v,(x)}- B
=max{v ,(x)—B,v,(y)— B}
=max{(v,)5(x),(v,)5(y)} forall x,yeX.

Hence the cubic (&, ) -translation A(];? p) Of Ais acubic subalgebra of X.

Theorem 5.5: Let A=(fI,,V,) be a cubic filter of X such that the cubic (&, /3) -translation
A(];;ﬁ) = ((ﬂA)g,(VA)Z) of A is a cubic filter of X for all & € D[O,f],ﬂe [0,7]. If x*(y*z)=1 for
all x,y,2€ X, then ()5 (2) 2 rmin{ ()5 (%), (L) (3)) and
V)p(2) Smax{ (V)5 (x), (v,) (1)}

Proof: Let x,y,z€ X, besuchthat x*(y*z)=1. Then,
(f1,)5(2) 2 rmin{ (&, )¢ (¥ * 2), (1,5 (¥)}
> rmin{rmin{ (@)% (x*(y*2)),(fL,) 5 ()}, ()5 ()}
= rmin{rmin{(fi,)5 (1), (FL,)5 ()}, (B)5(0)}
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rmin{ (L,)5(x),(&,)5 ()} since (@)% (1) = (f,)5(x)
rmin{(f,)5 (), (Z,)5 (")}

V0 5(2) Smax{(v,) s (y#2),(v,)5(0)}
<max{max{(v,)(x*(y*2)),(v)s(0)},(V,)5 ()}
< max{max{(v,), (1), (7,50}, (7,5 ()
=max{(v,)3(x),(V,)5(»)} since  (V,)(1) < (v,);(x)

=max{(V,)5(x),(V,)5(»)}.

Theorem 5.6:  Let A=(fi,,V,) be a cubic filter of X such that the cubic (&, [3) -translation
Al g = ((f1,)5. (V) of Aisacubic filters of X forall &e D[0,T1, 5 € [0,7]. Then
@) (@) (x2) 2 rmin{ (f1,) (x*(y# 2), ()5 (1))
V)5 (x#2) Smax{(v,) p(x#(y#2)),(V,) ()}
() (fL)g (X) < (@) ((x* y)* y)
V)50 =V, ) p((xx y)*y)
(i) (@) ((ax(bxx))*x) 2 rmin{(f,)q(a), (f,)g(b)}
V) p((a* (b x)*x) <max{(v,) (a),(v,) (b))},

Theorem 5.7. The intersection and union of any two (&, ) -translations of the cubic filters of X is also a cubic
filter of X.

Proof: Same as Theorem 4.4.
Definition 5.1: Let A= (fi,,V,) and B = (fiy,V,) be two cubic subsets of X. Then, B is called a cubic

F-extension( Filter extension) of A if the following assertions are valid:
(i) B is a cubic extension of A.
(ii) If A is a cubic filter of X, then B is a cubic filter of X.

Theorem 5.8: Let A= (fi,,V,) be a cubic filter of X and & € DI0, f],ﬂe [0,7]. Then the cubic
(&, p) -translation A(];? ) Of A is a cubic F-extension of A.

Proof. Here A= (f,,V,) and A(];it,ﬁ) = ((ﬂA)g,(VA)Z).Now i, (x)+a = (i, (x), which implies
i, (x)< ([tA)g(x). Again  V,(x) —,3 =, )Tﬁ(x) which implies V,(x)=(V, )2()6) Therefore
Ac A(];i 8- Hence A(];} 8 is a cubic extension of A.

Since A is a cubic ideal of X, therefore A(];} 5 of A is a cubic ideal of X. Hence A(];} 5) is a cubic F-extension of

A.
Remark 5.1: The converse of above theorem is not necessarily true as can be seen by the following example.

Example 5.1: Consider a CI -algebra X as in Example 2.1. Define a cubic set A= (f,,V,) inX by

”A‘([ov,o.s] [0.4,0.7] [0.3,0.6] [0~1,0~5]j

1 a b c
V,= .
02 03 05 0.8

and
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Then A= (fi,,V,) isacubic filter of X. Let B = (fl;,V;) be an cubic subset of X defined by
~ 1 a b c
Ha = [0.72,0.92] [0.43,0.77] [0.36,0.68] [0.12,0.54]

4 y 1 a b c
an = .
P10.18 027 04 0.63

Then B=(f,,V,) is a cubic F-extension of A. But it is not the cubic (&,[) -translation
Al p =), (V,)p) ofAforall @e DI0,T], fe0,7].

Theorem 5.9: The intersection of any two cubic F-extensions of a cubic filter of X is also a cubic F-extension of
X.
Proof: Same as Theorem 4.6.

Remark 5.2: The union of two cubic F-extensions of a cubic filter of X may not a cubic filter of X.
Definition 5.2: For a cubic fuzzy subset A =(fi,,V,) of X, let &€ D[O,T],ﬂe [0,7] and with 7 > @,
suppose
Uy(st)y={xe Xlu,2t-aj}
Ly,(v,;s)={xe XIv,<s+pf}.
Theorem 5.10: If A is a cubic filter of X, then U,;(,[ZA;?) and L,;(v,;s) are filters of X for all
ae D[0,T],Be[0,7].
Proof.: Let xeU,(f,;1). Therefore i, (x)21 —a. Now
a,(1)= i, (x) 227—07:>,[IA(1) >{ — @, which implies that 1€ Ud([lA;lT). Again let xe& Ly (v,;s).
Therefore  V,(x)<s+f. Now V,()<v,(x)<s+f=Vv,(1)<s+ /[, which implies that
le Lﬁ(VA;S).
Let x*y,x€U,(fl,;f). Therefore fL,(x*y)>f—@ and i,(x)>f —&. Now
f,(y) 2 rmin{ i1, (x* y), 1, (x)}
> rmin{f —&,f — &)}
—7-a
= a,(y)2f-a,
which shows that y €& U& (,LNlA;lT).
Now let x#y,xe& L;(V,;s). Therefore V,(x* y)< s+f and V,(x)<s+f. Thus
Va(y) Smax{v,(x*y),v, (x)}
<max{s+f,s+p}=s+p
=>v,()<s+p
whence follows that y e L, (V,;s). Hence U,(fi,;T) and Ly(v,;s) arefilters of X.
Remark 5.3: In above Theorem if A is not a cubic filter of X, then U,;(,[ZA;?) and Lﬁ (V ;) are not filters

of X as seen in the following example.
Example 5.2: Consider a Cl-algebra X as in Example 2.1. Define a cubic set A = (1,,V,) inX by

~ 1 a b ‘
‘“‘(bsz][aiaﬂ [0.6,0.75] mﬂﬁﬁﬂ

0 a b ¢
and V,= .
0.6 03 04 05
Since M, (axa)=j1,(1)=[0.2,0.4]<[0.5,0.7] = rmin{ j1,(a), i, (a)} and v, (b*Db)
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=v,(1)=0.620.4 = max{v,(b),v,(b)}. Therefore A= (ii,,v,) is not a cubic filter of X. Let
@ =[0.1,0.15]e D[0,0.2],4=0.25€ [0,0.3] and 7 =[0.4,0.6],s=0.3,. Then U, (fL,;7)={a,b,c}
and Lﬁ(VA;s)z{a,b,c}. Since axa=1¢ U&(ﬂA;?) and g*a=1¢ Lp(VA;S)- Therefore both
U&(ﬂA;?) and Lﬁ(VA;s) are not filters of X.

Theorem 5.11: For d&e D[0,T],5€[0,7], let Aj, =((f,)z.(V)}s) be the cubic (&,[)
-translation of A = (/i,,V,). Then the following assertions are equivalent:

(6)) A(];},ﬁ) :((ﬂA)g,(VA)Z) is a cubic filter of X.

(i) Uy (f,37) and Ly(v,;s) arefilters of X for 7 € Im(fl,),s€ Im(v,) with T 2.

T
a

Proof: Assume that A(];? ) is acubic filter of X. Then ( H )5 isaninterval valued fuzzy filter of X and v, )2

is a doubt fuzzy filter of X. Let x€ X such that x€ Ua(ﬂA;;) and 7 e Im(fi,) with f > Q. Then

T
a

f,(x)>f—a. Thatis (f,)"(x)=f,(x)+@&=>=1.Since (fi,)~ is an interval valued fuzzy filter of X,
therefore, we have i, (1)+ @& > (j1,)" (1) > (fi,)5(x) = i, (x)+@>1. Thatis f,(1)=7 —@, so that
leU,(fi,:1).

Let x,y€ X such that x*y,ye Ua(ﬂA;;) and 7 e Im(ji,) with 7 >@. Then fi,(x*y)>f—&
and fL,(y) 21 =@ Thatis (@), (x*y) =, (x*y)+&27 and (f,);(y)=f1,(y)+ @217 . Since
( ﬂ A )2 is an interval valued fuzzy filter of X, therefore, we have
By (0 +@ = ()52 rminf ()5 (% y), (&) (W) 2E. That is Z,(027 @ so that
xeU,(fi,;1).

Again let x€ X such that xeL,(v,;s) and selm(v,). Then V,(0)<s+ B e,
(VA)Z(X) =VA(X)—,BS s.  Since (VA)Z is a doubt fuzzy filter of X it follows that
ViD= B= )5S ()5(xX) =V, ()= B 5. Thatis v,(1)<s+f, sothat e Ly(v,:s).
Again let x,y€ X such that x#*y,ye L;(v,;s) and se Im(v,). Then V,(x*y)<s+ [ and
V,()<s+ [ ie, (VA)Z(x*y)=VA(x)—,3SS and (VA)Z(y)=VA(x)—ﬁS s. Since (VA); is a
doubt fuzzy filter of X, it follows that V,(x)—f = (VA)JI;(x)Smax{(VA);(x*y),(VA)]/;(y)}Ss:>
V,(x)<s+f. Sothat x*ye L;(v,;s) . Therefore Uﬁ(ﬂA;?) and L, (v,;s) arefiltersof X.
Conversely, U (fl,;f) and Ly(v,;s) are filters of X for felIm(fl,),selmyv,) with i 2. If
possible, let A(];} B = ((ﬁ " )2’(1//4)2) be not a cubic filter of X then there exists some a€ X such that
@) ) <f<(ii)i(a) ie, @,()+a<t<jl,(a)+@ then fL,(a)271—& but fi,(1)<i—a.
This shows that ae Uy (& A;;) but 1¢ U, (u,;f). This is a contradiction and therefore we must have
@) (=) (x) for all  x,ye X. Again if there exist a,be X such that
(i)' (a) <7 < rmin{(iL,)" (a*b),(ji,)" (b)} then fl,(a*b)2f—@& and f,(b)27—& but
ﬂA(a)Sf—ﬁl. This shows that a*be Uﬁ(ﬂA;?) and be U,;(,[ZA;?) but a¢ U,;(,ZZA;?). This is
again a contradiction and therefore ()", (x) > rmin{(f,)} (x* y), (@)L (y)} forall x,ye X.

Again assume that there exists ¢€ X such that (VA)2(1)>52(VA)2(c) Then v,(c)<J+f and
v,(1)20+ . Hence ce Ly(v,;s) but 1¢ Ly(v,;s). This is impossible and therefore

V)50 S max{ (v, ) (e 3),(v,)5(3)) forall x,ye X,
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Again assume that there exist ¢,d € X such that (V, )Z (¢)> 0= max{ v, )Z(C*d),(VA )Z(d)} Then
v, (cxd)<d+f and V,(d)<O+LF but V,(c)20+. Hence cxde Ly(v,:s) and
de Ly;(v,;s) but c¢ Lg(v,;s). This is impossible, therefore, v, );(x) <max{(v, );(x* y),

(VA );(y)}for all x,ye X. Consequently A(];}’ﬁ) = ((ﬂA )2, (VA)Z) is a cubic filter of X.

Theorem 5.12: Let A=(f,,V,) be a cubic filter of X and let e D[O,f],ﬂe [0,7]. If
&>7,B =0 then the cubic (&, ) translation A(];?,ﬁ) = ((ﬂA)g,(VA)Z) of A is a cubic F-extension of
the cubic (#,0) -translation A(];Z(s) =((4a, );, v, )(Ts) of A.

Proof: 1t is straightforward.

For every fuzzy ideal A= (f,,V,) of X and ye D[0,T],8€[0,7] the cubic (¥,0) -translation

A(];Zﬁ) = ((ﬂA );, (VA )(Tg) of A is a cubic filter of X. If B = (ﬁB,VB) is an cubic F-extension of A(];Zﬁ) , then
there exists & € D[O,f],ﬂe [0,7] suchthat @ > %, >0 and A(];iﬁ) C B thatis fi,(x) > (i,)5(x)
and Vg, x) < (v " )Z (x) forall x€ X . Hence, we have the following theorem.

Theorem 5.13: Let A= (fi,,V,) be a cubic filter of X and let ¥ € D[0, T1,5 € [0,7]. For every cubic
F-extension B =(fi,,V,) of the cubic (?,5) -translation A(];Z(s) = ((ﬂA );,(VA )(Ts) of A there exists
a e D[0, f],ﬂe [0,7] such that &> 7, >0 and B is a cubic F-extension of the cubic (&, f)
-translation A(T&,ﬂ) = ((,ZZA)Z?,(VA);.) of A.

Theorem 5.14: Let A = (Z1,,V,) be a cubic filter of X, then the following assertions are equivalent:
(i) A is a cubic filter of X.

(i) Forall ye[0,1], A;,W is a a cubic filter of X.

Proof: Let A= (fi,,V,) be acubic filter of X. Therefore we have
B2 2,0, V(D <v, (0, B,(9) 2 min(f, (%), 2,0} and V() < maxv, (e y),
V,(x)} forall x,ye X. Now
)y (D)=, (0).yz f,(x).y=(4@,), ()
Wy W=v,(D)y<v,(x0).y=,); (x)
()} (¥) = @, (y).y = rmin{ i1, (x* ), f1,(x)}.¥
= rmin{fL, (x* ).y, [L,(x).y}
= rmin{(@,)} (x*y),(f,); (x)}
V) () =V, (). Smax{y, (x+ y),v,(0)}.y
= max{v  (x*y).7,v,(x).7}
=max{(v,); (x*y),(v,)) (x)}.

Conversely, let 7€ [0,1] be such that A;,W =((,17A)[;:1a(VA);,W) be a cubic filter of X. Then, for all
x,y€ X, wehave

2, (D).y = (2,)) (1) 2 (@) (x) = f1,(x).y

v,(Dy=,)y (D<) (0)=v,(x).y

152 Bulletin of Pure and Applied Sciences
Vol. 38E (Math & Stat.) No.1/January- June 2019




Translations and Multilications of Jun’s Cubic Sets in Cubic Subalgebras and Cubic Filters of CI-Algebras

which implies that fZ,(1) = f,(x) and V,(1)<V,(x) forall x€ X since y# 0. Also,
A, ()7 = (fL,)y (¥) = rmin{ ()} (x* ), (@L,); (x)}
=rmin{fl,(x*y).y, i,(x).7}
rmin{fL,(x* y), i, (x)}.y
V(0¥ =Wy () <max{(v,); (x*y),(v,)) (x)}
= max{v ,(x*y).7,v,(x).y}
=max{V,(x*y),v,(x)}.y
Therefore, f1,(y)2rmin{fl,(x*y),[,(x)} and v,(y)<max{v,(x*y),v,(x)} for all x,ye X
since ¥ # 0. Hence, A= (l1,,V,) is acubic filter of X.
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