
Original Article 
 
Available online at  
www.bpasjournals.com 

Bulletin of Pure and Applied Sciences. 
Vol. 38E (Math & Stat.), No.1, 2019. P.135-154 

Print version ISSN 0970 6577 
 Online version ISSN 2320 3226 

DOI: 10.5958/2320-3226.2019.00012.2 

 

TRANSLATIONS AND MULTILICATIONS OF JUN’S CUBIC SETS IN 

CUBIC SUBALGEBRAS AND CUBIC FILTERS OF CI-ALGEBRAS 
 

 S.R. Barbhuiya
1,
*, A.K. Dutta

2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 
1. INTRODUCTION 

 
In real physical world, we often encounter a class of objects which do not have precisely defined criteria of 
membership, for instance, the “collection of young men” in the set of all men, “collection of beautiful girls” in the 
set of all girls, “collection of costly vehicles” in the set of all vehicles etc. Instead, their boundaries seem vague 
and the transition from member to nonmember appears gradualy rather than abrupt. Such situations in our real life 
which are characterized by vagueness or imprecision can not be answered just in two valued logic (binary) yes or 
no. To eliminate the sharp boundary dividing members of the class from non members, Lotfi A. Zadeh ([34]) a 
professor of electrical engineering at the University of California in Berkeley and Dieter Klaua ([19, 20]) a 
German mathematician, introduced the notion of a fuzzy set to describe vagueness mathematically. Rosenfeld 
([30]) first fuzzified the algebraic concept of ‘Group’ into fuzzy subgroup and opened up a new insight in the field 
of pure mathematics. Since then, a host of mathematicians have been engrossed in extending the concepts and 
results of abstract algebra to boarder framework of fuzzy setting. After the introduction of BCK-algebra by Imai 
and Iseki ([9])in 1966, Xi([32]) applied the concept of fuzzy set to BCK-algebra and introduced fuzzy subalgebra 
and fuzzy ideals in BCK-algebra etc. Since then, a huge volume of literature has been produced on the theory of 
BCK/BCI-algebras. There exist several generalizations of BCK/BCI-algebras, as such BCH-algebras[8], dual 
BCK-algebras [22], d-algebras[29], etc. In [25] B.L.Meng introduced the notion of a CI-algebra as a generation of 
a BE-algebra and dual BCK/BCI/BCH-algebras. 

Author Affiliation:  
1Department of Mathematics, Srikishan Sarda College, Hailakandi, Assam 788151, India. 
E-mail: saidurbarbhuiya@gmail.com 
2Department of Mathematics, D.H.S.K. College, Dibrugarh, Assam 786001, India. 
E-mail: akdutta28@gmail.com 
 
*Corresponding Author:  

S.R. Barbhuiya, Associate Professor and  Head,  Department of Mathematics, Srikishan Sarda 
College, Hailakandi, Assam 788151, India. 
  
E-mail: saidurbarbhuiya@gmail.com 

 
 
Received on 05.08.2018 Revised on 27.01.2019  Accepted on 27.03.2019 

 

Abstract: In this paper, we introduce the concept of translation and multiplication of cubic subalgebras and 
cubic filters of CI-algebras and investigate some of their basic properties. The notion of cubic extensions of 
cubic subalgebras and cubic filters is also introduced and several related properties are investigated. 

 
Keywords:  CI-algebra ,  Interval-valued fuzzy set , Cubic set , Cubic subalgebra,  Cubic filters , 
Translation,  Multiplication,  Extension. 
 
2010 AMS Mathematics Subject Classification:  06F35, 03E72, 03G25, 08A72. 
. 

 



S.R. Barbhuiya, A.K. Dutta 

136 Bulletin of Pure and Applied Sciences  
Vol. 38E (Math & Stat.) No.1 / January- June 2019 

 

In [35] Zadeh made an extension of the concept of fuzzy set by an interval-valued fuzzy set (i. e. a fuzzy set with 
interval valued membership function). In traditional fuzzy logic, to represent, e.g., the expert’s degree of certainty 
in different statements, numbers from the interval [0,1]  are used. It is often difficult for an expert to exactly 

quantify his or her certainty; therefore, instead of a real number, it is more adequate to represent this degree of 
certainty by an interval or even by a fuzzy set. In the first case, we get an interval-valued fuzzy set. In the second 
case, we get a second-order fuzzy set. Atanassov and Gargov [3] introduced the concept of interval-valued 
intuitionistic fuzzy set. In [4] different operators over interval-valued intuitionistic fuzzy sets are defined. Saeid 
[31] first introduced the concept of interval valued fuzzy subgroup as a generalization of Rosenfeld’s fuzzy 
subgroup. In [7, 27, 12, 31] different authors applied interval-valued fuzzy sets in various algebraic structures. 
Combining the fuzzy set and an interval-valued fuzzy set, Jun et al. [14] introduced a new type of set called a cubic 
set, and investigated several properties. They also applied the cubic set theory to BCK/BCI-algebras (see [15]). 
Subsequently the theory of cubic sets attracted  several mathematicians. Jun et al. [16, 17, 18] furhter  studied 
the theory of cubic sets in different algebraic structures. Yaqoob et al. [33] investigated some properties of cubic 
KU-ideals of KU-algebras ([33]). Ahn et al ([1]) introduced cubic subalgebras and cubic filters in CI-algebras and 
investigated several related properties. Lee et al. ([23]) and Jun([13]) discussed fuzzy translations, fuzzy 
extensions and fuzzy multiplications of fuzzy subalgebras and ideals in BCK/BCI-algebras. They investigated 
relations among fuzzy translations, fuzzy extensions and fuzzy multiplications. Motivated by these works, in this 
paper we introduce the concept of fuzzy translation and fuzzy multiplication in cubic fuzzy subalgebras and filters 
of CI-algebras.  
 
2. PRELIMINARIES  

 
In this section, we recall some concepts related to CI-algebra, interval-valued fuzzy sets and cubic fuzzy sets. 
Definition 2.1: ([12, 13]) An algebraic system ,1),( ∗X  of type (2,0) is called a CI-algebra if it satisfies the 

following axioms:   

(i) =1x x∗  

(ii) 1 =x x∗   

(iii) ( ) = ( ) , , .x y z y x z x y z X∗ ∗ ∗ ∗ ∀ ∈   

A CI-algebra X satisfying the condition 1,=1∗x  is called a BE-algebra. In any CI-algebra X one can define a 

binary relation ≤′'  by yx ≤  if and only if 1.=yx ∗  

In any CI-algebra X the following properties hold ,x y X∀ ∈ : 

(i) 1,=))(( xxyy ∗∗∗  

(ii) 1,)(=1)(1)( ∗∗∗∗∗ yxyx  

(iii) if ,1 x≤  then 1,=x  for all ., Xyx ∈  
 

A non-empty subset S of a CI-algebra X is called a subalgebra of X  if   x y S∗ ∈ , for all ,x y S∈ . A 

nonempty subset I of a CI-algebra X is called an ideal (see, [13]) of X   if II ∈0)( 1  IyxI ∈∗)( 2  and 

IxIy ∈⇒∈  for all , .x y X∈  
 
Definition 2.2: A fuzzy subset  µ   of a CI-algebra X is called a subalgebra of X if 

)}(),({)( yxminyx µµµ ≥∗  for all ,x y S∈ . A nonempty subset F  of a CI-algebra X  is called a filter 

of X if   
    (i) ,1 F∈   

    (ii) , , , .x F x y F y F x y X∈ ∗ ∈ ⇒ ∈ ∀ ∈   

 A filter F of X is said to be closed if Fx∈  implies .1 Fx ∈∗  
  
Definition 2.3: ([13]) A fuzzy set µ  in X  is called a fuzzy filter (FF) of X  if it satisfies the following 

conditions:   
   (i) ),((1) xµµ ≥   

    (ii) .,)}(),({min)( Xyxxyxy ∈∀∗≥ µµµ   

  
The notion of interval-valued fuzzy set was introduced by Zadeh ([35]). To consider the notion of interval-valued 
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fuzzy sets, we need the following definitions. An interval number on 1][0, , denoted by a~ , is defined as the 

closed sub interval of 1][0, , where ],[=~ aaa ,satisfying 10 ≤≤≤ aa . Let 1][0,D  denote the set of all 

such interval numbers on 1][0,  and also denote the interval numbers 0][0,  and 1][1,  by 0
~

 and 1
~

 

respectively. Let ],[=~
111 aaa  and 1][0,],[=~

222 Daaa ∈ . Define on D[0, 1] the relations ,=, , ,.≤ < +  by   

    1.  1 2 1 2a a a a≤ ⇔ ≤ɶ ɶ  and 21 aa ≤   

    2.  2121 =~=~ aaaa ⇔  and 21 = aa   

    3.  1 2 1 2<a a a a< ⇔ɶ ɶ  and 21 < aa   

    4.  ],[~~
212121 aaaaaa ++⇔+   

    5.  1 11 2 1 2 1 2 2 1 2 1 2 1 2 2 1 2 1 2 1 2. [ ( , , , ), ( , , , )] = [ , ]a a min a a a a a a a a max a a a a a a a a a a a a⇔ɶ ɶ   

    6.  ],[=~ akakak  where 0 1.k≤ ≤   

 Now consider two intervals 1][0,],[=~],,[=~
222111 Daaaaaa ∈  then we define refine minimum rmin  as 

)],(),,([=)~,~( 212121 aaminaaminaarmin and refine maximum rmax as 

)],(),,([=)~,~( 212121 aamaxaamaxaarmax   generally if =[ , ], =[ , ] [0,1]i i i i i ia a a b b b D∈ɶɶ  for 1,2,3,i = … , then 

we define ( , ) =i irmax a bɶɶ [ ( , ),
i i

max a b ( , )]
i i

max a b  and )],(),,([=)
~

,~( iiiiii baminbaminbarmin  and 

],[=)~( iiiiii aaarinf ∧∧  and ],[=)~( iiiiii aaarsup ∨∨ . 

)1],[0,( ≤D  is a complete lattice with = , = , 0 =[0,0]rmin rmax∧ ∨ ɶ  and 1][1,=1
~

 being the least and 

the greatest element respectively. 
   
Definition 2.4: An interval-valued fuzzy set (IVFS) defined on a non empty set X is an object having the form 

Xxxxx ∈∀)]},(),([,{=~ µµµ  where µ  and µ  are two fuzzy sets in X such that )()( xx µµ ≤  for all 

Xx∈ . Let Xxxxx ∈∀)],(),([=)(~ µµµ . Then .1],[0)(~ XxDx ∈∀∈µ  

If µ~  and ν~ be two interval-valued fuzzy sets in X, then we define   

    • ⇔⊂νµ ~~  for all )()(, xxXx νµ ≤∈  and )()( xx νµ ≤ .  

    • ⇔νµ ~=~  for all )(=)(, xxXx νµ∈  and )(=)( xx νµ .  

    • )}](),({)},(),({[=)(ˆ)(ˆ=))(~~~( xxmaxxxmaxxxx νµνµνµνµ ∨∪ .  

    • )}](),({)},(),({[=)(ˆ)(ˆ=))(~~~( xxminxxminxxx νµνµνµνµ ∧∩ .  

    • )}](),({)},(),({[=)(ˆ)(ˆ=),)(~~( yxminyxminyxyx νµνµνµνµ ∧× .  

    • )](),1([1=)(~ xxxc µµµ −− .  

 
Definition 2.5: Let µ~  be an interval-valued fuzzy set in X. Then for every [0, 0] [1,1]t ≤ɶ≺ , the crisp set 

={ | ( ) }
t

x X x tµ µ∈ ≥ ɶɶ ɶ  is called the level subset of µ~ .   

  
Definition 2.6: An interval-valued fuzzy set µ~  in CI-algebra X is called an interval-valued fuzzy subalgebra of X 

if ( ) { ( ), ( )},x y rmin x yµ µ µ∗ ≥ɶ ɶ ɶ  for all ., Xyx ∈    

Definition 2.7:  An interval-valued fuzzy set µ~  in CI -algebra X is called an interval-valued fuzzy filter of X if 

(i) (1) ( ),xµ µ≥ɶ ɶ  

(ii) ( ) { ( ), ( )}y rmin x y xµ µ µ≥ ∗ɶ ɶ ɶ  for all ., Xyx ∈  
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Combining the notion of interval-valued fuzzy set and the fuzzy set Jun et al. introduced the concept of cubic set in 
[14]  which  is defined as follows:  
 
Definition 2.8: Let X be a nonempty set. A cubic set A in X is a structure  

 ={< , ( ), ( ) > | },
A A

A x x x x Xµ ν ∈ɶ  

which is briefly denoted by ),~(= AAA νµ  where ],[=~
AAA µµµ  is an IVFS in X and 

Aν  is a fuzzy set in X 

and it is written as =< , > .
A A

A µ νɶ  

For two cubic sets >,~=< AAA νµ  and >,~=< BBB νµ  in X, we define   

    • A BA B µ µ⊆ ⇔ ≤ɶ ɶ  and 
BA νν ≥   

    • ⇔BA=  for all )(~=)(~, xxXx BA µµ∈  and )(=)( xx BA νν   

    • ={< | ( )( ),( )( ) >| }
A B A B

A B x x x x Xµ µ ν ν∩ ∩ ∪ ∈ɶɶ ɶ  

where ( )( ) = { ( ), ( )}
A B A B

x rmin x xµ µ µ µ∩ɶɶ ɶ ɶ ɶ  and )}(),({=))(( xxmaxx BABA νννν ∪   

    • ={< | ( )( ),( )( ) > | }A B A BA B x x x x Xµ µ ν ν∪ ∪ ∩ ∈ɶɶ ɶ  

where )}(~),(~{=))(~~~( xxrmaxx BABA µµµµ ∪  and ( )( ) = { ( ), ( )}.
A B A B

x min x xν ν ν ν∩   

Definition 2.9: ([1]) Let ),~(= AAA νµ  be cubic set in X, where X is a CI-algebra, then the set A is cubic CI 
-subalgebra over the binary operator ∗  if it satisfies the following conditions:  

 ( ) ( ) { ( ), ( )},
A A A

i x y rmin x yµ µ µ∗ ≥ɶ ɶ ɶ  

 ( ) ( ) { ( ), ( )} , .
A A A

ii x y max x y x y Xν ν ν∗ ≤ ∀ ∈  

Example 2.1: Consider CI-algebra },,{1,= cbaX  with the following Cayley table. 

  
*  1 a b c 
1 1 a b c 
a  1 1 b c 

b  1 a 1 c 
c  1 a b 1 

  
  Define a cubic set ),~(= AAA νµ  in X by  

 
[ ] [ ] [ ] [ ]










0.2,0.40.4,0.70.3,0.50.5,0.8

1
=~ cba

Aµ  

and  
1

= .
0.1 0.2 0.4 0.8A

a b c
ν

 
 
 

 

Then by routine calculations it can be easily verified that ),~(= AAA νµ  is a cubic subalgebra of X.  

Definition 2.10:  ([1]) Let ),~(= AAA νµ  be cubic set in X, where X is a CI -algebra, then the set A is called 

cubic filter of CI-algebra X over the binary operator ∗′`  if it satisfies the following conditions:  

 ( ) (1) ( ),A Ai xµ µ≥ɶ ɶ  

 ),((1))( xii AA νν ≤  

 ( ) ( ) { ( ), ( )},
A A A

iii y rmin x y xµ µ µ≥ ∗ɶ ɶ ɶ  

 .,)}(),({)()( Xyxxyxmaxyiv AAA ∈∀∗≤ ννν  

     
Example 2.2:  Consider the CI -algebra X  and define a cubic set ),~(= AAA νµ  in X by  

 
[ ] [ ] [ ] [ ]










0.1,0.50.3,0.60.4,0.70.7,0.8

1
=~ cba

Aµ  
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and  
1

= .
0.2 0.3 0.5 0.8A

a b c
ν

 
 
 

 

Then it is easy to verify that ),~(= AAA νµ  is a cubic filter of X.   

 

3.TRANSLATION AND MULTIPLICATION OF CUBIC SUBALGEBRAS AND CUBIC FILTERS OF 

CI – ALGEBRAS 

In what follows, let X denotes a CI-algebra, and for any cubic set ),~(= AAA νµ  of  X, let 

}|)({= Xxxinf A ∈ντ  and ),(=
~

TTT  ( .TT ≤  ) where =1 { ( ) | .}AT sup x x Xµ− ∈  
 

Definition 3.1:  Let ),~(= AAA νµ  be a cubic subset of X and T≤≤ α0  where ][0,],[=~ TD∈ααα  and 

].[0,τβ ∈  An object of the form ))(,)~((= ~),~(
T

A

T

A

T
A βαβα νµ  is called an cubic ),~( βα -translation of A if it 

satisfies αµµ α
~)(~=)()~( ~ +xx A

T

A
 and βνν β −)(=)()( xx A

T

A
 for all .Xx∈    

 
Example 3.1:  Consider CI-algebra X as in Example 2.1.  Define a cubic set ),~(= AAA νµ  in X by  

 
[ ] [ ] [ ] [ ]










0.2,0.40.4,0.70.3,0.50.5,0.8

1
=~ cba

Aµ  

and  
1

= .
0.15 0.2 0.4 0.8A

a b c
ν

 
 
 

 

Here =1 { ( ) | } =1 0.8 = 0.2AT sup x x Xµ− ∈ −  and 0.15.=}|)({= Xxxinf A ∈ντ  Let 

][0,0.18][0.1,=~ TD∈α  and ].[0,0.1= τβ ∈  Then the ( , )βαɶ translation ))(,)~(( 0.10.18][0.1,
T

A

T

A νµ  of 

cubic set ),~(= AAA νµ  is given by  

 
[ ] [ ] [ ] [ ]










0.3,0.580.5,0.880.4,0.680.6,0.98

1
=)~( 0.18][0.1,

cba
T

Aµ  

and  
0.1

1
( ) = .

0.05 0.1 0.3 0.7
T

A

a b c
ν

 
 
 

 

 
Definition 3.2:  Let ),~(= AAA νµ  be a cubic fuzzy subset of X and (0,1].∈γ  An object having the form 

))(,)~((= M

A

M

A

M
A γγγ νµ  is called a cubic γ -multiplication of A if γµµ γ .~=)()~( A

M

A x  and γνν γ .=)( A

M

A
, for 

all .Xx∈    
 
Example 3.2: Consider a cubic fuzzy set ),~(= AAA νµ  in X as in Example 2.1. Let (0,1].0.6= ∈γ  Then 

the γ -multiplication of ))(,)~(( 0.60.6
M

A

M

A νµ  cubic set ),~(= AAA νµ  is given by  

 
[ ] [ ] [ ] [ ]










0.12,0.240.24,0.420.18,0.30.3,0.48

1
=)~( 0.6

cba
M

Aµ  

and  0.6

1
( ) = .

0.06 0.12 0.24 0.48
M

A

a b c
ν

 
 
 

 

 

Definition 3.2:  Let ),~(= AAA νµ  be a cubic fuzzy subset of X and T≤≤α0  where ][0,],[=~ TD∈ααα , 

][0,τβ ∈  and (0,1].∈γ  A mapping [0,1]]1],[0,[:))(,)~((= ;;~);,~( DXA MT

A

MT

A

MT →γβγαγβα νµ  is said to be a 

cubic magnified );,~( γβα  translation of ),~(= AAA νµ  if it satisfies αµγµ γα
~)(~=)()~( ;~ +xx A

MT

A
 and 

γβγνν γβ −)(=)()( ; xx A

MT

A
 for all .Xx ∈   
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Example 3.3:  Consider a cubic fuzzy set ),~(= AAA νµ  in X as in Example 2.1. For this cubic set 

= 1 { ( ) | } = 1 0.8 = 0.2AT sup x x Xµ− ∈ −  and 0.1.=}|)({= Xxxinf A ∈ντ  Let 

][0,0.2][0.1,=~ TD∈α , ][0,0.1= τβ ∈  and (0,1].0.5= ∈γ  Then the cubic magnified );,~( γβα  

translation MTA .5)0.2],0.1;0([0.1,  of cubic set ),~(= AAA νµ  is given by 

 

 
[ ] [ ] [ ] [ ]










0.2,0.400.3,0.550.25,0.450.35,0.6

0
=)~( 0.2];0.5)([0.1,

cba
MT

Aµ  

and  (0.1;0.5)

0
( ) = .

0.0 0.05 0.15 0.35
MT

A

a b c
ν

 
 
 

 

 
 
4. TRANSLATIONS OF CUBIC SUBALGEBRAS  

 

Theorem 4.1: Let ),~(= AAA νµ  be a cubic subalgebra of X and let ].[0,],[0,~ τβα ∈∈ TD  Then the cubic 

),~( βα -translation TA ),~( βα  of A is a cubic subalgebra of X. 

Proof.   Here ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  and let ., Xyx ∈  Then 

 αµµ α
~)(~=)()~( ~ +∗∗ yxyx A

T

A
 

                 { ( ), ( )}
A A

rmin x yµ µ α≥ + ɶɶ ɶ  

                 }~)(~,~)(~{= αµαµ ++ yxrmin AA  

                 )}()~(),()~{(= ~~ yxrmin T

A

T

A αα µµ  

 βνν β −∗∗ )(=)()( yxyx A

T

A  

                βνν −≤ )}(),({ yxmax AA  

                })(,)({= βνβν −− yxmax AA  

                .,)}()(),(){(= Xyxyxmax
T

A

T

A ∈∀ββ νν  

 Therefore the cubic fuzzy ),~( βα -translation 
TA ),~( βα  of A is a cubic subalgebra of X.  

 

Theorem 4.2: Let ),~(= AAA νµ  be a cubic subset of X such that the cubic ),ˆ( βα -translation 
T

A ),~( βα  of A is 

a cubic subalgebra of X for some [0, ], [0, ].D Tα β τ∈ ∈ɶ  Then ),ˆ(= AAA νµ  is a cubic subalgebra of  X.  

Proof.  Here ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic subalgebra of  X and  let ,, Xyx ∈  we have 

    )()~(=~)(~
~ yxyx T

AA ∗+∗ αµαµ  

            {( ) ( ), ( ) ( )}T T

A Armin x yα αµ µ≥
ɶ ɶ

ɶ ɶ  

            }~)(~,~)(~{= αµαµ ++ yxrmin AA  

            αµµ ~)}(~),(~{= +yxrmin AA  

    )()(=)( yxyx
T

AA ∗−∗ βνβν  

           )}()(),(){( yxmax T

A

T

A ββ νν≤  

           })(,)({= βνβν −− yxmax AA  

           .,)}(),({= Xyxyxmax AA ∈∀− βνν  

which implies that ( ) { ( ), ( )}
A A A

x y rmin x xµ µ µ∗ ≥ɶ ɶ ɶ  and )}.(),({)( xxmaxyx AAA ννν ≤∗  Hence 

),~(= AAA νµ  is a cubic subalgebra of  X.  
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Theorem 4.3: Let ),~(= AAA νµ  be a cubic subset of X and T≤≤ α0  where ][0,],[=~ TD∈ααα , 

][0,τβ ∈  and (0,1].∈γ  Then ),~(= AAA νµ  is cubic subalgebra of X iff MTA );,~( γβα is cubic subalgebra of X.  

 Proof. It follows from Theorem 4.1  and Theorem 4.3.  
 

Theorem 4.4: The intersection and the union of any two ),ˆ( βα -translations of a cubic subalgebra of X is also a 

cubic subalgebra of X.  

Proof. Let TA ),~( βα  and TA ),~( δγ  be two fuzzy translatons a cubic subalgebra ),ˆ(= AAA νµ  of X, where 

][0,,],[0,~,~ τδβγα ∈∈ TD . Assume that α γ≤ɶ ɶ  and δβ ≥ , then by Theorem 4.1 TA ),~( βα  and TA ),~( δγ  are 

cubic subalgebras of X. Now  

  )}()~(),()~{(=))()~(~)~(( ~~~~ xxrmaxx T

A

T

A

T

A

T

A γαγα µµµµ ∪  

                 }~)(~,~)(~{= γµαµ ++ xxrmax AA  

                 ]}~)(~,~)(~[],~)(~,~)(~{[= γµγµαµαµ ++++ xxxxrmax AAAA  

                 }]~)(ˆ,~)(~{},~)(~,~)(~{[= γµαµγµαµ ++++ xxmaxxxmax AAAA  

                 ]~)(~,~)(~[= γµγµ ++ xx AA  

                 ).()~(=~)(~= ~ xx T

AA γµγµ +  

   )}()(),(){(=))()()(( xxminx T

A

T

A

T

A

T

A δβδβ νννν ∪  

                 })(,)({= δνβν −− xxmin AA  

                 βν −)(= xA  

                 )()(= xT

A βν  

 Also  

  )}()~(),()~{(=))()~(~)~(( ~~~~ xxrminx T

A

T

A

T

A

T

A γαγα µµµµ ∩  

                 }~)(~,~)(~{= γµαµ ++ xxrmin AA  

                 ]}~)(~,~)(~[],~)(~,~)(~{[= γµγµαµαµ ++++ xxxxrmin AAAA  

                 }]~)(ˆ,~)(~{},~)(~,~)(~{[= γµαµγµαµ ++++ xxminxxmin AAAA  

                 ]~)(~,~)(~[= αµαµ ++ xx AA  

                 )()~(=~)(~= ~ xx T

AA αµαµ +  

  )}()(),(){(=))()()(( xxmaxx T

A

T

A

T

A

T

A δβδβ νννν ∩  

                })(,)({= δνβν −− xxmax AA  

                δν −)(= xA  

                )()(= xT

A δν  

  

Definition 4.1: For two cubic sets ),ˆ(= AAA νµ  and ),ˆ(= BBB νµ  of X. We define 

,A B A BA B µ µ ν ν⊆ ⇔ ≤ ≥ɶ ɶ  for all .Xx ∈  Then we say that B is an cubic extension of A.  

Definition 4.2.  Let ),~(= AAA νµ  and ),~(= BBB νµ  be two cubic subsets of X. Then, B is called a cubic 

S-extension (subalgebra-extension) of A if the following assertions are valid: 
(i) B is a cubic extension of A. 
(ii) If A is a cubic subalgebra of X, then B is a cubic subalgebra of X.    
 

Theorem 4.5: Let ),~(= AAA νµ  be a cubic subset of X and ][0,],[0,~ τβα ∈∈ TD . Then the cubic 

),~( βα -translation 
T

A ),~( βα  of A is a cubic S-extension of A.  
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Proof: Here ),~(= AAA νµ  and ( , ) = (( ) ,( ) ).T T T

A AAα β α βµ ν
ɶ ɶ

ɶ Now, ( ) = ( ) ( ),T

A Ax xαµ α µ+
ɶ

ɶɶ ɶ  which implies 

( ) ( ) ( ).T

A A
x xαµ µ≤

ɶ
ɶ ɶ  

Again ( ) = ( ) ( ),T

A A
x xβν β ν−  which implies ).()()( xx T

AA βνν ≥ Therefore 
( , ).
TA A α β⊆
ɶ

 

Hence 
T

A ),~( βα  is a cubic extension of A. Since A is a cubic subalgebra of X, therefore 
T

A ),~( βα  of A is a cubic 

subalgebra of X. Hence 
TA ),~( βα  is a cubic fuzzy S-extension of A.   

Remark 4.1: The converse of above theorem is not true as is seen by the following example.   

Example 4.1:  Consider CI-algebra X as in Example 2.1. Define a cubic set ),~(= AAA νµ  in X by  

 
[ ] [ ] [ ] [ ]










0.2,0.40.4,0.70.3,0.50.5,0.9

1
=~ cba

A
µ  

and  








0.80.40.30.1

1
=

cba
Aν  

Then it is easy to verify that A is cubic fuzzy subalgebra of X. Let ),ˆ(= BBB νµ  be a cubic fuzzy subset of X 

defined by  

 
[ ] [ ] [ ] [ ]










0.25,0.490.44,0.80.33,0.570.6,0.91

1
=~ cba

Bµ  

and  
1

= .
0.05 0.23 0.34 0.78B

a b c
ν

 
 
 

 

Then ),ˆ(= BBB νµ  is an cubic S-extension of A. But it is not the cubic ),~( βα -translation 

))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A for all [0, ], [0, ].D Tα β τ∈ ∈ɶ  
 
Theorem 4.6:  The intersection of any two cubic S-extensions of a cubic subalgebra of X is also a cubic 
S-extension of X.   

Proof. Let ),~(= SSS νµ  and ),~(= TTT νµ  be two cubic S-extensions of a cubic subalgebra ).,~(=
AA

A νµ  

Therefore, we have ,
A S A S

A S µ µ ν ν⊆ ⇔ ≤ ≥ɶ ɶ  for all x X∈  and ,
A T A T

A T µ µ ν ν⊆ ⇔ ≤ ≥ɶ ɶ  for all 

.Xx ∈  Since 

 
( ) if ( ) ( )

( )( ) = { ( ), ( )} =
( ) if ( ) ( )

T S T

S T S T

S T S

x x x
x rmin x x

x x x

µ µ µ
µ µ µ µ

µ µ µ

≥
∩ 

≥

ɶ ɶ ɶ
ɶɶ ɶ ɶ ɶ

ɶ ɶ ɶ
 

 




≥

≥
∩

)()(if)(

)()(if)(
=)}(),({=))((

xxx

xxx
xxmaxx

STT

TSS

TSTS ννν

ννν
νννν  

 Hence, ( ) ( )( )
A S T

x xµ µ µ≤ ∩ɶɶ ɶ ɶ  and ))(()( xx TSA ννν ∩≥  for all .Xx∈  

Therefore S T∩  is a cubic S-extension of X.   
 
Remark 4.2:  The union of two cubic S-extensions of a cubic subalgebra of X may not a cubic S-extension of X as 
shown in the following example. 
Example 4.2:  Consider a CI-algebra },,,{0,= dcbaX  with the following Cayley table. 

   
   *  1 a b c 

1 1 a b c 

a  1 1 1 1 

b  1 a 1 c 

c  1 b b 1 

  

  Define a cubic set ),~(=
AA

A νµ  in X by  
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[ ] [ ] [ ] [ ]










0.3,0.40.5,0.650.6,0.750.7,0.8

1
=~ cba

Aµ  

and  
1

= .
0.2 0.5 0.6 0.7A

a b c
ν

 
 
 

 

Then it is easy to verify that A is a cubic fuzzy subalgebra of X. Let ),~(= SSS νµ  and ),~(= TTT νµ  be two 

cubic subsets of  X defined by  

 
[ ] [ ] [ ] [ ]










0.4,0.50.6,0.70.72,0.800.75,0.85

0
=~ cba

Sµ  

and  








0.60.50.30.15

1
=

cba
Sν  

 

 
[ ] [ ] [ ] [ ]










0.7,0.80.65,0.750.63,0.770.8,0.9

1
=~ cba

Tµ  

and  
1

= .
0.1 0.5 0.4 0.3T

a b c
ν

 
 
 

 

Now 
( ) ( )= ( , )
S T S T

S T µ ν∪ ∪∪ ɶ , where 

 

 
[ ] [ ] [ ] [ ]( )

1
=

0.8,0.9 0.72,0.8 0.65,0.75 0.7,0.8S T

a b c
µ ∪

 
 
 

ɶ  

and  ( )

0
= .

0.1 0.3 0.4 0.3S T

a b c
ν ∪

 
 
 

 

Then S  and T  are both cubic S-extension of A. Also S T∪  is cubic extension of A .Also TS ∪  is  cubic 
extension of A . But TS ∪  is not cubic S-extension of A. Since 

( ) ( )( ) = ( ) = [0.65, 0.75] [0.7, 0.8] = {[0.72, 0.80],[[0.7, 0.8]}
S T S T

c a b rminµ µ∪ ∪∗ ≤ɶ ɶ  

( ) ( )= { ( ), ( )}S T S Trmin a cµ µ∪ ∪
ɶ ɶ and ( ) ( )( ) = ( ) = 0.4 0.3 = {0.3, 0.3}S T S Tc a b maxν ν∪ ∪∗ ≤/  

( ) ( )= { ( ), ( )}.
S T S T

max a cν ν∪ ∪
 

Definition 4.3: For a cubic fuzzy subset ),~(= AAA νµ  of X, let ][0,],[0,~ τβα ∈∈ TD  with .~~ α≥t  Let  

 ( ; ) = { | ( ) },
A A

U t x X x tα µ µ α∈ ≥ −
ɶ

ɶ ɶ ɶɶ ɶ  

 ( ; ) = { | ( ) }.
A A

L s x X x sβ ν ν β∈ ≤ +  

Theorem 4.7: If A is a cubic subalgebra of X, then )~;~(~ tU Aµα  and );( sL Aνβ
 are subalgebra of X for all 

).(),~(~
AA

ImsImt νµ ∈∈    

Proof:  Let ).~;~(, ~ tUyx Aµα∈  Therefore ( )
A

x tµ α≥ −ɶ ɶɶ  and ( )
A

y tµ α≥ −ɶ ɶɶ . Now  

 ( ) { ( ), ( )}A A Ax y rmin x yµ µ µ∗ ≥ɶ ɶ ɶ  

             { , }rmin t tα α≥ − −ɶ ɶɶ ɶ  

            α~~= −t  

      ( )A x y tµ α⇒ ∗ ≥ −ɶ ɶɶ  

 which implies ).~;~(~ tUyx Aµα∈∗  

Let ).;(, sLyx Aνβ∈  Therefore βν +≤ sxA )(  and βν +≤ syA )( . Now  

 )}(),({)( yxmaxyx AAA ννν ≤∗  

            βββ +++≤ sssmax =},{  
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      βν +≤∗⇒ syxA )(  

 which implies ).;( sLyx Aνβ∈∗    

Remark 4.3:   In the above theorem if A is not a cubic subalgebra of X, then )~;~(~ tU Aµα  and );( sL Aνβ
 are 

not subalgebra of X as seen in the following example.  

Example 4.3:  Consider CI -algebra X as in Example 2.1. Define a cubic set ),~(=
AA

A νµ  in X by 

 

 
[ ] [ ] [ ] [ ]










0.7,0.80.6,0.750.5,0.70.2,0.4

1
=~ cba

Aµ  

and  
1

= .
0.6 0.3 0.4 0.5A

a b c
ν

 
 
 

 

Since ( ) = (1) = [0.2,0.4] [0.5,0.7] = { ( ), ( )}A A A Aa a rmin a aµ µ µ µ∗ ≤ɶ ɶ ɶ ɶ  and 

)}.(),({=0.40.6=(1)=)( bbmaxbb AAAA νννν ≤/∗  Therefore ),~(= AAA νµ  is not a cubic subalgebra 

of X. Let [0,0.3]0.25=[0,0.2],[0.1,0.2]=~ ∈∈ βα D  and = [0.5,0.8], = 0.3t sɶ . Then 

},,{=)~;~(~ cbatU Aµα  and },,{=);( cbasL Aνβ
. Since )~;~(1= ~ tUaa Aµα∈/∗  and 

);(1= sLaa Aνβ∈/∗ . Therefore both )~;~(~ tU Aµα  and );( sL Aνβ
 are not a subalgebra of X.   

 

Theorem 4.8:  For ][0,],[0,~ τβα ∈∈ TD  let ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  be the cubic ),ˆ( βα  

translation of ),~(= AAA νµ . Then, the following assertions are equivalent: 

(i) ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic subalgebra of X. 

(ii) )~;~(~ tU Aµα  and );( sL Aνβ
 are subalgebra of  X for )(),~(~

AA ImsImt νµ ∈∈  with ˆ.t α≥ɶ    

Proof: Assume that
TA ),~( βα  is a cubic subalgebra of X. Then T

A αµ ~)~(  is an interval valued fuzzy subalgebra of X 

and 
T

A βν )(  is a doubt fuzzy subalgebra [5] of X. Let Xyx ∈,  such that )~;~(, ~ tUyx Aµα∈  and )~(~
AImt µ∈  

with ˆ.t α≥ɶ  Then ( )A x tµ α≥ −ɶ ɶɶ  and .~~)(~ αµ −tyA ≻  That is ( ) ( ) = ( )T

A Ax x tαµ µ α+ ≥
ɶ

ɶɶɶ ɶ  and 

( ) ( ) = ( )T

A Ay x tαµ µ α+ ≥
ɶ

ɶɶɶ ɶ . Since T

A αµ ~)~(  is an interval valued fuzzy subalgebra of X, therefore, we have 

( ) = ( ) ( ) {( ) ( ), ( ) ( )} ,T T T

A A A Ax y x y rmin x y tα α αµ α µ µ µ∗ + ∗ ≥ ≥
ɶ ɶ ɶ

ɶɶɶ ɶ ɶ ɶ  which implies ( )A x y tµ α∗ ≥ −ɶ ɶɶ  so 

that ).~;~(~ tUyx Aµα∈∗   

Again let Xyx ∈,  such that );(, sLyx Aνβ∈  and ).(
A

Ims ν∈  Then βν +≤ sxA )(  and 

βν +≤ syA )(  i.e., sxx A

T

A ≤− βνν β )(=)()(  and .)(=)()( sxy A

T

A ≤− βνν β  Since 
T

A βν )(  is a 

doubt fuzzy subalgebra of X, it follows that  

 ( ) = ( ) ( ) {( ) ( ),( ) ( )} .T T T

A A A Ax y x y max x y sβ β βν β ν ν ν∗ − ∗ ≤ ≤  

That is .)( βν +≤∗ syxA  So that );( sLyx Aνβ∈∗ . Therefore )~;~(~ tU Aµα  and );( sL Aνβ
 are 

subalgebras of X. 

Conversely, suppose that )~;~(~ tU Aµα  and );( sL Aν  are subalgebra of X for )(),~(~
AA ImsImt νµ ∈∈  with 

.ˆ~ α≥t  To prove that ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic subalgebra of X. Suppose 

))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is not a cubic subalgebra of X, then at least one of 

)}()~(),()~{()()~( ~~~ yxrminyx
T

A

T

A

T

A ααα µµµ ≺∗  and )}()(),(){(>)()( yxmaxyx T

A

T

A

T

A βββ ννν ∗  must 

hold. If )}()~(),()~{()()~( ~~~ yxrminyx
T

A

T

A

T

A ααα µµµ ≺∗  holds, then choose [0,1]~
Dt ∈  such that such that  

 ( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Aa b t rmin a bα α αµ µ µ∗ ≤
ɶ ɶ ɶ

ɶɶ ɶ ɶ≺  
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for some Xba ∈,  then ( )A a tµ α≥ −ɶ ɶɶ  and ( )A y tµ α≥ −ɶ ɶɶ  but ( ) .A a b tµ α∗ ≤ −ɶ ɶɶ  This shows that 

)~;~(~ tUa Aµα∈  and )~;~(~ tUb Aµα∈  but ( ; ).
A

a b U tα µ∗ ∈/ ɶ
ɶɶ  This is a contradiction, and therefore 

( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Ax y rmin x yα α αµ µ µ∗ ≥
ɶ ɶ ɶ

ɶ ɶ ɶ  for all ., Xyx ∈  

Again if )}()(),(){(>)()( yxmaxyx T

A

T

A

T

A βββ ννν ∗  holds, then there exist Xdc ∈,  such that 

( ) ( ) > {( ) ( ),( ) ( )}T T T

A A Ac d max c dβ β βν δ ν ν∗ ≥  where [0,1].δ ∈  Then βδν +≤)(cA  and 

βδν +≤)(dA  but ( ) .
A

c dν δ β∗ ≥ +  Hence );( sLc Aνβ∈  and );( sLd Aνβ∈  but 

);( sLdc Aνβ∈/∗ . This is impossible and therefore ( ) ( ) {( ) ( ),( ) ( )}T T T

A A Ax y max x yβ β βν ν ν∗ ≤  for all 

., Xyx ∈  Consequently ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic subalgebra of  X.   

 

Theorem 4.9:  Let ),~(= AAA νµ  be a cubic subalgebra of X and let [0, ], [0, ].D Tα β τ∈ ∈ɶ  If 

,α γ β δ≥ ≥ɶ ɶ  then the cubic ),~( βα  translation ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A is a cubic S-extension of 

the cubic ),~( δγ -translation ))(,)~((= ~),~(
T

A

T

A

TA δγδγ νµ  of A.   

Proof:  It is straightforward.  

       For every cubic subalgebra ),~(= AAA νµ  of X and ˆ [0, ], [0, ],D Tγ δ τ∈ ∈  cubic ),~( δγ

-translation ))(,)~((= ~),~(
T

A

T

A

TA δγδγ νµ  of A is a cubic subalgebra of X. If ),~(= BBB νµ  is a cubic S-extension 

of TA ),~( δγ  , then there exists [0, ], [0, ]D Tα β τ∈ ∈ɶ  such that ,α γ β δ≥ ≥ɶ ɶ  and ( , )
TA Bα β ⊂
ɶ

 that is 

( ) ( )T

B Ax αµ µ≥
ɶ

ɶ ɶ  and 
T

AB x βνν )()( ≤  for all Xx∈ . Hence, we have the following theorem. 

Theorem 4.10: Let ),~(= AAA νµ  be a cubic subalgebra of X and let ].[0,],[0,~ τδγ ∈∈ TD  For every 

cubic S-extension ),~(= BBB νµ  of the cubic ),~( δγ -translation ))(,)~((= ~),~(
T

A

T

A

TA δγδγ νµ  of A, there exists 

[0, ], [0, ]D Tα β τ∈ ∈ɶ  such that ,α γ β δ≥ ≥ɶ ɶ  and B is an cubic S-extension of the cubic ),~( βα

-translation ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A.  

Let us illustrate above Theorem with the help of the following example.  

Example 4.4:  Consider a cubic set ),~(= AAA νµ  in CI-  X  as in Example 2.1,  

 
[ ] [ ] [ ] [ ]










0.3,0.40.4,0.50.15,0.250.6,0.7

1
=~ cba

Aµ  

and  
1

= .
0.2 0.7 0.4 0.6A

a b c
ν

 
 
 

 

Then it is easy to verify that ),~(= AAA νµ  is a cubic subalgebra of X. Here 

= 1 { ( ) | } = 1 0.7 = 0.3AT sup x x Xµ− ∈ −  and 0.2.=}|)({= Xxxinf A ∈ντ  Let 

][0,0.1][0.05,=~ TD∈γ  and ].[0,0.1= τβ ∈  Then the ),~( δγ -translation ))(,)~(( 0.10.1][0.05,
T

A

T

A νµ  of 

the cubic set ),~(= AAA νµ  is given by  

 
[ ] [ ] [ ] [ ]










0.35,0.50.45,0.60.2,0.350.65,0.80

1
=)~( 0.1][0.05,

cba
T

Aµ  

and  0.1

1
( ) = .

0.1 0.6 0.3 0.5
T

A

a b c
ν

 
 
 

 

Let ),~(= BBB νµ  be a cubic subset of X defined by  

 
[ ] [ ] [ ] [ ]










0.45,0.610.51,0.750.35,0.500.75,0.91

1
=~ cba

Bµ  
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and  








0.420.20.520.01

1
=

cba
Bν  

Then B is a cubic S-extension of ),~( δγ -translation 
TA ),~( δγ  of A and it can be easily verified that B is a cubic 

subalgebra of X. But B is not a cubic ),~( βα -translation of A for all ].[0,],[0,ˆ τβα ∈∈ TD  If we take 

[0.1,0.2]=α̂  and 0.15=β  then ,α γ β δ≥ ≥ɶ ɶ  and the cubic ),~( βα -translation 

))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A is given by  

 
[ ] [ ] [ ] [ ]










0.4,0.60.5,0.70.25,0.450.7,0.9

1
=)~( 0.2][0.1,

cba
T

Aµ  

and  

 0.15

1
( ) = .

0.05 0.55 0.25 0.45
T

A

a b c
ν

 
 
 

 

Since ˆ( ) ( ) ( )T

B Ax xαµ µ≥
ɶ

ɶ  and ( ) ( )T

B Ax βν ν≤ , therefore ( , )
TA Bα β ⊆
ɶ

 i.e., B is an cubic S-extension of the 

cubic ),~( βα -translation 
TA ),~( βα  of  A. 

 

Theorem 4.11: ),~(= AAA νµ  be a cubic subalgebra of X, then the following assertions are equivalent: 

(i) A is a cubic subalgebra of X. 

(ii) For all (0,1]∈γ , 
MAγ  is a cubic subalgebra of X. 

Proof: Let ),~(= AAA νµ  be a cubic subalgebra of X. Therefore, ( ) { ( ), ( )}A A Ax y rmin x yµ µ µ∗ ≥ɶ ɶ ɶ  and 

)}(),({)( yxmaxyx AAA ννν ≤∗  for all , .x y X∈   

        ( ) ( ) = ( ). { ( ), ( )}.M

A A A A
x y x y rmin x yγµ µ γ µ µ γ∗ ∗ ≥ɶ ɶ ɶ ɶ  

                      }).(~,).(~{= γµγµ yxrmin AA  

                      )}()~(),()~{(= yxrmin M

A

M

A γγ µµ  

        γννγνν γ )}.(),({).(=)()( yxmaxyxyx AAA

M

A ≤∗∗  

                     }).(,).({= γνγν yxmax AA  

                     }).(,).({= γνγν yxmax AA  

                     )}()(),(){(= yxmax M

A

M

A γγ νν  

 Hence 
MAγ  is a cubic subalgebra of  X. 

Conversely let (0,1]∈γ  be such that ))(,)~((= M

A

M

A

MA γγγ νµ  is a cubic subalgebra of X. Then for all 

,, Xyx ∈  we have  

( ). = ( ) ( ) {( ) ( ), ( ) ( )}M M M

A A A Ax y x y rmin x yγ γ γµ γ µ µ µ∗ ∗ ≥ɶ ɶ ɶ ɶ  

                      }).(~,).(~{= γµγµ yxrmin AA  

                      γµµ )}.(~),(~{= yxrmin AA  

)}()(),(){()()(=).( yxmaxyxyx M

A

M

A

M

AA γγγ νννγν ≤∗∗  

                      }).(,).({= γνγν yxmax AA  

                      γνν )}.(),({= yxmax AA  

 Therefore ( ) { ( ), ( )}
A A A

x y rmin x yµ µ µ∗ ≥ɶ ɶ ɶ  and )}(),({)( yxmaxyx AAA ννν ≤∗  for all Xyx ∈,  

since 0=/γ . Hence, ),~(= AAA νµ  is a cubic subalgebra of  X.   
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5. TRANSLATIONS OF CUBIC FILTERS  

Theorem 5.1: Let ),~(= AAA νµ  be a cubic filter of X and let ].[0,],[0,~ τβα ∈∈ TD  Then the cubic 

),~( βα -translation TA ),~( βα  of A is a cubic filter of X. 

Proof. Here ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  and let ., Xyx ∈  Then ( ) (1) =T

A αµ
ɶ

ɶ  

(1) ( ) = ( ) ( )T

A A Ax xαµ α µ α µ+ ≥ +
ɶ

ɶ ɶɶ ɶ ɶ  and ( ) (1) = (1) ( ) = ( ) ( )T T

A A A Ax xβ βν ν β ν β ν− ≤ −  for all 

.Xx∈  Also  

      αµµ α
~)(~=)()~( ~ +yy A

T

A
 

         { ( ), ( )}
A A

rmin x y xµ µ α≥ ∗ + ɶɶ ɶ  

         }~)(~,~)(~{= αµαµ ++∗ xyxrmin AA  

         )}()~(),()~{(= ~~ xyxrmin
T

A

T

A αα µµ ∗  

      βνν β −)(=)()( yy A

T

A  

        βνν −∗≤ )}(),({ xyxmax AA  

        })(,)({= βνβν −−∗ xyxmax AA  

        = {( ) ( ),( ) ( )} for all , .T T

A Amax x y x x y Xβ βν ν∗ ∈  

 Therefore the cubic ),~( βα -translation TA ),~( βα  of A is a cubic filter of X.   

 

Theorem 5.2: Let ),~(= AAA νµ  be a cubic subset of X such that the cubic ),~( βα -translation TA ),~( βα  of A is 

a cubic filter of X for some ].[0,],[0,~ τβα ∈∈ TD  Then ),~(= AAA νµ  is a cubic filter of X.  

Proof: We have ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  and let ,, Xyx ∈  we have 

 

 (1))~(=~(1)~
~
T

AA αµαµ +  

             ( ) ( )T

A xαµ≥
ɶ

ɶ  

             αµ ~)(~= +xA  

          (1))(=(1) T

AA βνβν −  

             )()( xT

A βν≤  

       = ( ) for all , ,A x x y Xν β− ∈  

 which implies that )(~(1)~ xAA µµ ≥  and ).((1) xAA νν ≤  Again  

 

     )()~(=~)(~
~ yy
T

AA αµαµ +  

         )}()~(),()~{(= ~~ xyxrmin
T

A

T

A αα µµ ∗  

         }ˆ)(~,ˆ)(ˆ{= αµαµ ++∗ xyxrmin AA  

         { ( ), ( )}A Armin x y xµ µ α≥ ∗ + ɶɶ ɶ  

      ))()(=)( yy T

AA βνβν −  

         )}()(),(){( xyxmax T

A

T

A ββ νν ∗≤  

         })(,)({= βνβν −−∗ xyxmax AA  

         = { ( ), ( )} for all , ,A Amax x y x x y Xν ν β∗ − ∈  

from where follows that ( ) { ( ), ( )}
A A A

y rmin x y xµ µ µ≥ ∗ɶ ɶ ɶ  and )}.(),({)( xyxmaxy AAA ννν ∗≤  

Hence ),~(= AAA νµ  is a cubic filter of  X.   
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Theorem 5.3:  Let ),~(= AAA νµ  be a cubic subset of X and T≤≤ α0  where ][0,],[=~ TD∈ααα , 

][0,τβ ∈  and (0,1].∈γ  Then ),~(= AAA νµ  is cubic filter of  X iff MTA );,~( γβα is cubic filter of  X.   

 
Proof.  It follows from Theorem 5.1 and Theorem 5.2.   
 

Lemma 5.1:  Let ),~(= AAA νµ  be a cubic filter of X. If yx ≤ , then ( ) ( )
A A

y xµ µ≥ɶ ɶ  and 

)()( xy AA νν ≤  that is Aµ~  is preserving and Aν  is order order-reversing.   

Proof.  Let Xyx ∈,  be such that .yx ≤  Then 1=yx ∗  and so  

 

 ( ) { ( ), ( )} = { (1), ( )} = ( )A A A A A Ay rmin x y x rmin x xµ µ µ µ µ µ≥ ∗ɶ ɶ ɶ ɶ ɶ ɶ  

 )(=)}((1),{=)}(),({)( xxmaxxyxmaxy AAAAAA νννννν ∗≤  

 
This completes the proof.  
 

Theorem 5.4:  Let ][0,],[0,~ τβα ∈∈ TD  and ),~(= AAA νµ  be a cubic filter of X. If X  be a BE-algebra, 

then the cubic ),~( βα -translation 
TA ),~( βα  of A is a cubic subalgebra of  X.  

Proof. Since X is a BE -algebra therefore )(=)(=1=1 yxyyyxx ∗∗∗∗∗  for all Xyx ∈,  i.e 

.yxy ∗≤  Hence, by Lemma 5.1, we have ( ) ( )A Ax y yµ µ∗ ≥ɶ ɶ  and ).()( yyx AA νν ≤∗  Now 

    αµµ α
~)(~=)()~( ~ +∗∗ yxyx A

T

A
 

           ( )A yµ α≥ + ɶɶ  

           { ( ), ( )}
A A

rmin x y xµ µ α≥ ∗ + ɶɶ ɶ  

           { ( ), ( )}A Armin y xµ µ α≥ + ɶɶ ɶ  

           }~)(~,~)(~{= αµαµ ++ yxrmin AA  

           )}()~(),()~{(= ~~ yxrmin
T

A

T

A αα µµ  

    βνν β −∗∗ )(=)()( yxyx A

T

A  

           βν −≤ )(yA  

           βνν −∗≤ )}(),({ xyxmax AA  

           βνν −≤ )}(),({ xymax AA  

           })(,)({= βνβν −− yxmax AA  

           = {( ) ( ),( ) ( )} for all , .T T

A Amax x y x y Xβ βν ν ∈  

 Hence the cubic ),~( βα -translation TA ),~( βα  of A is a cubic subalgebra of  X.   

 

Theorem 5.5:  Let ),~(= AAA νµ  be a cubic filter of X such that the cubic ),~( βα -translation 

))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A is a cubic filter of X for all ].[0,],[0,~ τβα ∈∈ TD  If 1=)( zyx ∗∗  for 

all ,,, Xzyx ∈  then ( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Az rmin x yα α αµ µ µ≥
ɶ ɶ ɶ

ɶ ɶ ɶ  and 

)}()(),(){()()( yxmaxz T

A

T

A

T

A βββ ννν ≤   

 
Proof: Let ,,, Xzyx ∈  be such that 1.=)( zyx ∗∗  Then, 

     ( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Az rmin y z yα α αµ µ µ≥ ∗
ɶ ɶ ɶ

ɶ ɶ ɶ  

        { {( ) ( ( )), ( ) ( )}, ( ) ( )}T T T

A A Armin rmin x y z x yα α αµ µ µ≥ ∗ ∗
ɶ ɶ ɶ

ɶ ɶ ɶ  

        )}()~()},()~((1),)~{({= ~~~ yxrminrmin
T

A

T

A

T

A ααα µµµ  
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        = {( ) ( ), ( ) ( )} since ( ) (1) ( ) ( )T T T T

A A A Armin x y xα α α αµ µ µ µ≥
ɶ ɶ ɶ ɶ

ɶ ɶ ɶ ɶ  

        )}()~(),()~{(= ~~ yxrmin
T

A

T

A αα µµ  

  

      )}()(),(){()()( yzymaxz T

A

T

A

T

A βββ ννν ∗≤  

        )}()()},()()),((){({ yxzyxmaxmax T

A

T

A

T

A βββ ννν ∗∗≤  

        )}()()},()((1),){({ yxmaxmax T

A

T

A

T

A βββ ννν≤  

        = {( ) ( ),( ) ( )} since ( ) (1) ( ) ( )T T T T

A A A Amax x y xβ β β βν ν ν ν≤  

        = {( ) ( ), ( ) ( )}.T T

A Amax x yβ βν ν  

   

Theorem 5.6:   Let ),~(= AAA νµ  be a cubic filter of X such that the cubic ),~( βα -translation 

))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A is a cubic filters of  X for all ].[0,],[0,~ τβα ∈∈ TD  Then  

 (i)  ( ) ( ) {( ) ( ( )), ( ) ( )}T T T

A A Ax z rmin x y z yα α αµ µ µ∗ ≥ ∗ ∗
ɶ ɶ ɶ

ɶ ɶ ɶ  

     )}()()),((){()()( yzyxmaxzx T

A

T

A

T

A βββ ννν ∗∗≤∗  

 (ii)  ( ) ( ) ( ) (( ) )T T

A Ax x y yα αµ µ≤ ∗ ∗
ɶ ɶ

ɶ ɶ  

     ))(()()()( yyxx T

A

T

A ∗∗≥ ββ νν  

 (iii)  ( ) (( ( )) ) {( ) ( ), ( ) ( )}T T T

A A Aa b x x rmin a bα α αµ µ µ∗ ∗ ∗ ≥
ɶ ɶ ɶ

ɶ ɶ ɶ  

     ( ) (( ( )) ) {( ) ( ),( ) ( )}.T T T

A A A
a b x x max a bβ β βν ν ν∗ ∗ ∗ ≤  

 
 

Theorem 5.7. The intersection and union of any two ),ˆ( βα -translations of the cubic filters of X is also a cubic 

filter of X.  
 
Proof:  Same as Theorem 4.4.   

Definition 5.1:  Let ),~(= AAA νµ  and ),~(= BBB νµ  be two cubic subsets of X. Then, B is called a cubic 

F-extension( Filter extension) of A if the following assertions are valid: 
(i) B is a cubic extension of A. 
(ii) If A is a cubic filter of X, then B is a cubic filter of X.   

Theorem 5.8: Let ),~(= AAA νµ  be a cubic filter of X and ].[0,],[0,~ τβα ∈∈ TD  Then the  cubic 

),~( βα -translation 
TA ),~( βα  of A is a cubic F-extension of A.  

Proof.  Here ),~(= AAA νµ  and ).)(,)~((= ~),~(
T

A

T

A

TA βαβα νµ Now ( ) = ( ) ( ),T

A Ax xαµ α µ+
ɶ

ɶɶ ɶ  which implies 

( ) ( ) ( ).T

A Ax xαµ µ≤
ɶ

ɶ ɶ Again ( ) = ( ) ( )T

A Ax xβν β ν−  which implies ).()()( xx T

AA βνν ≥
 
Therefore 

( , ) .
TA Aα β⊆
ɶ

 Hence TA ),~( βα  is a cubic extension of A. 

Since A is a cubic ideal of X, therefore TA ),~( βα  of A is a cubic ideal of X. Hence TA ),~( βα  is a cubic F-extension of 

A.   
Remark 5.1:  The converse of above theorem is not necessarily true as can be seen by the following example.  

Example 5.1:  Consider a CI -algebra X as in Example 2.1. Define a cubic set ),~(= AAA νµ  in X by 

 

 
[ ] [ ] [ ] [ ]










0.1,0.50.3,0.60.4,0.70.7,0.8

1
=~ cba

Aµ  

and  

 
1

= .
0.2 0.3 0.5 0.8A

a b c
ν

 
 
 
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Then ),~(= AAA νµ  is a cubic filter of X. Let ),ˆ(= BBB νµ  be an cubic subset of X defined by  

 
[ ] [ ] [ ] [ ]










0.12,0.540.36,0.680.43,0.770.72,0.92

1
=~ cba

Bµ  

and  
1

= .
0.18 0.27 0.4 0.63B

a b c
ν

 
 
 

 

Then ),ˆ(= BBB νµ  is a cubic F-extension of A. But it is not the cubic ),ˆ( βα -translation 

))(,)~((= ~),~(
T

A

T

A

T
A βαβα νµ  of A for all ].[0,],[0,~ τβα ∈∈ TD   

Theorem 5.9: The intersection of any two cubic F-extensions of  a cubic filter of X is also a cubic F-extension of 
X.   
Proof: Same as Theorem 4.6.  
 
Remark 5.2: The union of two cubic F-extensions of a cubic filter of X may not a cubic filter of X.  

Definition 5.2: For a cubic fuzzy subset ),~(=
AA

A νµ  of X, let ][0,],[0,~ τβα ∈∈ TD  and with ,t α≥ɶ ɶ  

suppose  
 ( ; ) = { | }A AU t x X tα µ µ α∈ ≥ −

ɶ
ɶ ɶ ɶɶ  

 ( ; ) = { | }.
A A

L s x X sβ ν ν β∈ ≤ +  

Theorem 5.10:  If A is a cubic filter of X, then )~;~(~ tU Aµα  and );( sL Aνβ
 are filters of X for all 

].[0,],[0,~ τβα ∈∈ TD    

Proof.: Let ).~;~(~ tUx Aµα∈  Therefore ( ) .
A

x tµ α≥ −ɶ ɶɶ  Now 

(1) ( ) (1) ,
A A A

x t tµ µ α µ α≥ ≥ − ⇒ ≥ −ɶ ɶɶ ɶɶ ɶ ɶ  which implies that 1 ( ; ).
A

U tα µ∈
ɶ

ɶɶ  Again let ).;( sLx Aνβ∈  

Therefore .)( βν +≤ sxA  Now (1) ( ) (1) ,A A Ax s sν ν β ν β≤ ≤ + ⇒ ≤ +  which implies that 

1 ( ; ).AL sβ ν∈   

Let , ( ; ).Ax y x U tα µ∗ ∈
ɶ

ɶɶ  Therefore ( )A x y tµ α∗ ≥ −ɶ ɶ  and ( )A x tµ α≥ −ɶ ɶ . Now  

       ( ) { ( ), ( )}
A A A

y rmin x y xµ µ µ≥ ∗ɶ ɶ ɶ  

      { , }rmin t tα α≥ − −ɶ ɶɶ ɶ  

      α~~= −t  

    ( ) ,
A

y tµ α⇒ ≥ −ɶ ɶɶ  

 which shows that ( ; ).Ay U tα µ∈
ɶ

ɶɶ  

Now let , ( ; ).
A

x y x L sβ ν∗ ∈  Therefore βν +≤∗ syxA )(  and ( )
A

x sν β≤ + . Thus  

 ( ) { ( ), ( )}
A A A

y max x y xν ν ν≤ ∗  

         βββ +++≤ sssmax =},{  

       ( )A y sν β⇒ ≤ +  

whence follows that ( ; ).
A

y L sβ ν∈  Hence )~;~(~ tU Aµα  and );( sL Aνβ
 are filters of X.   

Remark 5.3:  In above Theorem if A is not a cubic filter of X, then )~;~(~ tU Aµα  and );( sL Aνβ
 are not filters 

of X as seen in the following example.  

Example 5.2:  Consider a CI-algebra X as in Example 2.1. Define a cubic set ),~(= AAA νµ  in X  by 

 
[ ] [ ] [ ] [ ]










0.7,0.80.6,0.750.5,0.70.2,0.4

1
=~ cba

Aµ  

and  
0

= .
0.6 0.3 0.4 0.5A

a b c
ν

 
 
 

 

Since ( ) = (1) = [0.2,0.4] [0.5,0.7] = { ( ), ( )}
A A A A

a a rmin a aµ µ µ µ∗ ≤ɶ ɶ ɶ ɶ  and ( )
A

b bν ∗  
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= (1) = 0.6 0.4 = { ( ), ( )}.A A Amax b bν ν ν≥ Therefore ),~(=
AA

A νµ  is not a cubic filter of X. Let 

[0,0.3]0.25=[0,0.2],[0.1,0.15]=~ ∈∈ βα D  and 0.3,=[0.4,0.6],=~
st . Then },,{=)~;~(~ cbatU Aµα  

and },,{=);( cbasL Aνβ
. Since )~;~(1= ~ tUaa Aµα∈/∗  and );(1= sLaa Aνβ∈/∗ . Therefore both 

)~;~(~ tU Aµα  and );( sL Aνβ
 are not  filters of  X.  

Theorem 5.11:  For [0, ], [0, ],D Tα β τ∈ ∈ɶ  let ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  be the cubic ),~( βα

-translation of ),~(= AAA νµ . Then the following assertions are equivalent: 

(i) ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic filter of X. 

(ii) )~;~(~ tU Aµα  and );( sL Aνβ
 are filters of X for )(),~(~

AA ImsImt νµ ∈∈  with ˆ.t α≥ɶ    

Proof: Assume that
TA ),~( βα  is a cubic filter of X. Then T

A αµ ~)~(  is an interval valued fuzzy filter of X and 
T

A βν )(  

is a doubt fuzzy filter of X. Let Xx∈  such that )~;~(~ tUx Aµα∈  and )~(~
AImt µ∈  with .ˆ~ α≥t  Then 

.~~)(~ αµ −≥ txA
 That is ( ) ( ) = ( )T

A Ax x tαµ µ α+ ≥
ɶ

ɶɶɶ ɶ . Since T

A αµ ~)~(  is an interval valued fuzzy filter of X, 

therefore, we have (1) ( ) (1) ( ) ( ) = ( ) .T T

A A A Ax x tα αµ α µ µ µ α+ ≥ ≥ + ≥
ɶ ɶ

ɶɶ ɶɶ ɶ ɶ ɶ  That is (1) ,A tµ α≥ −ɶ ɶɶ  so that 

).~;~(1 ~ tU
A

µα∈   

Let Xyx ∈,  such that )~;~(, ~ tUyyx Aµα∈∗  and )~(~
AImt µ∈  with .t α≥ɶ ɶ  Then ( )A x y tµ α∗ ≥ −ɶ ɶɶ  

and ( ) .
A

y tµ α≥ −ɶ ɶɶ  That is ( ) ( ) = ( )T

A Ax y x y tαµ µ α∗ ∗ + ≥
ɶ

ɶɶɶ ɶ  and ( ) ( ) = ( )T

A Ay y tαµ µ α+ ≥
ɶ

ɶɶɶ ɶ . Since 
T

A αµ ~)~(  is an interval valued fuzzy filter of X, therefore, we have 

( ) = ( ) ( ) {( ) ( ), ( ) ( )} .T T T

A A A Ax x rmin x y y tα α αµ α µ µ µ+ ≥ ∗ ≥
ɶ ɶ ɶ

ɶɶɶ ɶ ɶ ɶ  That is ( ) ,
A

x tµ α≥ −ɶ ɶɶ  so that 

).~;~(~ tUx Aµα∈   

Again let Xx∈  such that );( sLx Aνβ∈  and ).( AIms ν∈  Then βν +≤ sxA )(  i.e.,

.)(=)()( sxx A

T

A ≤− βνν β  Since T

A βν )(  is a doubt fuzzy filter of X it follows that 

.)(=)()((1))(=(1) sxx A

T

A

T

AA ≤−≤− βνννβν ββ  That is ,(1) βν +≤ s
A

 so that );(1 sL
A

νβ∈ . 

Again let Xyx ∈,  such that );(, sLyyx Aνβ∈∗  and ( ).As Im ν∈  Then βν +≤∗ syxA )(  and 

βν +≤ syA )(  i.e., sxyx A

T

A ≤−∗ βνν β )(=)()(  and .)(=)()( sxy A

T

A ≤− βνν β  Since T

A βν )(  is a 

doubt fuzzy filter of X, it follows that ( ) = ( ) ( ) {( ) ( ),( ) ( )}T T T

A A A Ax x max x y y sβ β βν β ν ν ν− ≤ ∗ ≤ ⇒  

.)( βν +≤ sxA  So that );( sLyx Aνβ∈∗ . Therefore )~;~(~ tU Aµα  and );( sL Aνβ
 are filters of  X. 

 Conversely, )~;~(~ tU Aµα  and );( sL Aνβ
 are filters of X for )(),~(~

AA
ImsImt νµ ∈∈  with ˆ.t α≥ɶ  If 

possible, let ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  be not a cubic filter of X then there exists some Xa∈  such that 

( ) (1) ( ) ( )T T

A At aα αµ µ< ≤
ɶ ɶ

ɶɶ ɶ  i.e., (1) ( )
A A

t aµ α µ α+ < ≤ +ɶɶ ɶɶ ɶ  then ( )
A

a tµ α≥ −ɶ ɶɶ  but (1) .
A

tµ α< −ɶ ɶɶ  

This shows that )~;~(~ tUa Aµα∈  but 1 ( ; ).
A

U tα µ∈/ ɶ  This is a contradiction and therefore we must have 

( ) (1) ( ) ( )T T

A A xα αµ µ≥
ɶ ɶ

ɶ ɶ  for all ., Xyx ∈  Again if there exist Xba ∈,  such that 

( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Aa t rmin a b bα α αµ µ µ< ≤ ∗
ɶ ɶ ɶ

ɶɶ ɶ ɶ  then ( )A a b tµ α∗ ≥ −ɶ ɶɶ  and ( )A b tµ α≥ −ɶ ɶɶ  but 

( ) .
A

a tµ α≤ −ɶ ɶɶ  This shows that )~;~(~ tUba Aµα∈∗  and )~;~(~ tUb Aµα∈  but ).~;~(~ tUa Aµα∈/  This is 

again a contradiction and therefore ( ) ( ) {( ) ( ), ( ) ( )}T T T

A A Ax rmin x y yα α αµ µ µ> ∗
ɶ ɶ ɶ

ɶ ɶ ɶ  for all ., Xyx ∈  

Again assume that there exists Xc ∈  such that )()(>(1))( c
T

A

T

A ββ νδν ≥  Then βδν +≤)(cA
 and 

.(1) βδν +≥
A

 Hence );( sLc Aνβ∈  but ).;(1 sL Aνβ∈/  This is impossible and therefore 

)}()(),(){()()( yyxmaxx T

A

T

A

T

A βββ ννν ∗≤  for all ., Xyx ∈  
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Again assume that there exist Xdc ∈,  such that )}.()(),(){(>)()( ddcmaxc T

A

T

A

T

A βββ ννδν ∗≥  Then 

βδν +≤∗ )( dcA  and βδν +≤)(dA  but ( ) .A cν δ β≥ +  Hence );( sLdc Aνβ∈∗  and 

);( sLd Aνβ∈  but ( ; ).Ac L sβ ν∈/  This is impossible, therefore, ( ) ( ) {( ) ( ),T T

A Ax max x yβ βν ν≤ ∗  

( ) ( )}T

A yβν for all ., Xyx ∈  Consequently ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  is a cubic filter of X. 

 

Theorem 5.12:   Let ),~(= AAA νµ  be a cubic filter of X and let [0, ], [0, ].D Tα β τ∈ ∈ɶ  If 

,α γ β δ≥ ≥ɶ ɶ  then the cubic ),~( βα  translation ))(,)~((= ~),~(
T

A

T

A

TA βαβα νµ  of A is a cubic F-extension of 

the cubic ),ˆ( δγ -translation ))(,)ˆ((= ~),~(
T

A

T

A

TA δγδγ νµ  of A.   

Proof: It is straightforward.   

 For every fuzzy ideal ),~(= AAA νµ  of X and ˆ [0, ], [0, ]D Tγ δ τ∈ ∈  the cubic ),~( δγ -translation 

))(,)ˆ((= ~),~(
T

A

T

A

TA δγδγ νµ  of A is a cubic filter of X. If ),~(=
BB

B νµ  is an cubic F-extension of 
TA ),~( δγ  , then 

there exists ][0,],[0,~ τβα ∈∈ TD  such that ,α γ β δ≥ ≥ɶ ɶ  and ( , )
TA Bα β ⊂
ɶ

 that is ( ) ( ) ( )T

B Ax xαµ µ≥
ɶ

ɶ ɶ  

and )()()( xx T

AB βνν ≤  for all Xx∈ . Hence, we have the following theorem. 

Theorem 5.13: Let ),~(= AAA νµ  be a cubic filter of X and let ].[0,],[0,~ τδγ ∈∈ TD  For every cubic 

F-extension ),~(= BBB νµ  of the cubic ),~( δγ -translation ))(,)ˆ((= ~),~(
T

A

T

A

TA δγδγ νµ  of A there exists 

][0,],[0,~ τβα ∈∈ TD  such that ,α γ β δ≥ ≥ɶ ɶ  and B is a cubic F-extension of the cubic ),~( βα

-translation ))(,)~((= ~),~(
T

A

T

A

T
A βαβα νµ  of A.  

Theorem 5.14: Let ),~(= AAA νµ  be a cubic filter of  X, then the following assertions are equivalent: 

(i) A is a cubic filter of X. 

(ii) For all [0,1]∈γ , 
MAγ  is a a cubic filter of X. 

  

Proof: Let ),~(= AAA νµ  be a cubic filter of X. Therefore we have 

(1) ( ), (1) ( ), ( ) { ( ), ( )}
A A A A A A A

x x y rmin x y xµ µ ν ν µ µ µ≥ ≤ ≥ ∗ɶ ɶ ɶ ɶ ɶ  and ( ) { ( ),
A A

y max x yν ν≤ ∗

( )}A xν  for all ., Xyx ∈  Now 

 ( ) (1) = (1). ( ). = ( ) ( )M M

A A A Ax xγ γµ µ γ µ γ µ≥ɶ ɶ ɶ ɶ  

 )()(=).((1).=(1))( xx M

AAA

M

A γγ νγνγνν ≤  

 ( ) ( ) = ( ). { ( ), ( )}.M

A A A A
y y rmin x y xγµ µ γ µ µ γ≥ ∗ɶ ɶ ɶ ɶ  

                         }).(~,).(~{= γµγµ xyxrmin AA ∗  

                         )}()~(),()~{(= xyxrmin M

A

M

A γγ µµ ∗  

 γννγνν γ )}.(),({).(=)()( xyxmaxxy AAA

M

A ∗≤  

                         }).(,).({= γνγν xyxmax AA ∗  

                         = {( ) ( ),( ) ( )}.M M

A Amax x y xγ γν ν∗  

 

Conversely, let [0,1]∈γ  be such that ))(,)~((= M

A

M

A

MA γγγ νµ  be a cubic filter of X. Then, for all 

,, Xyx ∈  we have 

 (1). = ( ) (1) ( ) ( ) = ( ).M M

A A A Ax xγ γµ γ µ µ µ γ≥ɶ ɶ ɶ ɶ  

 γνννγν γγ ).(=)()((1))(=(1). xx A

M

A

M

AA ≤  
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which implies that (1) ( )A A xµ µ≥ɶ ɶ  and )((1) xAA νν ≤  for all Xx∈  since = 0.γ /  Also, 

 ( ). = ( ) ( ) {( ) ( ), ( ) ( )}M M M

A A A Ay y rmin x y xγ γ γµ γ µ µ µ≥ ∗ɶ ɶ ɶ ɶ  

                          }).(~,).(~{= γµγµ xyxrmin AA ∗  

                          γµµ )}.(~),(~{= xyxrmin AA ∗  

 )}()(),(){()()(=).( xyxmaxyy M

A

M

A

M

AA γγγ νννγν ∗≤  

                         }).(,).({= γνγν xyxmax AA ∗  

                         γνν )}.(),({= xyxmax AA ∗  

 Therefore, ( ) { ( ), ( )}
A A A

y rmin x y xµ µ µ≥ ∗ɶ ɶ ɶ  and )}(),({)( xyxmaxy AAA ννν ∗≤  for all Xyx ∈,  

since 0=/γ . Hence, ),~(= AAA νµ  is a cubic filter of X.   
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