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Abstract

Network diagram plays a vital role in determining the project completion time. Network analysis is a
technique which determines the various sequences of activities concerning a project and the project
completion time. The popular method of this technique, that is widely used, is the critical path method. In this
paper, a fuzzy critical path in an acyclic project network is found using type-2 triangular fuzzy numbers and
its complement. An example is discussed to demonstrate our proposed approach.

Keywords: fuzzy critical path, type-2 triangular fuzzy numbers, complement of type-2 triangular fuzzy
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1. INTRODUCTION

The critical path method (CPM), worked out at the beginning of 1960’s has become one of the most widely
applied tools in the planning and control of the realization of complex projects. The main purpose of the critical
path method is to evaluate the project performance and to identify the critical activities on the critical path so
that the available resources could be utilized on these activities in the project network in order to reduce the
project completion time. With the help of the critical path, the decision maker can adopt a better strategy of
optimizing time and the available resources to ensure the earlier completion and the quality of the project.

This paper analyzes the critical paths in a general project network with fuzzy activity times. We propose a
ranking method for fuzzy numbers in a critical path method for a fuzzy project network, where the duration time
of each activity in the fuzzy project network is represented by a type-2 triangular fuzzy number. Dubois et al. [5]
extended the fuzzy arithmetic operations to compute the latest starting time of each activity in a project network.



Fuzzy Critical Path On Type-2 Triangular Fuzzy Numbers

The organization of the paper is as follows. In section 2 some basic concepts are discussed. The section 3 gives
some properties of total slack fuzzy time. Section 4 gives the network terminology. An algorithm for finding the
critical path combined with type-2 triangular fuzzy number using ranking function is given in Section 5.The
proposed algorithm is illustrated through a numerical example in section 6 and the conclusions are given in
section 7.

2. PRELIMINARIES

2.1 Definition
A fuzzy number A= ((al,az,a3),(bl,b2,b3 ),(CI,CQ,C3 )) is said to be a type-2 triangular number if its

membership function is defined by A = ((u, (%), 1, (x), 4. (x)) where

—(X—Cll , ISXSCIZ _(x_bl) > 1sbe2
(az —a (bz _bl)

H,(x) =11, a, =a, ’ My (x) =41, b =b,
M, ,<x<a, (x——b3)’ , <x<b,
(az —a, (bz _b3)
(x—cl)’ ¢, <x<c,
(¢, —¢))

M (x)=11, ¢, =c,
(x—c3)’ ¢, $x<c,
(¢, —¢3)

2.2 Addition on type-2 fuzzy numbers
If A and B are two type-2 triangular fuzzy numbers then their addition is defined as follows:
A=(A" A", A")
L L L M M M N N N
z((a1 ,612,613),(611 ,dy a5 ),(a1 ,a, . ))
and
B=(B",B".B")
L 3L L M M M N LN LN
=((bf.by 1Y), (B2 ) ). (b)Y 02 b))
be two normal type-2 fuzzy numbers. Then we have
A+B=(A"+B" A" +B" A" +B")
=((a +bf.ay +by.a; +b0) (@) +b) @' +by" @) +b) ). (a) +B) @) +b) ,a) +b)))

2.3 Definition
Let A= ((a1 ,Q,, 0, ), (b1 R b2 R b3 ), (C1 ,Cy,Cy )) be a triangular type-2 fuzzy number. Then its
ranking function R is defined by

R(A) = %(al +2a, +a,+2b +4b, + 2b, + ¢, +2¢, +c3).
2.4 Notations

t;= The activity between node i and j.
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ESF, = The earliest starting fuzzy time of node j.
LFF = The latest finishing fuzzy time of node i.
SF Tl.j = The total slack fuzzy time of ;.

pa=the " fuzzy path.
P = the set of all fuzzy paths in a project network.

F(p,)= The total slack fuzzy time of path p, in a project network.

3. PROPERTIES OF TOTAL SLACK FUZZY TIME
Property 3.1: (Forward pass calculation)

To calculate the earliest starting fuzzy time in the project network, set the initial node to zero for starting i.e.,
ESF, =(0.0,0.0,0.0,0.0)

ESF, = max{ESF, +TSF,}, j #i, je N,i=number of preceding nodes.( ESF =the earliest starting fuzzy time of
J i J il ’ ’ J

node j). The ranking value is utilized to identify the maximum value.
Earliest finishing fuzzy time = Earliest starting fuzzy time + Fuzzy activity time.
Property 3.2: (Backward pass calculation)

To calculate the latest finishing time in the project network set LFF, = ESF, -
LFF. =min{LFF (-)SET. },i# n,ie N,j= number of succeeding nodes. Ranking value is utilized to
J J J y

identify the minimum value.

Latest starting fuzzy time= Latest finishing Fuzzy time (-) Fuzzy activity time.

Property 3.3:

For the activity #;;, i<j

Total fuzzy slack:

SFT, = LFF (-)(ESF.(+)SFT,) or, (LFF (-)SFT,)(-)ESF,1<i< j<n;i,je N,

Property 3.4:

F(p,)= Z SFTij , p; € P, p,denotes the number of possible paths in a network from source node to
ISi< j<n
LIEDP)

the destination node, k=1 to m.

4. NETWORK TERMINOLOGY

A directed acyclic project network consisting of six nodes and seven edges is considered. Each edge in this
network is assigned by type-2 discrete fuzzy numbers. The set of all possible paths is denoted by P. The fuzzy
critical path is identified from the set P.

5. ALGORITHM (FOR FINDING CRITICAL PATH)

Step 1: Estimate the fuzzy activity time with respect to each activity.

Step 2: Let ESE =(0.0,0.0,0.0,0.0) and calculate ESF/ , j=2,3,...,n using the property 1.

218 Bulletin of Pure and Applied Sciences
Vol. 38E (Math & Stat.) No.1/January- June 2019



Fuzzy Critical Path On Type-2 Triangular Fuzzy Numbers

Step 3: Let LFF, = ESF, and calculate LFF,, i=n—1,n—2,...,2, using the property 2.

Step 4: Calculate SFT;; with respect to each activity in a project network using the property 3.

Step 5 :Calculate all the possible paths using property 4.
Step 6: Identify the critical path using the Ranking function.

6. NUMERICAL EXAMPLE
The problem is to find the fuzzy critical path in an acyclic project network whose edges are assigned with type-

2 triangular fuzzy numbers.
Solution: The edge lengths are
El =((2.5,2.8,3.0),(2.2,2.5,2.8),(2.1,2.3,2.5))

E, =((2.6,2.7,2.8),(2.5,2.6,2.9),(2.3,2.5,2.7))
E, =((2.8,2.9,3.0),(2.6,2.9,3.2),(2.2,2.7,3.1))
E, =((2.3,2.52.9),(2.3,2.4,2.5),(2.2,2.6,2.8))
E, =((2.8,2.9,3.3),(2.6,2.8,3.2),(2.5,2.7,3.0))

E’G =((2.5,2.7,3.1),(2.3,2.6,3.2),(2.1,2.5,2.9))
E’7 =((2.9,3.1,3.3),(2.8,3.2,3.4),(2.4,2.7,3.0))

The complements of the edge lengths are

El =((-1.5,-1.8,-2.0),(-1.2,-1.5,-1.8),(-1.1,-1.3,-1.5))

Ez =((-1.6,-1.7,-1.8),(-1.5,-1.6,-1.9),(-1.3,-1.5,-1.7))
E3 =((-1.8,-1.9,-2.0),(-1.6,-1.9,-2.2),(-1.2,-1.7,-2.1))
E_4 =((-1.3,-1.5,-1.9),(-1.3,-1.4,-1.5),(-1.2,-1.6,-1.8))

Dﬁll
Il

s =((-1.8,-1.9,-2.3),(-1.6,-1.8,-2.2),(-1.5,-1.7,-2.0))

Dﬁl|

¢ = ((-1.5,-1.7,-2.1),(-1.3,-1.6,-2.2),(-1.1,-1.5,-1.9))

1|

7 =((-1.9,-2.1,-2.3),(-1.8,-2.2,-2.4),(-1.4,-1.7,-2.0))

S

Nﬂjz

Fig. 6.1: Fuzzy acyclic project network
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Table 6.1:

Activities, fuzzy durations and total slack time for each activity for type-2 triangular fuzzy number and its

Activit Fuzzy activity time FT. S,
y(i- ’
Di<j
1-2 ((2.5,2.8,3.0),(2.2,2.5,2.8),
(2.12.3.2.5)) ((-0.8,0.3,1.6),(-1.3,0.6,2.4),(-1.3,0.4,2.3))
1-3 ((2.6,2.7,2.8),(2.5,2.6,2.9),
(2.3,2.5,2.7)) ((-1.1,0,1.1),(-1.6,0,1.6),(-1.5,0,1.5))
2-4 ((2.8,2.9,3.0),(2.6,2.9,3.2),
(2.2.2.7.3.1) ((-0.8,0.3,1.6),(-1.3,0.6,2.4),(-1.3,0.4,2.3))
3-4 ((2.3,2.5,2.9),(2.3,2.4,2.5),
(2.2,2.6,2.8)) ((-0.5,0.8,2.0),(-0.7,1.0,2.4),(-1.2,0.3,2.1))
3-5 ((2.8,2.9,3.3),(2.6,2.8,3.2),
(2.5.2.7,3.0)) ((-1.1,0,1.1),(-1.6,0,1.6),(-1.5,0,1.5))
4-6 ((2.5,2.7,3.1),(2.3,2.6,3.2),
(2.12.52.9)) ((-1.1,0,1.1),(-1.6,0,1.6),(-1.5,0,1.5))
5-6 ((2.9,3.1,3.3),(2.8,3.2,3.4),
(24,273.0) ((-1.1,0,1.1),(-1.6,0,1.6),(-1.5,0,1.5))

complement are given in the Tables 6.1 and 6.2.

Table 6.2:
Activity(i- Fuzzy activity time FTS..
Ni<j !
1-2 ((-1.5,-1.8,-2.0),(-1.2,-1.5,-1.8), ((1.7,0.5,-1.0),(2.1,0.4,-1.5),(1.9,-0.1,-
(-1.1,-1.3-1.5)) LD)
1-3 ((-1.6,-1.7,-1.8),(-1.5,-1.6,—1.9), ((1.4,0,-1.4),(1.5,0,-1.5),(1.8,0,-1.8))
(-1.3,-1.5,-1.7))
2-4 ((-1.8,-1.9,-2.0),(-1.6,-1.9,-2.2), ((1.7,0.5,-1.0),(2.1,0.4,-1.5),(1.9,-0.1,-
(-1.2,-1.7,-2.1)) L)
34 ((-1.3,-1.5,-1.9),(-1.3,—1.4,-1.5), ((1.4,0,-1.4),(1.5,0,-1.5),(1.8,0,-1.8))
(-1.2,-1.6,-1.8))
3-5 ((-1.8,-1.9,-2.3),(-1.6,—1.8,-2.2), ((2.0,0.8,-0.5),(2.4,1.0,-0.7),(2.1,0.3,-1.2))
(-1.5~1.7,-2.0))
4-6 ((-1.5,-1.7,-2.1),(-1.3,-1.6,-2.2), ((1.4,0,-1.4),(1.5,0,-1.5),(1.8,0,-1.8))
(-1.1,-1.5,-1.9))
56 ((-1.9,-2.1,-2.3),(—-1.8,-2.2,-2.4), ((2.0,0.8,-0.5),(2.4,1.0,-0.7),(2.1,0.3,-1.2))
(~1.4,-1.7,-2.0))
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All the possible paths P = {(1-2-4-6),(1-3-5-6),(1-3-4-6) } are found in a given acyclic project network using
properties of network. The path 1-3-5-6 is identified as the fuzzy critical path by using ranking function.

7. CONCLUSION

In this paper, an attempt is made to find the fuzzy critical path in an acyclic project network using type-2
triangular fuzzy numbers and its complement with the help of ranking function. The fuzzy critical path is the
same for both type-2 triangular fuzzy number and its complement.

REFERENCES

[1]. Anusuya, V. and Sathya, R. (2013). Type-2 fuzzy shortest path, International Journal of Fuzzy
Mathematical Archive, 2, 36-42.

[2]. Anusuya, V. and Balasowandari, P. (2016). Fuzzy critical path with type-2 trapezoidal fuzzy numbers,
National Conference on Graph Theory, Fuzzy Graph Theory, and their Applications, Jamal Academic
Research Journal: An Interdisciplinary Special Issue (Feb-2016), 171-176.

[3]. Bortolan, G. and Degani, R. (1985). A review of some methods for ranking fuzzy subsets, Fuzzy Sets
and Systems, Vol.15, 1-19.

[4]. Chanas, S. and Zielinski, P. (2001). Critical path analysis in the network with fuzzy activity times,
Fuzzy Sets and Systems, 122, 195-204.

[5]. Dubois, D. and Prade, H. (1993). Theory and applications, Fuzzy sets and systems, Man and
Cybernetics, Vol.23, No2, 403-405.

[6]. Elizabeth, S. and Sujatha, L. (2013). Fuzzy critical path problem for project network, International
Journal of Pure and Applied Mathematics, 85, 223-240.

[7]. Liang, G.S. and Chenhan, T. (2004). Fuzzy critical path project network, Information and
Management Sciences, 15, 29-40.

[8]. Nasution, S.H. (1994). Fuzzy critical path method, IEEE Trans. System Man Cybernetics, 24, 48-57.

[9]. O’Brien, J.J. (1993). CPM in Construction Management, McGraw-Hill, New York.

[10].  Sugeno, M. (1993). Fuzzy measures and fuzzy integrals-a survey, Readings in Fuzzy sets for intelligent
Systems, Morgan Kaufman Publishers Inc., 1993.

[11].  Yao, S. and Lin, F.T. (2000). Fuzzy critical path method based on signed distance ranking of fuzzy
members, IEEE Transactions on Systems, Man and Cybernetics-Part A: Systems and Humans, 30(1),
76-82.

[12].  Zadeh, L.A. (1965). Fuzzy sets, Information and Control, 8, 138-353.

[13].  Zadeh, L.A. (1976). The concepts of a linguistic variable and its application to approximate reasoning,
Parts 1, 2, Information Sciences, 8 (1975) 199-249; 9 (1976), 43-58.

221 Bulletin of Pure and Applied Sciences
Vol. 38E (Math & Stat.) No.1/January- June 2019



