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Abstract:
This paper aims to ascertain the presence of fixed point for mapping delineated on a complete fuzzy metric
space gratifying a contractive condition of integral type contraction through altering distance function.

Keywords: fuzzy metric, Integral type contraction, altering distance function.

2010 Mathematics Subject Classification- 54H25; 47H10; 47S40; 54 A40.

1. INTRODUCTION

The theory of fuzzy set was invented by Zadeh in 1965[15]. Many authors extensively applied this theory in
different fields such as Control theory, Engineering Sciences, Neural networks, etc. In 1975 the notion of fuzzy
metric space was initiated by Kramosil and Michalek [9]. Later on, George and Veeramani [4] gave the
modified concept of fuzzy metric spaces due to Kramosil and Michalek [9] and analyzed a Hausdorff topology
of fuzzy metric spaces. Recently, Gregori et al. [7] gave many interesting examples of fuzzy metric in the sense
of George and Veeramani [9] and have also applied these fuzzy metrics to color image processing. In 1988
Grabiec [6] proved an analog of the popular Banach contraction theorem and Edelstein fixed point theorems in
fuzzy metric spaces. Grabiec [6] established the above theory in the Cauchy sequence of fuzzy metric spaces.
M.S. Khan et al. [8] propounded a new notion of Banach fixed point theorem in metric spaces by presenting a
control function that is called an altering distance function in 1984. Recently, Shen et al.[13] introduced the
notion of control function in fuzzy metric space. Branciari [3] proved fixed point for Banach contraction
mappings of integral type contraction on metric spaces and obtained fixed point result for a self-mapping T.

In this paper, we show the existence and uniqueness of fixed point theorems for integral type contraction in
strong fuzzy metric spaces by using the altering distance function.
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2. PRELIMINARIES

Definition 2.1:
A fuzzy set 4 is defined by 4 = {(x, Uy (x)) X €EAu, (x) € [0, 1]} In the pair (x, 4 (x)), the first element x
belongs to the classical set A, the second element u, (x) belongs to the interval [0, 1] and is called the

membership function.

Definition 2.2:
A binary operation *: [0, 1] X [0, 1] — [0, 1] is a continuous z-norm if it satisfies the following
conditions:

€))] * is associative and commutative;

2) * IS continuous;

3) a*1 = aforalla € [0,1];

) a*b < cx*d, whenever,a <candb < d, forall aq, b, c,d € [0,1].
Examples 2.3:

i.  Lukasievicz tnorm: a * b = max{a + b — 1,0}

ii. Product t-norm: a*b=ab

iii. Minimum -norm: a * b = min(a,b)
Definition 2.4:

A fuzzy metric space is an ordered triple (X, M,*) such that X is a nonempty set, * is a continuous ¢-
norm and M is a fuzzy set on X X X X (0, 00) — [0, 1] satisfies the following conditions:
For all x,y,z € Xands,t >0

(KM1) M(x,y,0) = 0;

(KM2) M(x,y,t) =1lifand onlyif x = y,t > 0;

(KM3) M(x,y,t) = M(y,x,t);

(KM4) M(x,z,t +s) = M(x,y,t) * M(y,z5);

(KM5) M (x,y,.): [0,00) = [0, 1] is left-continuous.

Then M is called a fuzzy metric on X.

Definition 2.5:
A fuzzy metric space is an ordered triple such that X is a nonempty set, * is a continuous 7-norm and M

is a fuzzy set on X X X x (0,00) — [0, 1] and satisfies the following conditions:
Forall x,y,z € Xands,t >0

(GV) M(x,y,t) >0,vt>0;

(GV2) M(x,y,t) =1ifand onlyif x = y,t > 0;

(GV3) M(x,y,t) = M(y,x,t);

(GV4H M(x,z,t +s) = M(x,y,t) * M(y,2,5);

(GV5) M(x,y,.): (0,00) — [0, 1] is continuous.

Then M is called a fuzzy metric on X.

Definition 2.6:

Let (X, M,*) be a fuzzy metric space. M is said to be strong if it satisfies the following axiom instead
of the definition (2.5) in (GV4) that is

(GV4)YM(x,z,t) = M(x,y,t) « M(y,z,t),x,y,z € X,t >0,
then (X, M,*) is called a strong fuzzy metric space.

Definition 2.7:

Let (X, M,*) be a fuzzy metric space, for t > 0, an open ball B(x, r, t) with a centre x € X and a
radius 0 < r < 1 is defined by

B(x,r,t)={y e X: M(x,y,t) >1—1}.
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A subset A C X is called open if for eachx € A, there exist t > 0 and 0 < r < 1 such that B(x,r,t) C
A. Let 7 denote the family of all open subsets of X. Then 7 is a topology on X, called the topology induced by
the fuzzy metric M.

Definition 2.8:
Let (X, M,*) be a fuzzy metric space
(1)) A sequence {x,} in X is said to be convergent to a point x in (X, M,*) if lim,_,,, M(x, y,t) =

1forall t> 0.
(ii) A sequence {x,} in X is called a Cauchy sequence in (X, M,x) if for each 0 <€< 1 and t >
0, there exists ny € N such that M(x,,, x,,,, t) > 1—€ for each n,m = n,.

(iii) A fuzzy metric space in which every Cauchy sequence is convergent itself is said to be
complete.
@iv) A fuzzy metric space in which every sequence has a convergent subsequence is said to be
compact.
Lemma 2.9:

Let (X, M,*) be a fuzzy metric space then for all u,v € X, M(u, v, .) is a non-decreasing function.
Proof:
If M(w,v,t) > M(u,v,s) forsome 0 < t <s.
Then M (u,v,t) * M(v,v,s —t) <M, v,5) < M(u,v,t),
thus M(u, v, t) < M(u, v, t) < M(u, v, t), (since M(v,v,s —t) = 1)
which is a contradiction.
Therefore the fuzzy metric M is a non-decreasing function.

Definition 2.10:
A function ¢: [0, 1] — [0, 1] is a called control function (an altering distance function) if it satisfies the
following properties:
(AD1) ¢ is strictly decreasing and continuous;
(AD2) (1) = 0,¥ 1+ 1 and ¢(1) =0 ifand onlyif 1 = 1.
It is obvious that lim;_;- (1) = ¢ (1) = 0.
Here @ denotes the class of functions.

Definition 2.11:
The set of mapping y: [0,1] = [0,1] satisfying the following conditions
1) y is continuous,

.. Y (6) Y (6) ()
i) If fo y(x)dx < fo y(x)dx — quJ y(x)dx,
iy 1 [ y()dx = 0 then § = 0,

where ¢ € ® and v is a continuous function.

3. MAIN RESULTS

Theorem 3.1:
Let (X, M,*) be a complete fuzzy metric space. Let ¢ be an altering distance function and : [0,1] -

[0,1] be a continuous function. Let y: [0, 0] — [0,1] be an integral function and T be a self mapping on X such

that
Y(M(Tu,Tv,t)) ll)(M(u,v,t)) (p(M(u,v,t))
| @ars [ o= [ @ &
0 0 0
for every u,v € X and t € (0, ). Then T is a unique fixed point on X.
Proof:

Take uy € X is an arbitrary element and define the sequence {fu,} c Xasu,: = Tu,_,,
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Forn =1,2,3, ...
Assume that, u,, # u,,; = Tu,, foralln > 1.

Take u = u,_; and v = u,, in (1) we have,
Y(M (w4 1,t) Y(M (T, 1, Tuy t)
J‘O ( +1 )y(x)dx =J‘0 ( 1 )y(x)dx

< J'O’P(M(un—llun'f)) y(x) dx — fO(IJ(M(un—l'un:f)) y(x) dx
I (M1, uy, 1)) = @(M(uy, Uy, t)), then we have

J‘O‘/)(M(un'un+1:t)) y(x)dx < J‘O‘/)(M(un—lrun:t)) y(x)dx _ J‘O(p(M(un—ltun:t)) y(x)dx

M (up,un+1,
> fow(M(u”'u”“'t))y(x)dx =0 and fo (s t)y(x)dx =0.
This gives u,, = u,,, = Tu,, which is a contradiction to our assumption.

This implies that, fow(M(u"_l'u"'t)) y(x)dx = fOM(u"_l'u"'t) y(x)dx,
]/) M(un’un ’ ) ]/) M(un_ ’un’ ) M(un_ ’un’ )
J5 ( i )y(x)dx < J, (st )y(x)dx - quJ( vt )y(x)dx

< fow(M(un—lrun:t)) y(x) dx

Because 1 is a non-decreasing function, then
f0¢(M(u"'u"+l't)) y(x)dx < folp(M(u"'u"_l't)) y(x)dx foralln > 1.

J‘O‘/) (M (un:un+1:t))

Therefore the sequence { y(x)dx > O} is decreasing and converges to s > 0. Taking the limits

as n — oo we obtain

(s) (S) (S)
folp y(x)dx < folp y(x)dx — quJ y(x)dx
> fo(p(s) y(x)dx = 0 and hence s = 0.

lim,,_,., fOM(u"'u"H't) y(x)dx = 1.

Claim: Let T have a periodic point, there exists a p € N and a point z € X such that z = TPz.
Assume the contrary, that is, T has no periodic point. Then, all the elements of the sequence {u, } are distinct,

i.e.,u, #u,, foralln # m.
Suppose that {u,,} is not a Cauchy sequence. Find subsequences {un(;y} and {5} of {u,,} with

n(i) > m(i) > i such that
fOM(um(i):un(i):t) y()dx = 1
where n(i) is the smallest integer satisfying,

fOM(um(iwn(i)—l'f)y(x) dx <1

On applying the triangular inequality (FM3) we get

M (U (), Un(i)t) M(um(i) 'un(i)—l't) M(un(i)—lrun(i)'t)
1 Sf y(x)dx Sf y(x)dx + f y(x)dx
0 0 0

<14 fOM(un(i)—lrun(i)'t) y(x)dx
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Taking the limit as i — oo, we get lim;_,, fOM(u"(i)'um(i)'t) y(x)dx = 1
From (FM3) we have,

fOM(unm'um(i)'f)y(x) dx < fOM(una)'un(i)—rf)y(x) di + fOM(una)—l'um(i)'f)y(x) d.

Then 1 <lim;, fOM(u"(i)_l'um(i)_l't)y(x)dx <1.

Therefore, lim;_, fOM(u"(i)_l'um(i)_l't) y(x)dx = 1.
Now we substitute U = Uy(;)—1 and ¥ = Up,;)—1 in (1), which yields

fol/)(M (Tun(i)_l,Tum(i)_l,t)) y(x) dx = J‘()‘/)(M(Tun(i)vTum(i)'t)) y(x) dx

< fow(M(un(i)—l'um(i)—l't)) y()dx — fO(P(M(un(i)—l'um(i)—l't)) y()dx

Clearly, as i — o0 we have M (ty)—1, Um(p-1) = 1 and M(ty)—1, Ump-1) = 1.

f:}(l) y(x)dx < folp(l) y(x)dx — fo(p(l) y(x)dx
which implies that ¢(1) = 0. But this contradicts our assumption that {u,} is not Cauchy sequence.
Thus, {u,,} must be Cauchy Sequence, since (X, M,*) is complete, then {u,, } converges to a limit, say u € X. Let
u =u, and v = u in (1). This gives
fOIIJ(M(Tun.Tu'f) y(x)dx < J‘OIIJ(M(un.u.t)) y(x)dx — fofﬂ(M(un.u.f)) y(0)dx
Note that M (u,,, u,t) = Lasn — co. If M(u,,u,t) = M(u,, Uy, t), then we have M(u,, u,t) - 1lasn — oo,

then the sequence {u, } converges to u. Since i is a continuous function, we have

0 < lim fow(M(Tu"'Tu't) y(t)dt < lim (fow(M(u”'u't))y(t)dt - fo(p(M(u”'u't))y(t)dt) =1
n—oo

n-w
Hence lim,_,,, M(Tu,, Tu,t) = 1.

If u,.1 = Tu, — Tu. Since X is Hausdorff, thus u = Tu.

If M(w,,u,t) = M(u, Tu, t) passing to the limit as n — oo, we get (M (u, Tu, t) = 0, hence M (u, Tu, t) = 1,
thatisu = Tu.

This is a contradiction to our assumption that T has no periodic point.

Therefore, T has a periodic point, that is, z = TPz for some z € Xand p € N.

Uniqueness:

If p=1,thenz =Tz, so z is a fixed point of T

We claim that the fixed point of T is P12, for p>1.

Assume that TP~z # T(TP'z). Then M(T?~1z,T?u,t) > 0 and @(M(T?~1z,TPu,t) > 0.

Taking u = T" 1z and v = TPz in (1), we have

fl/)(M(z,Tz,t) fl/)(M(sz,Tp'Hz,t))
0 0

y(©)dt = y(©)dt
< folp(M(Tp—lz,sz,t))y(t)dt _ fo(p(M(un,u,t)) Y(©)dt

p=1, P Py TP t1
which shows that, fOM(T #1741 y(t)dt = fOM(T a1t ar) y(t)dt

or foxl)(M(z,Tz,t)) A dt = f0¢(M(TPz,TP+1Z't)) SOt
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YM(TPZ TP 1zt)) o(M(TPZ TP 121))
< f y(®)dt — f y(t)dt.
0 0

Thus we get (M (TPz,TP*1z,t)) = 0 and hence M(TPz, TP*1z,t) = M(z,Tz,t) = 1,
which is not possible since p > 1.If, M(TP~1z,T?zt) = M(TP~1z,T?zt), then

Y(M(z,Tzt)) ‘/)(M (TvaTpHva)) xl)(M(Tp_lz,sz,t)) (p(M(Tp_lz,sz,t))

f y(t)dt = f y(H)dt < f y(t)dt — f y(t)dt

0
and taking 1 as non decreasing, M(z,Tz,t) < M((T?"1z,TPz,t).
Now we write u = TP"2z and v = TP~z in (1) and we get
Y(M(TP~12,TPz,t)) < Pp(M(TP~22,TP12,t)) — p(M(TP~22, TP~ 1z,t))
Y(M(TP 12, T2, )) < Y(M(TP12,T?z,t)) — p(M(TP~12,T?2,t))

which is possible only if (p(M(Tp_lz, TPz, t)) = 0 and hence, M(T?~1z, TPz, t) = 1.
However, we have assumed that M (TP~ 1z, T?z,t) > 0.
Thus M(T?P~2z,TP~1z,t) = M(TP~2z,TP~1z,1t), so that

foxp(M(Tp_lz,sz,t)) y(Odt < foxp(M(Tp_zz,Tp_lz,t)) (Ot — fo(p(M(Tp_zz,Tp_lz,t)) Y(Odt

< P(M(TP~22,TP"1z,1t)).
which implies M(TP~2z,TP"1z,t) = M(TP~1z, TPz t)

Since is non-decreasing this leads to

+1

0 < fOM(Z,TZ,t)y(t)dt _ fOM(sz,Tp zt) y(O)dt
M(TP~12,TPzt)
</ y(@®©dt
M(TP~22TP 12¢)
< f y(t)dt.
0
By the inequality

+1
0 < fOM(Z,TZ,t) }/(t)dt _ fOM(sz,Tp zt) y(t)dt

P—1; TPy,
< fOM(T T t)y(t)dt

M(TP=22,TP 12,t)
<J;

y(t)dt

< e

< fOM(Z'TZ't) y(@®adt.
which gives that M(z, Tz, t) < M(z,Tz,t).
This is the contradiction to our assumption M(T? 1z, TPz,t) > 0, that is, M(T?~'z,TPz,t) = 0 and T 'z is
the fixed point of T.

We assume that T has two distinct fixed points, say z and w.

Then taking u = z and v = w in (1), we have

Y(M(zw, ) = p(M(Tz, Tw,t)) < Y(M(z,w, 1)) — p(M(z,w,t)
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Thus we have

fow(M(Z'W't)) y(t)dt < folp(M(Z'W't)) y(t)dt — fo(p(M(Z'W't)) y(®)de.

Implying go(M (z,w, t)) =0, and hence M(z,w, t) = 1,

Hence z = w which completes the proof of the uniqueness.
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