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ABSTRACT

This paper builds upon a new curvature inheritance called K —curvature inheritance in generalized BK-
fifth recurrent Finsler space. we establish the commutative relationship between the Lie -derivative and
the Berwald covariant derivative of the fifth order for K}, . We obtain an equality relation between the
Lie-derivative of the Cartan's fourth curvature tensor K]‘k and Hjik in such space that admits
K —curvature inheritance and H —curvature inheritance. Furthermore, we prove the force acting on the
flow of covariant vector field of fifth order asq;,n, is opposite to the direction of that vector field's flow
and we establish the scalar value of the smooth vector field v/(x) under certain conditions.
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1. INTRODUCTION AND PRELIMINARIES

In differential geometry, the Lie derivative provides a measure of how a tensor field evolves as it is
transported along a smooth vector field. It is named after Sophus Lie, who introduced this concept in the
19th century. Singh [19] studied the Lie-derivative in ageneralized structure manifold. Pandy [15]
established various identities on Lie recurrent in Finsler space. Some new remarks on Lie - derivative
have been introduced by [8, 20].

The generalized BK-fifth recurrent Finsler space was introduced by Al-Qashbari and Baleedi [3] this
space whose K, satisfies a fifth recurrence relation. Opondo and Singh [14] introduced W — curvature
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inheritance in bi-recurrent Finsler space. While H — curvature inheritance in bi-recurrent Finsler space
introduced by Singh [18].

The D —recurrent Finsler metrics introduced by Atashafrouz and Najafi [6]. The generalized recurrent in
Finsler space of higher orders have been discussed by [1, 2, 5, 9, 10]. Bidabad and Sepasi [7] studied the
complete Finsler spaces of constant negative Ricci curvature. Various identities for curvature tensors in
Finsler space was established by authors [11-13].

Let us explore generalized BK-fifth recurrent Finsler space (GBK — 5RE,) for which K]Lkh satisfying the
following relation [3, 4]
(1.1) BquBanBijikh = Gsqinm K]Lkh + bsqinm (5iilgjk - SIft gjh)
~ Csqinm (5)1'1Cjkn - 6;( thn) - dsqlnm (5)1.1Cjkl - 6;( thl)

) ~ Esqinm (é‘}il(:jkq - SIft thq) - qulnmyrBr (5;.161'k5 - SIft ths)'
where K # 0 and Gsqinm , Dsqinms Csqinms sqinm and €gqimm are non-zero covariant vector fields of fifth
order.
(1'2) BquBanBmHlih = QAsqinm Hlich .
The metric tensor g;;, non-zero vector y' and Kronecker delta &/ are satisfying the following relation [16]
(1.3) a)dyi=1 b) 8L = 3,y and  ©) gy g% =6k = {f) ‘17;]];']‘(

The tensors Hjyp,, Kj"kh, Hj, and Kj, are satisfying the relations [16]

(1.4) a) K]lkl = Kjg b) Hj, = Hjiki and c) Hjikh = K]lkh + ajK‘rL;lkhym-

The Lie-derivative of a general mixed tensor field T]lkh is given by following formula [17]
(15) Ly T = V" BuTien = TenBm V' + Ton By v + Ty Bie v™ + T By v™
+ O Toicn Brv™y",
where vi(x) #0.

The Berwald covariant derivative of the vector field v' vanish identically, i.e. [17]
(1.6) Bpv'=0.

The tensor T whose components are related to the components of a vector field v'(x) during the
application of a force, and which inherits it to a new tensor a(x)T is called the inheritance tensor.

The H —curvature inheritance and K —curvature inheritance are satisfying the relations [17]
(1.7) a) LyHjip, = a(x)Hjx, b) LyHg, = a(x)Hy,  and Q) LyKjrp, = a(x)Kjip,
where a(x)is a non-zero scalar function.

The scalar function a(x)of the torsion tensor T}, is given in [3]
(1.8)  a()Ti = a(X) Ty = ()T = Y=y Tiy™.

This paper is concerned with the investigation of K —curvature inheritance in generalized BK — fifth
recurrent Finsler space (). The main objective is to establish conditions under which Cartan's fourth
curvature tensor admits inheritance with respect to the Lie derivative.

2. MAIN RESULTS

Theorem 2.1. In GBK —5RF,, thelie- derivative of K-curvature inheritance and the Berwald covariant
derivative of the fifth order are commutative if and only if the non-zero covariant vector field of fifth order
Asqmmanishes simultaneously with the vanishing of the scalar function a(x) by Berwald covariant derivative of the
fifth order.

Proof. (I): L,Gsqinm = BsByB;B,Bra(x) =0
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- ByBy BBy By (LyKjxn) = Ly(BsByBiBnBimKjicr )-
Taking the Berwald covariant derivative of [(1.7)c] with x™, x", x%, x9 and x* respectively, we get
(21)  ByByBBnBm(LoKfin) = @(X)BsBy BBy BmKjien-
Since B;B, B, B, B, (x) = 0, then above equation can be written as
(22)  BByBByBy(LyKjyn) = KjynBsByBByBma(x) + a(x)BsByB B, By Ky, -
Using (1.1) in above equation, we get
(23)  BsByBiBuBm(LoKfin) = KjinBs By BiBrBra(x)
+a(x) [asqlanijh + bsqlnm(a;lgjk - 6;( gjh) - qulnm(alllcjkn '_ 5]1( thn) - dsqlnm(aillcjkl - 5]1( thl)
~ Esqinm (5;161'kq - 5}1{ thq) - qulnmyrBr (5}1161'ks - 5}1{ ths)]- )
Taking the Lie - derivative of (1.1) and since the components of the Kronecker delta §; are constant
functions (one or zero), so LUS}; =0, thus
(2'4) Lv(BquBanBijlkh.) = (Lv"lsqlnm)K;kh + asq.lnva(K}kh') + ) )
vasqlnm (5;19jk - 5}1{ gjh).+ bsqlnm (SAngjk - 6Ilc.ngjh) - chsqlnm (5illc}'kn - 5}1{ thn) )

— Csqinm (5}11L1.76jkn - 5}? chjhn) - Lvdsqunm (5;161'kl - 5}1{ thl) - dsqlnm (5}11chjkl - 5}% Lijhl)

- Lvesqlnm(alllcjkq - 6;( thq) _ esqlnm(ailll'vcjkq - 6;( chth) )

- Z(vaqlnm)yrBr(S;lC}ks - 5}% ths) - qulnva [yrBr(S;lC}ks - 5}1{ ths)]-
Using [(1.3)c] when j # k and [(1.7)c] in above equation, we get
(2'5) Lv(BquBanBijlkh) = (Lvasqlnm + a(x)asqlnm)Kij '
Using [(1.3)c] in (3.3), we get
(2.6)  ByByB; BB (LoKjkn) = (BsByBiByBma(x) + a () asqunm ) Kjin
Subtracting (2.5) from (2.6), we get
(2'7) BquBanBm(LvK;kh) - Lv(BquBanBijlkh )

= (BquBanBma(x) - Lvasqlnm) K]Lkh .
Which can be written as
(2'8) BquBanBm (LVK;kh) = Lv(BquBanBijlkh)
if
(29)  Lyasqnm = BsByBB,Bpa(x) = 0.
And now, we prove the converse

(ID): BsByB BB (LyK i) = Lo(BsByBiByBrKjin )
= Ly@sqinm = BsByBBpBna(x) = 0.

Using [(1.3)c] in (1.1), we get
(2.10) BquBanBijlk = Asqinm K]lkh .
Assume that the Lie-derivative of K —curvature inheritance and the Berwald covariant derivative of fifth
order are commutative, meaning that the equation (2.8) is satisfied without any conditions. Using above
equation in (2.8), we get
(211) BquBanBm(LvK;kh) = .Lv(asqlnm K]lk )
Let as assume Lie-derivative of Kj;, behaves as fifth recurrent, i.e.
(2.12) BquBanBm(LijLkh) = Qsqinm (LijLkh ).
Using above equation in (3.11), we get
(213) Asqinm (LUK;kh) = Lv(asqlnm K]lkh )
Which can be written as
(2.14) _ K]Lkh Lyasqginm = 0.

Since Kjj, # 0 and BB, B,B,B,a(x) = 0, then above equation can be written as

Ly@sqinm = BsBqB; By Bra(x) = 0.
Hence from (/) and (II), we get
(215)  ByByB,ByBin(LyK i) = Lo(BsByBiBnyBrmKjn )
© Lyasqinm = BsByBByBna(x) = 0.
Exactly as required.

Bulletin of Pure and Applied Sciences- Math & Stat. / Vol.45E, No.2 /July-December 2026 33



Adel M. Al-Qashbari, Alaa A. Abdallah and Saeedah M. Baleedi

Theorem 2.2. In GBK — 5RE, that admits K —curvature inheritance, the scalar function of K]lkh is vanishing.
Proof. Taking the Lie - derivative of (3.10), we get
Lv(BquBlBianKjlkh) = KjlkhLvasqlnm + Asqinm LUK}kh '

Adding the tensor [L, (BsB,B,B,Bn Kjin)] of both sides of above equation, we get

ZLV(BquBanBijIkh) = K]Lk Lvasqlnm + Asqinm LVK;kh + Lv(BquBanBijlkh)-
Using the [Theorem 2.1] in above equation, we get

2B,ByBByBuloKl = Qsqinm LoK} + BByB BByl Kl .
Using [(1.7) c] in above equation, we get
2B;By BBy Bma(X)Kji = asqinm a(X)Kj, + BsByBByBpa(x)Kjy -
Since B;B, B, B, Bna(x)Kj,, = 0, so above equation can be written as
Asqinm (X(X)K}k = 0.

Since the covariant vector field of fifth order asq;,,m # 0, so above equation can be written as
Exactly as required.

Now, we have corollary related to the above theorem. Contracting the indices i and h in (2.16) and using
[(1.4)a], we get
(217)  a(x)K = 0.
From [Lemma (1)], we get
a()Kj, = a(x)Hjp, -
Using (2.16) in above equation, we get
(2.18) a(x)H}, =0.
Contracting the indices i and h in above equation and using [(1.4)b], we get
(219) a(x)Hy = 0.
Thus,
Corollary 2.1. In GBK — 5RE, that admits K-curvature inheritance, the scalar function of K —Ricci tensor Ky,
the Berwald’s curvature tensor H]-ikh and the H-Ricci tensor Hj, are vanishing [provided (Theorem 3.1) holds].

Theorem 2.3. In GBK — 5RE, that admits K —curvature inheritance and H —curvature inheritance, the Lie -
derivative of K]lkh and H]-ikh are equal if the Berwald's covariant derivative of fifth order for these
curvature tensors are equal.
Proof. Let as assume the Berwald's covariant derivative of fifth order for K]‘kh and kah are equal, i.e.
(220)  ByByB,;B,BnKji, = BsByBByBumHyn.
Using [(1.4)c] in (2.10), we get
BquBanBm(H]L:k - angmk ym) = Asqinm (H]l:kh - ajK‘rl;lkhym)'
Using [(1.3)b,c] in above equation, we get
BquBanBmHjikh = Gsqinm Hjik .
Using above equation and (2.10) in (2.20), we get
Asqinm K]Lk = Qsqinm Hjik '
Since the covariant vector field of fifth order asq;,,m # 0, so above equation can be written as
Kj = Hjy .
Transvecting above equation by scalar function a(x) then using [(1.7)a,c] in the result equation equation,
we get
(21)  LyKj, = L,Hj, .
Exactly as required.
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Theorem 2.4. In GBK — 5RE, that admits H —curvature inheritance, the force acting on the flow of covariant
vector field of fifth order Qsqinm is opposite to the direction of that vector field's flow and given by (2.22) if the Lie-
derivative and the Berwald's covariant derivative of fifth order of the h(v) —torsion tensor Hk, are commutative.
Proof. Taking the Lie - derivative of (1.2), we get

Lv(BquBanBmHllch) = HlithLvasqlnm + asqlnm LUHII;Ch .

Let as assume the Lie-derivative and the Berwald's covariant derivative of fifth order of the h(v) —
torsion tensor Hj, are commutative, then above equation can be written as
BquBanBvaHllch = HIL(hLvasqlnm + asqlnm Llelch .

Using [(1.7)b] in above equation, we get
BquBanBma(x)Hllch = HlithLvasqlnm + asqlnm (X(X)H;i,h-
SinceBquBanBma(x)H};h = 0, so above equation can be written as
a(x)Hyp,
Lvasqlnm == <—L> Asqinm -
Hien
Using (1.8) in above equation, we get
(2.22) L, Asqinm = — (mzl_ll—Lchy’() Asqinm -
kh
Exactly as required.

Theorem 2.5. In GBK — 5RF,that admits K —curvature inheritance and H —curvature inheritance, the Lie-
derivative of K]‘k in the direction of vector y™ is vanishing [provided (2.20) holds].
Proof. Using [(1.3)a] in the right side of (2.21), we get

LK =0;y'L,H .
Transvecting above equation by y" and using [(1.3)b,c], we get
(2.23)  y"L,Kj, = 0.
Exactly as required.
Now, we have corollary related to the above theorem. Using (2.21) in (2.23), we get

y"L,Hy, =0,

Thus, we conclude
Corollary 2.2. In GBK — 5RF,, that admits K —curvature inheritance and H —curvature inheritance, the Lie-
derivative of Berwald's curvature tensor H]-ik in the direction of vector y™ is vanishing [provided (2.20) holds].

Theorem 2.6. In GBK — 5RF, that admits H-curvature inheritance, the scalar value of the smooth vector field
v/ (x) is given by (2.24) if the Lie-derivative and the Berwald's covariant derivative of fifth order of Hp, are
commutative [provided (2.25) holds].
Proof. Using formula (1.5) in (2.22), we get

v]Bjasqlnm + Ajginm Bs v+ Asjinm Bq v+ Asqjnm Bl v]+asqum Bn v+ Asqinj Bm v/

. . Zn= Hiyvk

+aiasqlnm Bvly" =-— (k;—;(hky) Asqinm -

Using (1.6) in above equation, we get

vajasqlnm = _<

n
i j — k
Hkh v]Bjasqlnm - (Z Hky )asqlnm ,
k=1

where the h(v) —torsion tensor H, # 0. Thus,
(2.24) v/ =3, Heyk,

if

(2'25) Hllcthasqlnm = — Qsqinm -

Exactly as required.

Yk=1Hey .

H—i asqlnm '
kh

Which can be written as
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3. CONCLUSION

This study has established new identities and values for certain type of curvature tensors in GBK — 5RF;,
that admits K —curvature inheritance and H —curvature inheritance. This paper has examined the
directional and extensional changes that occur to curvature tensors in fifth recurrent Finsler space when a
force acts upon them. We obtained the tensors are vanishing when flowing in a certain direction under
specific condition. Our study aligns with the mysteries of the universe, as any extended particles within
black holes vanish, a phenomenon of disappearance that scientists continue to investigate to this day.
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