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ABSTRACT

In this work points, we study the definition of the (TLSET) triple Laplace-Sumudu-Elzaki transform
called new triple integral transform some important properties and theorems like convolution theorem
property, triple integral property, linearity property, differential property, and the application examples
for solution of linear Volterra Integro-differential equations (LVIDEs) in 3-dimensions.

Keyword: (TLSET) Triple Integral Transform, (IC) Initial Conditions, Inverse (TLSET) Triple Integral
Transform.

How to cite this article: Mousa A. and Elzaki T.M. A New Triple Integral Transform for Solving
Volterra Integro-Differential Equations. Bulletin of Pure and Applied Sciences- Math & Stat.,
2026;45E (1):53-59.

Received on 15.02.2026, Revised on 29.04.2026, Accepted on 29.06.2026

1. INTRODUCTION

In recent times, integral equations have been widely used to model many fundamental phenomena in
astronomy, physics, engineering, chemistry, and other scientific fields. Note that most integral differential
equations give analytical solutions in a closed form. [(14)]. It is therefore, important to suggest new
combine methods for finding solutions to integral differential equations is important. [(1-3)]

The public three-dimensional (LVIDEs) written in form [(12-14)],

3~ X T h

a M(Zarah) —}—I:[(Z,T,h) — q)(Z’T’h)_'_ J- J. J-H(Z’T’h’K,S’E,I:[\(K,S,E))dxdsdg
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(1)

Where,u (y,7,7)is the undefined function, and H and @ are the functions analytical in the required
domain.
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Definition.1 [(5-8)] The (LT) symbolize by the LP] and defined by,

Lg(x):0)]=[" e "8(dz=G(). 1>0

Definition .2 [(4)] The (ST) symbolize by the S[] defined by,

S[g():6)]= %j:e’?g(r)dﬁc;(g) , >0

Definition .3 [(9-13)] The (ET) symbolize by the E[] defined by,

h
fi=0 ——
E[g():p)]=p], e "g(dn=G(p), n>0
Definition .4 [(2-6)] The (TLSET) new triple integral transform denoted by:
h
—| ox+

LSE[e(rnm:@en]==f [ ] e g e azan

()
Where, 0,¢&, p are variables (TLSET) and ,7,/7>0 , where,

i A+ioo pa+ion ﬂ+ioo1 o+

Tk
—pe ° pG(é‘,l,l)dpdgd& 3)
£ Ep

g(y,t,h)=

871-3 A—io Ja—iwn —io

the new inverse (TLSET) symbolize by the L_;S;IE; [] .

The following structure of this work : In section 2, we examine unique solution and the existence of Eq.
(1); in section 3, we study the fundamental definitions of the linearity property, convolution theorem of
X (y,7,h),Y (y,7,h), and Integral property, in section 4,we study an applied some examples for solving

(LVIDEs).
Finally, we present the conclusion of this work .

2. ON THE EXISTENCE CONDITION FOR THE (LVIDEs) [(13)], [(14)]
In this section, we examine unique solution and the existence of equation (1), on the perfect metric space
of complex valued continuous functions as follows:

K =[C(M.d)]d (Y .X)=sup{l (z.0.m) =X (.7.0): (.7, ) e M ||
Where M =[0,1]x[0,1]x[0,1]
Theorem 2.1 Let the two functions ® and ¥ be continued on [0,1]x[0,1]xC and [0,1]x[0,1]x[0,1]

respectively and there exists nonnegative constant L <1 becomes,

W(r,z.hR,s,Lu(R,s,0) =V (x,7,h, k5,0 (R,s,0))
<L pi(R,s,0)=v (K,s,0)

Then
A=y s=r (=h

L?(;(,r,h)=d)(;(,r,h)+j j jH(;m,h,x,s,f,zz(x,s,z))dxdsdz,
A=0 5s=0 /=0

hold one and only continued solution # on M .
Proof, view [(13)] to proof
Lemma 2.2 if the thesis of theorem 2.1 is holding, then Equation (1) we conclude,

O (y,t,h)
0,0 0h
4)

Xt h
i (1,0, = (7, + [ [ [Hw,h ks, Gt (Rs, 0)d Kdsd ¢

Zo To Tt
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With the initial conditions

u(x,0,0)=c,(x).u(0,0,7) =c;(M),u(,0,h) =cs (%, h),
u(0,7,0)=c,(7),u(y,7,0)=c,(x,7),u(0,7,h) =c,(z,v ),u(0,0,0) =c,

Thus through theorem 2.1, the equation hold a unique continued solution. View [(15)].

3. PROPERTIES OF NEW (TLSET) TRIPLE INTEGRAL TRANSFORM [(7)],[(9)]
Theorem 3.1 linearity of the New Triple Integral Transform
Let, X (y,7,h)and Y (y,7,h) be functions who's the new triple integral transform exists then

L S E,[cX (y,7,h)+bY (y,7,h)]=cL S E,[X (y,7,h)|+bL S E,[Y (7,7,7)]

Where C and b are constants
Theorem 3.2 the convolution product theorem

If, LS.E, [W (;(,r,h)]zw (0,e,p), L,SE, [Z(;(,r,h)]:z(&e,p)

And, LS E,[(W ***Z)(z.e.0)|= [/ [ [W (x—c.o=b.h=n)Z (c.b.n)d yd zd h

then,

L SE,[(W ***Z)(y,z.0)|=L S E,[W (7.7.0)|L,S.E,[Z (z.7.h)]=w (5.£.p)z (3., p)
Property 3.3

3
ey = 28T

Ifg(y.
&z o,070h

3
LsE,| 2L (5 =2 L SE,(z.e)+PLL,(£.0,0)+E,(0,0.h)
i Oy01oh e ¢ e ” )

+28 (0.2,00- 2L E,(7.0.0) - S E,(0.2.0) - L S_(7.7.0)~ 2 £(0.0,0)
& &p &p & &

Property 3.4
IfL S E, [D(y,7,h)]=D(5,0,p) and p(y,7,1) = IOZ I

w =0

T ph @ 0,¢,
Then, L S E, {IOZIO .[0 oW w ,u)dvdwdu } = 5,0(7'0)
4. NEW (TLSET) OF SOME SIMPLE FUNCTIONS [(8)],[(10)]
[i]. let, u(y,7,h)=1 then,

J‘ui: oW ,w ,u)dvdwdu

T

o0 o0 o0 -0 E
L SE, [1:(5,8,,0)]=§L=OLOL:Oe i *d ydtd h

T ) e B
=§I;oj;e ¢ p(L:Oemldl)drdh=§Lz0LOe s p{_%(eﬁl) 7

lii]. Let u(y,z,h)=yth , x,7,i>0 then

T
L,S.E,[[zeh]:(B.e. p)]zg j:o [] xne Yo vded

rho i
zgjhiojriorhe ¢ p{Jl_OZebde}dehz%j

liii].let u (y,7,h)=e“*""™"  y.7,h>0, then
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T h

LZSrEhI: ay+br+ch | (5 e, p):l pJ‘ J J‘ tl,}j+br+che o B pd,}dedh

eppe]

[iv].Let u(y,7,h)=sinysinzsinf then

2

1- cp] 1-be

]T *  ~(6-a)x _
{.[o e dz}dhdr_w—a)(l—pbg)(l—cp)

T h 3
L P oo e &p
L SE, [sm;(smfsmh.(é',g,p)]=;j0 JO IO e ?sin ysintsinfd ydrd h = [1+52][1+52J[1+PZJ
s T R 2
L SE, [cosx coszcosh:(0,¢, ,0) J. I _[ ® 7 cosx costcoshdxdrd h= %

[1+52][1+g2][1+p2]
5. APPLICATION OF SOLUTION OF (LVIDES) BY NEW TRIPLE INTEGRAL TRANSFORM

In this section, here we examine the employment of the (LVIDE) three important problems.
Problem 5.1 Let us examine the (LVIDE),

. X Th

CuTR) | oy ey = yeosh—% ”mh+j” (R,s,0)d Rdsd !,
dx0woh 000

©)

With

u(0,0,7)=0,u(y,0,h)= ycoshu(y,z,0)= y,u(0,7,i)=0,
1 (0,0,0)=0,u(x,0,0)= x,u(0,7,0) =0,
(6)

Employing the L S E, [.]new (TLSET) to equation (5), and following dual integral transform of initial

score equation (6), we have,

o op 1 P o op
;LZSTEh(;(,T h)+—L (7,0, 0)+—pE ,(0,0 h)+ —S.(0,7,0) - pLZEh(;(,O,h)—?LZST(;(,T,O)—

1 2 3

P &p P
—S.E,(0,z,n)+L S ,rh—— 0,0,0 +—L SE, (y,7,h)——
8p T h( ) h(l ) g( ) 52 |:1 p2:| 5 X h(z ) 53 |:1 p2:|
)
1| p? 1
LlEh(;(,O,h)ZE[p +J,STEh(O,r,h)zo,Eh(O,O,h)=0,ST(O,2',O)=0,LZST()(,T,O)=§,

2

1
g(0,0,0)=0,LZ(;(,0,0)=5—, (8)

2

Replace equation (8) in equation (7), we have,

B 7 2 2 3
1+ 2 LIS B, )+ 2 12} 5/){ } i{% e e B
e o |7 e|o ) ep| 8| pP+1| 8| 1+p O 1+p

s 8_ 1| o2 ] & Sl

g O [1+p° | &

5 e 1 0> ] ¢ 11
1+___p LZSTEh(Zzz-zh):E p __{ p +—

5 e 1] p* ] o g
1+2 2 LSE,(1.0.h=—5 P (1+———p
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Applying the L;IS:IE;I [] we find the solution

u(y,r,h)= ycosh
Problem 5.2 Let us examine the (LVIDE),

3~ 2 232
QLTI |y iy = prhel 22
8,0 70h 8

©)
With u(y,0,h)=u(0,7,h)=u(y,r,0)=0

1

+ ﬁjﬁ(x,s,z)dmsdz,
000

(10)
Employing the L S E, [] new (TLSET) to equation (9), and following dual integral transform of initial

score equation (10), we have,
o 1 op 1) op
;LZS E,(x,7, h)+ S (Oz'O)+—th(00h)+ Py ,(%,0,0) - leEh(;(,O,h)—?LZST(;(J,O)—

3 2 4
éerh(o, h, r)—gg(O, 0,0)+L,S.E,(7,7,h) = %+ /; %+%Llerh(1, 7. 1)
(11)
S.E,(0,7,h) = LZST(;(,Z',O) ZLZEh()(,O,h) =0
(12)
Replace equation (12) in equation (11), we have,

5 &g & 3 2 82 4
;LerEh(lafah)+LZSTEh(lar,h)_§Llerh(l,7,h) =L+p———p

s s 5
2 4
[—5 +1—?}LSEh(;(,rh)—p P

gp Lo R I
) LS Eh(;(,r,h)=% 142
£p o o F-/o )

3

L,S.E,(z.7,h) = é’i

Applying the L;SrlEh [] we find the solution

u(y,r,h)= yth
Problem 5.3 Let us examine the (LVIDE),

3~ 2 2 2 yTh

CuQurt) oo gy KT gThA gl [[fa@.s.0andsar
Oy0toh 2 000

(13)

With

u0,7,h)y=h+7,u(y,0,h)= y+hu(0,0,i)=hu(y,7,0)=y+r,
u(0,7,0)=17,u(0,0,0)= 0,u (x,0,0)= y,
(14)
Employing the L_S E, [.]new (TLSET) to equation (13), and following dual integral transform of initial

score equation (14), we have,

%LZS E,(z.0.0)+5 Pg (010)+ LY (2,0,0)+ lp (0.0, L JE, (2,0, h)— LLS,(7,7,0)-
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1 6‘2 3 & 4 c 3 2
;STEh(O’T’h)_gg(0’0’0)+L)(STEh(lﬁrﬂh): é‘p -|- g + ; +%
& 2 3 g
+%+%_§L181Eh(Z977h) (15)
pr 2, 3 1 &
LlEh(Z’O’): y—’_? 7SrEh(07T7h):[gp +p0 }’LZSI(Z’T’O): E'FE ,

1
ST(O,T,O)ZG 2 Eh(oﬂoﬂh)sz 5g(05070) :07Ll(l’0a0)=§ B}

(16)
Replacing equation (16) in equation (15), we have,

2
LZS,Eh(z,r,h){i+£+1}—p_{i+£+1}+

g O 5 ep S
2 3
&L i+£+l + L i+£+1
o |l O olep O

2 3 2
PP ep
LISTEh(Z,T,h):y'FF-F 5

Applying the L_ISZIE;1 [] we find the solution

u(y,t,h)y=y+t+h
6. CONCLUSIONS
In this work points, we have discussed an combination of the transforms method called (TLSET) New
triple integral transform method has been successfully applied to obtain solutions of (LVIDEs) regarding
the (IC) initial conditions. For addressing problems in the traditional triple integral transform technique,
which only deals with certain types of (LVIDEs) using the (TLSET) approach, it is no longer impossible to
solve nonlinear (VIDEs).
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