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ABSTRACT 
 
This paper proposes a simple method for constructing a new series of Triangular designs with block-size 
4 for all designs, starting from a Triangular association scheme 𝑇ଶ (𝑛 ≥ 6). When 𝑛 = 5, using the block 
construction method proposed, the Triangular design becomes that of Takeuchi (1962). The advantages of 
such designs lies where the experimental field is of unique 1-directional limit (out of 2-directions viz.; 
length and breadth) i.e., block-size can be of unique size though its number of treatments as well as that 
of blocks may vary as experimenter wishes whenever it needs. 
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1. INTRODUCTION  
 
Partially Balanced Incomplete Block (PBIB) design was first developed in 1939 by Bose and Nair (1939) [1] 
as an extension of the Balanced Incomplete Block (BIB) design [2, 3, 4, 5]. Triangular design is an 
important kind of PBIB design based on Triangular association scheme. Comprehensive tables of 
Triangular designs and a review of some construction methods of Triangular design have been found in 
Clatworthy (1973) [6]. 
 
A Triangular association scheme is the arrangement of 𝑣 =  𝑛(𝑛 −  1)/2  treatments on the upper-
diagonal (and symmetrically on the lower diagonal) of an 𝑛 ×  𝑛 square array with the diagonal entries 
left blank. Two treatments are first associates if they lie in the same row or column; otherwise, they are 
second associates. The parameters of the association scheme are  

𝑣 =
௡(௡ ି ଵ)

ଶ
, 𝑛ଵ = 2(𝑛 − 2), 𝑛ଶ =

(௡ିଶ)(௡ିଷ)

ଶ
,   
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𝑃ଵ = ൤
𝑛 − 2 𝑛 − 3
𝑛 − 3 (𝑛 − 3)(𝑛 − 4) 2⁄

൨, 𝑃ଶ = ൤
4 2𝑛 − 8

2𝑛 − 8 (𝑛 − 4)(𝑛 − 5) 2⁄
൨, where 𝑛 ≥ 5. 

 
Constructions of Triangular designs were done by Shrikhande (1952) [7], Youden (1951) [8], Bose and 
Shimamoto (1952) [9], Chang, Liu and Liu (1965) [10], Masuyama (1965) [11], Liu and Chang (1964) [12] 
and others. The main purpose of this paper is to point out a general and simple method to construct a 
new series of Triangular designs with block-size 4 for all designs starting from a Triangular association 
scheme, whose blocks are constructed by considering all the common 1st associates for any two 2nd 
associates to one another. 
 
2. CONSTRUCTION OF TRIANGULAR DESIGN 
 
Let Tଶ  be the 𝑛 × 𝑛 square symmetrical array with its diagonal entries left blank and the 𝑛(𝑛 −  1)/2 
treatments arranged in the upper (lower) diagonal of the square symmetrical array. 
 
Theorem 2.1: For 𝑛 ≥ 6, a new series of Triangular designs with the parameters can be constructed, 
𝑣 = ൫௡

ଶ
൯, 𝑏 = 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) 8⁄ , 𝑟 = (𝑛 − 2)(𝑛 − 3), 𝑘 = 4, 𝜆ଵ = 𝑛 − 3, 𝜆ଶ = 2. 

Proof: Consider a Triangular association scheme T2 and two 2nd associates 𝜃 and 𝜓 to one another. A 
block with reference to 𝜃 and 𝜓 is defined as 
B஘,ந = {all the common 1st associates to both 𝜃 and 𝜓}  …(1) 
 
There are 𝑛ଶ second associates to a treatment 𝜃 of a Triangular association scheme. The treatment 𝜃 can 
paired with one of its 2nd associates in 𝑛ଶ i.e., (𝑛 − 2)(𝑛 − 3) 2⁄  different ways. As association relation are 
symmetric, total number of different pairs of 2nd associates is ൣ൫௡

ଶ
൯ × (𝑛 − 2)(𝑛 − 3) 2⁄ ൧ 2⁄  i.e., 

𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) 8⁄ . Thus, 𝑏 = 𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) 8⁄  
 
The treatment 𝜃  has 𝑛ଵ  i.e., 2(𝑛 − 2)  1st associates 𝜃ଵ, 𝜃ଶ, … , 𝜃(௡ିଶ)  and 𝜓ଵ, 𝜓ଶ, … , 𝜓(௡ିଶ)  in two different 
rows (also in two different columns). As 𝑝ଵଶ

ଵ = 𝑛 − 3 , corresponding to two 1st associates 𝜃 , 𝜃ଵ , let  
𝜓ଶ, 𝜓ଷ … , 𝜓(௡ିଶ) be those (𝑛 − 3) elements which are 1st associates to 𝜃 and 2nd associates to 𝜃ଵ. Each of the 
blocks constructed based on each pair of 2nd associates (𝜃ଵ, 𝜓ଶ), (𝜃ଵ, 𝜓ଷ), …, (𝜃ଵ, 𝜓௡ିଶ) contains 𝜃. Similarly, 
those blocks constructed corresponding to pairs of 2nd associates (𝜃ଶ, 𝜓ଵ), (𝜃ଶ, 𝜓ଷ), … , (𝜃ଶ, 𝜓௡ିଶ) ; 
(𝜃ଷ, 𝜓ଵ), (𝜃ଷ, 𝜓ଶ), (𝜃ଷ, 𝜓ସ), …, (𝜃ଷ, 𝜓௡ିଶ); … , ; (𝜃௡ିଶ, 𝜓ଵ), (𝜃௡ିଶ, 𝜓ଶ), … , (𝜃௡ିଶ, 𝜓௡ିଷ) contains 𝜃. It can be seen 
that there are (𝑛 − 2)(𝑛 − 3) such pairs of 2nd associates whose both components are 1st associates to 𝜃. So, 
each of the blocks constructed based on such each pair of 2nd associates contain 𝜃 in (𝑛 − 2) (𝑛 − 3) blocks.  
Thus, 𝑟 = (𝑛 − 2)(𝑛 − 3). 
By (1), it is evident that 𝑘 = 𝑝ଵଵ

ଶ = 4. 
 
Consider any two 1st associates 𝜃ଵ and 𝜃ଶ to one another for counting their concurrence. Since there are 
𝑝ଵଵ

ଵ  i.e., (𝑛 − 2) common 1st associates elements i.e., 𝜓, 𝜃ଷ, 𝜃ସ, … , 𝜃௡ିଵ, say, to 𝜃ଵ  and 𝜃ଶ , out of which 1 
element 𝜓, say WLOG is 2nd associates to all the remaining 𝜃ଷ, 𝜃ସ, …, 𝜃௡ିଵ where 𝜃ଷ, 𝜃ସ, … , 𝜃௡ିଵ are in the 
same row or column. So, it is possible to have (𝑛 − 3) pairs of 2nd associates (𝜃ଷ, 𝜓), (𝜃ସ, 𝜓), … , (𝜃௡ିଵ, 𝜓) 
which are 1st associates to both 𝜃ଵ and 𝜃ଶ. Thus, each of the blocks constructed based on such (𝑛 − 3) 
pairs of 2nd associates contain 𝜃ଵ and 𝜃ଶ. Therefore, 𝜆ଵ = (𝑛 − 3). 
 
Further, consider the two 2nd associates 𝜃 and 𝜓 to one another for counting their concurrence. As 𝑝ଵଵ

ଶ  i.e., 
4 elements, let 𝜃ଵ, 𝜃ଶ, 𝜓ଵ  and 𝜓ଶ  be the common 1st associates to both 𝜃  and 𝜓 . WLOG, from these 4 
common 1st associates, only two pairs of 2nd associates can be made (𝜃ଵ, 𝜓ଶ), (𝜃ଶ, 𝜓ଵ), say. Clearly, only  
B஘భ,நమ

 and B஘మ,நభ
 contains 𝜃 and 𝜓 because 𝜃, 𝜓 are 1st associates to the 2nd associate pairs (𝜃ଵ, 𝜓ଶ) and 

(𝜃ଶ, 𝜓ଵ). Thus, any two 2nd associates occur only in 2 blocks in the desired design i.e., 𝜆ଶ = 2. 
Hence the Theorem. 
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Remark 1: It is noted that if 𝑛 = 5, then 𝜆ଵ = 𝜆ଶ = 2. So, the proposed design becomes BIB design with the 
parameters 𝑣 = 10, 𝑏 = 15, 𝑟 = 6, 𝑘 = 4, 𝜆 = 2, which was proposed by Takeuchi (1962). 
An illustration of the Theorem 2.1 is shown as an example below: 
 
Example 2.1: For 𝑛 = 6, the 45 blocks of the Triangular design with the parameters 𝑣 = 15, 𝑏 = 45, 𝑟 =

12, 𝑘 = 4, 𝜆ଵ = 3, 𝜆ଶ = 2; 𝑛ଵ = 8, 𝑝ଵଵ
ଵ = 3, 𝑝ଵଵ

ଶ = 4, are 
𝐵ଵ,ଵ଴ = (2,3,6,7);  𝐵ଵ,ଵଵ = (2,6,4,8);  𝐵ଵ,ଵଶ =  (2,5,6,9);  𝐵ଵ,ଵଷ = (3,4,7,8);  𝐵ଵ,ଵସ =  (3,5,7,9);  
𝐵ଵ,ଵହ = (4,8,5,9);  𝐵ଶ,଻ =  (1,6,3,10);  𝐵ଶ,଼ = (1,4,6,11); 𝐵ଶ,ଽ = (1,5,6,12);  𝐵ଶ,ଵଷ =  (3,4,10,11); 
𝐵ଶ,ଵସ = (3,5,10,12); 𝐵ଶ,ଵହ = (4,5,11,12); 𝐵ଷ,଺ = (1,2,7,10); 𝐵ଷ,଼ = (1,4,7,13); 𝐵ଷ,ଽ = (1,5,7,14); 
 𝐵ଷ,ଵଵ = (2,4,10,13); 𝐵ଷ,ଵଶ = (2,5,10,14); 𝐵ଷ,ଵହ = (4,5,13,14); 𝐵ସ,଺ = (1,2,8,11); 𝐵ସ,଻ = (1,3,8,13); 
𝐵ସ,ଽ = (1,5,8,15); 𝐵ସ,ଵ଴ =  (2,3,11,13); 𝐵ସ,ଵଶ = (2,5,11,15); 𝐵ସ,ଵସ = (3,5,13,15); 𝐵ହ,଺ = (1,2,9,12); 
𝐵ହ,଻ = (1,3,9,14);  𝐵ହ,଼ = (14,9,15); 𝐵ହ,ଵ଴ = (2,3,12,14); 𝐵ହ,ଵଵ = (2,4,12,15); 𝐵ହ,ଵଷ = (3,4,14,15); 
𝐵଺,ଵଷ = (7,8,10,11); 𝐵଺,ଵସ = (7,9,10,12); 𝐵଺,ଵହ = (8,9,11,12); 𝐵଻,ଵଵ = (6,8,10,13); 𝐵଻,ଵଶ = (6,9,10,14); 
𝐵଻,ଵହ = (8,9,13,14); 𝐵଼,ଵ଴ = (6,7,11,13); 𝐵଼,ଵଶ = (6,9,11,15); 𝐵଼,ଵସ = (7,9,13,15); 𝐵ଽ,ଵ଴ = (6,7,12,14);  
𝐵ଽ,ଵଵ = (6,8,12,15); 𝐵ଽ,ଵଷ = (7,8,14,15); 𝐵ଵ଴,ଵହ = (11,12,13,14); 𝐵ଵଵ,ଵସ = (10,12,13,15); 𝐵ଵଶ,ଵଷ = (10,11,14,15). 
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