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ABSTRACT

In this work, the (ITDM) integral transform is used in combination with the decomposition tool to gain
discrete analytical solution of (FBSEs) fractional Black-Scholes equations, the simplicity and efficiency of
the combined approach are demonstrated through illustrative problems and the simplicity of the
resulting solutions.
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1. INTRODUCTION

Fractional differential equations are widely used to describe dynamical phenomena engender in
economy, physic, biology, scientific and engineering [1-5]
The (FBSEs) fractional Black-Scholes equations have analytical solutions in closed form therefore, finding
new methods to solve linear and nonlinear equations.[9]
In recent years , the mathematical models used many tools have been developed to solution and analysis
of linear and nonlinear (FBSEs),[4]
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where ®(X,%) European call choice at asset amok  A,% time, (%) is the risk free interest rate,
a(R,h) represent volatility function of underlying asset, and the Payoff function are

@, (%, 7) =max(A—E,0)=M(A—E,0), @, (%, %) = max(E —X,0) = M(E —&,0)

Where E mean the expiration amok for the choice and the function max(%,0)=M(Z,0) gives the

large value amidst & and O .

Latterly, many structure methods, homotopy perturbation tool, the variable separation tool, Adomian
decomposition tool, Laplace transform tool [6], Sumudu transform tool [3], Elzaki transform tool [13], and
many others. these tools can produce different solutions. which are obtained from modeling in
engineering applications. we present an problems of (FBSEs) fractional Black-Scholes equations.

The main idea, the new integral transform (ST) called Sumudu transform which introduced by Watugala
[6], over the set of a function as

Y = {(D(h)\Elk 81,8, > 0,|®(R)| < keg,if hie(-1) x[O,oo)}
by
H(p)=S[®(%)] =%jeﬂcp(h)dh, pe(=s,s)

And the Adomian decomposition method which first introduced by Georg Adomian [11], the (SDM) is
combined of the powerful in solving many fractional differential equations in science and engineering, [4]
2. DEFINITION AND PRELIMINARIES OF CONCEPTS

In this section of, we give some theories and definitions which are useful in this study, of (FDEs) and
integral transform.

Definition 1. [16]
The integral transform of the (CFD) Caputo fractional derivative defined as

S[D'd(n) |= pS[@(H)]- GZI oD (0), o-l<A<o

Definition 2. [17]
The (CFD) Caputo fractional derivative of ® € C°, 0 € N is defined as

A
DDy = — [x=-m 07 (mdn, o-1<21<0

IMo-11%
Lemma 1: [8]
Ifo-1<A<o, oceN, ®eC/,{>-1 then the following two properties have,

First property : D* (Jﬁq)(x)) =D(R)

Scand property : J* (DA(D(K)) =D(R) - GZ: 0} (0)(%)

Definition 3 : [8]
The (MLF) Mittag-Leffler function E (h) with A4 > 0 is defined by,
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E, (h)ZiF[#VH]

v=0
3. IDEA OF (SDM) INTEGRAL TRANSFORM DECOMPOSITION METHOD
We Let us examine the (FBSEs) the basic aim of the (SDM).

D' ®(k,7)+H[R]|D(X,7)+ T[R]|D(k,7) =P(R,h), h>0,keR, 0<A<]
1)
Where H [7{.] is the general linear factor in i, T[K] is the nonlinear factor in Aand P (7{., h) are general

continuous function.
By using (ST) integral transform of eq.(1) on both side,

s[D@(x, h)] +S[H[X] DX, h)+ T[R] (X, 7) | = S[P(X, )],

(D(xa ,0) - (D(K,O) =S
p/l

DR, p) = D(R,0) + p*S[P(X,7)]- p*S| H[R]D(R, 7) + T[X] (R, 7) ],

®(R,7) = P(k,h) =S~ [ p*S[H[R]D (R, 1) + T[R] (R, 1) ], )

[P(R,7)]-S[H[X]®(R,7)+ T[R]D (X, 7) ],

Where G(%,%)=®(%,0)+S™ [ oS [P(?(., h)n ,;represent the exporter code and specified (IC) initial

conditions.
The standard (SDT) integral transform decomposition method defined by,

DR, 7)) =D D, (R, h) 3)
v=0
The nonlinear term defined by,
TOR, )= Y, 4
v=0

Where Y, is donated a domain polynomial of @ ,®,,®,,...,®, can be calculated by,
, v=012..

1 dV 0
Y =— T KD
' v!d%v( LZ:;‘ VDx_o

The first a domain polynomial we have,
Applying eq.(3) and eq. (4) in to eq. (2) we have,

i ® =G(i,h)-S" {pﬂs(Hi D, (R, 7)+ Ti Y, (K,h)ﬂ ,

v =0
©)
Applying inverse (ST) integral transform to eq. (5)
®, =G(R,h), ® , =-S" {pﬂs [Hz @ (R,h)+ TZ Y, (%, h)j} ,
v=0 v =0

® =-S"' {p}”S(Hi @, (X, 1)+ Ti YO(K,h)j} ,

®,=-8" {pﬂs(Hi @ (X, h)+ Tzw: Yl(x,h)} ,

v=0 v =0
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®, =-S" {p}”S(Hi @, (X, h) +Ti YZ(k,h)J} ,

v=0 v =0

4. APPLICATIONS

In this section, the method of integral transform and decomposition method (SDTM) are joint to secure

the solving of linear and nonlinear (FBSE). [1]

problem 4.1: Let us examine the (FBSE)
do_ow
on*  on’

with the (IC) initial condition ®(%,0) = max(e” —1,0) = M(Q, 0)

Solution

Applying (ST) integral transform of eq. (6) on both side

s{a@}:s{azqﬂw—u@—g@}
O

+(l9—l)a£—l9<b, 0<A<1
Ok

ot || aw?
O (%, p)-D :
(%) (K’O)zs{aq)ﬂg—ng%—gq)}

pl axZ

)
OR>

R L)
(X, p)=D(X,0 *S 3—1)—— 9D
(R p)=®(2.0)+p {axzﬁ )ax }

q)(?L,p)—CD(K,O)=p}”S{ +(9—1)%§—9®}

PR
on>

O (%,7)=S"[M(Q,0)]+S™ {pﬁs{ +(19—1)%;)—9q>ﬂ,
D, (R,7)=S"[M(Q,0)] =M(,0)

2
o, ,(1.7)=S" {pAS{aﬂHQ—I) a;{ 9D, ﬂ

or*

2
@, (%,7)=S" {pﬂS{%Jr(Q—l) 8;‘) _%Oﬂ’

| gl O o _
@, (X,7)=$ {p S[axz M(Q,0)+(9-1)—M(2,0) sM(Q,O)ﬂ

M(e" -1,0) = M(Q,0),M(e” —1,0) = M(Q,0),M(e”,0) = M(Q+1,0)
=S [ P S(M(Q+1,0)+ ($—DM(Q +1,0) - IM(Q,0) |
=87 [ p"S(IM(Q+1,0)~ IM(Q,0) |
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i - IM(Q,0) i
T[4 +1] I[A+1]

M(e* -1,0) = M(Q,0),M(e*,0) = M(Q +1,0)
gn* - 9n*

~ M(Q,0)
T[4 +1] T[4 +1]

@, (%,7)=IM(Q+1,0)

=M(Q+1,0)

R oD
@, (%,h)=S"| p*S| —L+(3-1)— -9, ||,
n)=s| | Sheco-n Biam, |
_ th _ hZ),
@, (%, 1) =FM(Q+1,0)—————+ FM(Q,0) ————
C(Q2A+1) CQ2A+1)
2224 2224
B +M(Q, 0)—‘9 4
TQ2A+1) C(2A+1)

®, (h,1)=5" {piSqu’uw—l)a@Z 9®ﬂ

=M(Q+1,0)

o’ n
_ h3ﬂ _ h3ﬂ
D, (7&,, h) =FM(Q+1,0) ———+ FM(Q,0) —————
raa+l i+
3434 3434
g +M(Q,0) g
rGi+1 rGi+l
The solution is given by the series,

=D, +D, +D, +D, +....

=M(Q+1,0)

A 2221
h +M(Q+1,O)—3 h +
T[A+1] T[22 +1]

lgthﬂ _ 1937/-132 _ 193h3],

M(Q,0)————— + M(Q+1,0)———— + M(Q, 0) ———+
24 +1] I32+1] I3A+1]

@ (%, 1) =M(Q,0)+M(Q+1,0)

O (X,7) = i@v (R, 7) = M(Q,0)E, (-97" )+ M(Q + 1,0)(1 ~E, (-9n’ ))

Anywhere E, (h) noted the (MLF) Mettag-Leffler function.

problem 4.2: Let us examine the (FBSE)
2 2

0 qj +8x107'(2+sink)*A? d q; +6x10'% 22 _6x10"@ =0, 0<A<l1
h 8 Ok

(8)

With the initial condition D(A,0) = max(A —25¢
Solution
Applying (ST) integral transform of eq. (8), on both side

A 2
s{a CD} S{—8x10‘1(2+sin7l)27lz oo

~(6x107")

,0)=M(X,0)

. . “6x10'2 22 4 0.060
oh o ok

2
O (R, p)=D(X,0)+ pﬁs{mm'l@—8x10—1(2+sin7L)2x2 gxqj —6x10_17’»%}
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2
‘I[M(X,O)]+S‘{ iS(6><10 ®-8x107'(2+sin k)’ K’ ;D 6x10~ x—xﬂ

D, (X,7)=S"(M(X,0)) =M(X,0)

2
D, (%,7)=8 {pﬂs[wm—l@v _8x107 (2 +sin R)* A2 5@;} _6X10_1xaa%ﬂ

@, (R,7h)=S [p S(6x10 @, —-8x107' (2+sink)* A’ ;D —6x107'% Kﬂ

=S {Pis[m 107" (M(X,0))-8x107' (2 +sin &)’ A’ W—&dO%%H

K h*
—6x107'%
C(A+1) C(A+1)

=6x107 (M(X,0))

D, (%,7)=S [p S(6x10 @, —8x107'(2+sin k) xzaf -6x10" xaéx H

o102 K ex100Y? K
= (6x107) (M(X’O))r(2/1+1) (610 )xr(zml)

2
CDs(xah):S{pﬂ"s(&do1®3—8x101(2+sinx)2x266$3 x10” _a;sﬂ

N L_ <1071)? L
= (6x10 )(M(X’O))r(3,1+1) (610 )xr(3/1+1)

The solution is given by
O(R,7) =@y (R, 7))+, (K, 7))+ D, (K, 1)+ D, (R, 7)+.....
A A
f -6x107'% h +
r'(A+1) r'(A+1)
th hZ/l
(6x107)* (M(X,0)) ————(6x10"" Y’ h——+
rQA+1) FQ2A+1)
h3ﬂ

-143 —_(6x107") n
(6x10 )(M(X,O))—F(MH) (6x10 )x—r(sml)

O (X, 1) =M(X,0)+6x107" (M(X,0))

= icpv (X, 1) = M(X,0)E, (—6x10'1h‘)+h(l—El (—6x10-1h‘))
v=0

Where E (h) is the (MLF) Mettag-Leffler function.

5. CONCLUSION

In that work, the combined decomposition method together for Integral transform (STDM) has been
effective applied in obtain solutions of the (FBSE) fractional Black Scholes equation. some problems are
presented to demonstrate the simplicity and distinction of the suggest tool, showing this is plain to
perform and effective in obtaining solution results.
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