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Abstract The generalized recurrent and birecurrent spaces for P]-ikh are discussed
by Finslerian geometrics. Now, in this paper, we generalize these spaces by using the
covariant derivative of third order in the sense of Berwald. The necessary and sufficient
condition for ijh satisfying the generalized trirecurrence property is obtained. In ad-
dition, we show that the covariant derivative in the sense of Berwald coincides with the
h-covariant derivative in the sense of Cartan. Various identities concerning such space
are established.
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1 Introduction

The concept of trirecurrent and generalized trirecurrent spaces is discussed by [13,15] and [27]. The
generalized recurrent space for H;kh, R;khand P}kh in the sense of Berwald was studied in [1,7,9,10,18]
and [25]. Also, the generalized property for normal projective curvature tensor Njj; in the sense of
Berwald was introduced by [11]. Furthermore, the generalized birecurrent space for different curvature
tensors in the sense of Berwald is studied in [3,8,14] and [16]. Srivastava [24] defined the special R-
generalized recurrent Finsler spaces of order two. The first author has earlier studied the BP-recurrent
and birecurrent Finsler spaces [2,3,20].

In the same regard, Qasem and Ahmed [12] studied the generalized BH-trirecurrent space. The gen-
eralized trirecurrent space for K ;kh and R;kh in the sense of Cartan is discussed by Nasr [21] and
Husien [23] respectively. In this paper we focus on a Finsler space that P}y satisfies the generalized
trirecurrent characteristic. Additionally we obtain the relationship between two types of curvature
tensors and covariant derivatives.

2 Preliminaries

This section will provide some definitions which we need in this study. Let F, be an n-dimensional
Finsler space equipped with the metric function F(z,y) satisfying the request conditions [4,26]. The
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vector y; is defined by

yi = 9ij (@,9)y- (2.1)
Two sets of quantities g;; and its associative g*/ are connected by
ik gk 1, if j=k,
9ijg" =0 = { 0, if j#k. (2.2)
In view of (2.1) and (2.2), we have
a) 6 y" =y, b) 85gir = gjr and ¢) 6pyi = Y. (2:3)

The (h) hv-torsion tensor C}y is the associate tensor of the tensor Cyj, which are defined by [6,22]:
a) Cijk y' =Crij ' =C ki y' =0, b) Cjry’ = Ch; v’ = 0and c) §;Cri= Chji, (2.4)
where,
C in= 20, gy = 205 B, B F2.
iik= 5% i = 5% Y
The Cartan h-covariant derivative (Cartan’s second kind covariant differentiation) with respect to z*
is given by
X = 0 X" — (a’r Xi> G+ XTI (2.5)
where F,"f,f is a function called the Cartan’s connection parameter. The h-covariant derivative of the
vector y* vanish identically, i.e., ‘
Yl = 0. (2.6)
The connection parameter G;-k of Berwald connected with the Cartan’s connection parameter I ;}C is
given by
Gir =Tk + Chn v (2.7)

The Berwald’s covariant derivative By of an arbitrary tensor field T} with respect to ¥ is given by [17]
By T! = 0,T; — (a«T;i) Gy + ]Gy, — TIGT. (2.8)

The processes of Berwald’s covariant differentiation and the partial differentiation commute according
tO . . . . .
(881 = Budw) T = T} Ginr — Ti Gl (2.9)

for an arbitrary tensor field T; .
The Berwald’s covariant derivative of the vector y* and metric tensor g;; satisfy

a) Bkyi =0and b) Brgi; = —2C¢jk‘hyh = —2yhBhC’ijk. (2.10)

The h-curvature tensor (Cartan’s third curvature tensor) is defined by [17] as
Ri, = 0nT5k + (T51) Gh + Cl (0GR — GHIGH) + DT — /b~
The curvature tensor R; xh, R-Ricci tensor Rji and curvature vector Ry satisfy

a) Rjny’ = Hipy = Kjy’, b) Ripn = Kj + CjoHyh,, ) Rjk = Kji + CjHy, and d) Rjxy’ = R

(2.11)

The tensor P}khca_lled hv-curvature tensor (Cartan’s second curvature tensor) is positively homogeneous
of degree —1 in y* and is defined by [17,19]

Plin=0nT5k + Ch Py — Copge-

The associate tensor P;jxn, torsion tensor Py, and P-Ricci tensor Pji of hv-curvature tensor P]-Zkh
satisfies the relations

a) Pjin v =T5iny’ = Pip = C'nppy’, b) Pjri = Pik, ¢) Py = Pi, d) Pc y* = P, and e) Py’ = 0.
(2.12)
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Using (2.12) in (2.7), we get
Pip = Gin — i (2.13)

The hv-curvature tensor ijh satisfies the following:
Pjin — Py = —S;kmryr» (2.14)

and ' _ ' '
Plun — Prjp, = Crpyy + CoiPar — j/k (2.15)

Alaa et al. [2,3,20] introduced the generalized BP-recurrent space and generalized BP-birecurrent space
which are characterized by the conditions

BuPjn = AnPjyn + (5§gkh - 5?;gjh) ; P #£0 (2.16)

and
BB Py = tn P + Vo (5;igkh — 5};gjh) — 2yt B (5;ickhm — 5,icjhm) , (2.17)

where Umn = BnAn + AmAn and vmn = Appim + Bt are non-zero covariant tensors field of second
order.

3 Main results
In this section, we discuss a Finsler space that P;kh satisfies the generalized trirecurrent characteris-

tic. Important theorems concerned with this space are proved. Taking B-covariant derivative for the
condition (2.17) with respect to z' and using the condition (2.16) and (2.10), we get

BB,y B Pl = @i Pl + bimn (5;-9% - 5igjh) =2y Conn B (5;-0%1 - 5;icjhl) (3.1)

-2 y'd,, B (5;‘Ckhm - 511;thm) — 2y BiBe (6;‘Ckhm - 5icjhm) )
where aimn = Bitmn + Umn i and bymn = Bivmn + Umn i are non-zero covariant tensor fields of the

third order, ¢mn = Umn and di, = Bju, are non-zero covariant tensor field of the second order. Also
BiB,,B,, is the differential operator in the sense of Berwald with respect to z!, 2™ and ™, successively.

Definition 3.1. A Finsler space F), in which Cartan’s second curvature tensor P;kh satisfies the con-
dition (3.1) will be called a generalized BP-trirecurrent space and the tensor will be called a generalized
B-trirecurrent. This space and the tensor are denoted by G(BP)—TRF,, and GB—TRF,, respectively.

In the next theorems below we establish that some tensors are non-vanishing.

Theorem 3.2. In G(BP) — TRF,, Berwald’s covariant derivative of the third order for the torsion
tensor Py, and (—S ;kthyr) are given by

BleBnPIzh = almnplih + blmn (ylgkh - 612yh) - 2ytcmnBt (ylckhl) (32)

-2 y'd,, Bt (inkhm) — 2y 1 BBy (yickhm) )

and

BiByBa (=S $yppt”) = Atmn (=5 Sy ") + b (89 — 6kgin ) —2y"cmn B (8. Cone = kCint) (3.3)

2 41, Be (8,Conm = 6.Csnm ) = 24 1nBiBe (8,Conm = 6Cnm )

respectively.

nnnnnnnnnnn

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 43 E, No. 1, January-June, 2024



46 Alaa A. Abdallah and Basel Hardan

Proof. Let us consider a G(BP) — TRF,, which is characterized by the condition (3.1). Transvecting
the condition (3.1) by y?, using (2.10), (2.12), (2.3), (2.1) and (2.4), we get (3.2).

Taking the B-covariant derivative for (2.14) thrice with respect to z™, 2™ and z!, successively, using
the condition (3.1), we get

BanLBn(_S ;kh‘,,.yy‘) = almn(Pjikh - P;hk) + blmn (6;Lg]k - 5lls:gjh) —2’thmnBt (5;7,CJM - (Szcjhl)

~24'd,, B, (5;;cjkm - 5,icjhm) — 2 BBy (5;cjkm - 5;cjhm) .
Using (2.14) in above equation, we get (3.3). Hence, we have proved this theorem. O
Theorem 3.3. The tensor (C’;Mh +Cho Py, — h/j) is a generalized B— trirecurrent in G(BP) — TRF,.

Proof. Assume that G(BP) — TRF,. Taking the B-covariant derivative of (2.15) thrice with respect
to ", ™ and 2!, successively, using the condition (3.1), we get

BuB.Bu(Cints + CliPin = 3/K) = @nn (P, = Phje) + <tmn (8900 — gy )

2y yn B (5;'-Ckhl - 5203-“) — 2 4" B (5;’-ckhm - 5,icjhm) —2ton BB, (a;ickhm - a,icjhm) ,

where 2bimn = Ximn, 2Cmn = Ymn, 2din = Qupn and 2uy, = op.
Using (2.15) in above equation, we get

BuByuBa(Chnij + CiiPin = 3/K) = atmn(Chaj; + CiiPin = 3/K) + <tmn (8900 = Shgin)  (3.4)

29" mnBe (8Chont = 5 Cint) = 2 4 QunBe (8 Conm — 6 Cinm ) = 24 7uBiBs (8 Conm — 5 Cinm )
thus proving the theorem. O

Now, we have a corollary related to the previous theorems. Contracting the indices ¢ and h in the
condition (3.1) and (3.2), respectively and using (2.12), (2.3), (2.4) and (2.1), we get

BB, Br Pji = aimn P (3.5)

and
BB, By Pr = Qimn P (3.6)

Transvecting (3.6) by y*, using (2.10) and (2.12), we get
BB, B P = aimn P. (3.7)

The equations (3.5), (3.6) and (3.7) show that Pji, Pr and P behave as trirecurrent. Thus, we conclude
the following corollary:

Corollary 3.4. In G(BP)—TRF,, the behavior of Ricci tensor Pjj, curvature vector Py and curvature
scalar P are trirecurrent.

In the next three theorems we focus on the necessary and sufficient conditions for R; wh, Hip and K ; kh
that satisfy the generalized trirecurrence property.

Theorem 3.5. In G (BP)—TRF,, for n =4, Cartan’s third curvature tensor R}kh is a generalized
trirecurrent if and only if the tensor (6}1R]~k — 5}@th) 1s trirecurrent.

Proof. Since in the Riemannian space Vi, the projective curvature tensor ijh is defined as follows [5]

Pjon = Ry — 3 (0hBye — 6k Rn) (3.8)

taking the B—covariant derivative of (3.8) thrice with respect to =™, 2™ and z!, successively, using the
condition (3.1), we get

BiB,, Bu R = aimn Pjn + bimn (5§gkh — 5Iicgjh) —2y‘c,,. Bt (5;'Ckhl — 52@%1)

*
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2 4 dy, Be (5 Chnm — 51 Cim ) — 20 wn BBy (5Cknm — .05 ) + %BleBn (53R — 55 Rn)

Using (3.8) in the above equation, we get
BiB,, BuRin, = @imn Ry + bimn (5;gkh - 5zigjh) —2y'e,, Bt (5;-01@}11 - 51@th1)

-2 y'd,, B (6§Ckhm — 5ithm) — 2y 1, BBy (5;‘Clchm — 5Iiccjhm)
if and only if
BB, Br (&Rm - 5Zth) = Aimn (52Rjk - 51ichh) .

The above equation means that the tensor (62Rjk — 6};th) behaves as trirecurrent. Hence, we have
proved this theorem. O

Theorem 3.6. In G (BP) — TRF,, for n = 4, Berwald’s covariant derivative of third order for the
torston tensor Hy,; of Berwald curvature tensor are given by

BZBmBnHih = a/lmnHIih + blmn (ylgkh - 612yh) _QytcmnBt (ylckhl) (39)

=2 d, Bi (' Chnm ) — 24" 1nBiBy (' Cion
if and only if the tensor ((%Rjk - éith) is trirecurrent.

Proof. Transvecting (3.8) by 37, using (2.10), (2.12) and (2.11), we get
i i 1/ i
Pin = Hin = 3 (5th - 5th) . (3.10)

Taking the B—covariant derivative for (3.10) thrice with respect to 2™, ™ and z!, successively, using
(3.2), we get

BB BrH}y, = aimn Pip + bimn (yigkh - 5iyh> —2y" cmn By (yickhl> —2 y'd,, B (inkhm)

=29/ 1 BiBs (' Conm ) + BB, B, (6B — 6121 )
Using (3.10) in the above equation, we get (3.9) if and only if
BiByBo (8, — kR = avmn (6,5 — 0LRs)

The above equation shows that the tensor (éﬁRk — (5};Rh) behaves as trirecurrent. Hence, we have
proved the theorem. O

Theorem 3.7. In G (BP) — TRF,, for n = 4, Cartan’s fourth curvature tensor K;khis a generalized

B— trirecurrent if and only if

1 T 7 T m 7 T m
BB B { (K + Clon HIOh = (Kgn + Chon HY) 64§ = BiBwBu(CY,, HiT) (3.11)

1 T m ) T m ) 0 m
= 3 Gmn {(Kjk + Clp Hir)oh — (Kjn + Ci, m) 5k} - almn(ij Hyy').

Proof. Using (2.11) in (3.8), we get

i i i m 1 T m i T m i

Taking the B—covariant derivative for (3.12) thrice with respect to 2™, ™ and x!, successively, using
(3.8), we get

BiB.y BrK i, = @imn Pjin + bimn (5;-9% - 5igjh) — 2y' cnn By (5;'0%1 - 5/1th1)

*
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—2y'd,, B (5§Ckhm — 5licjhm) — 2y unBiBe (5;‘Ckhm — 6Iiccjhm)
i m 1 T m i r m i
~BiB,B.(C},, Hi) + 5BiB,uBy {(K]-k + Chy HE)GE — (Kjn + Cho Hhr) 5k} .
Using (3.12) in the above equation, we get
i i i i t i i
BZBmBnK]‘kh - almnKjkh + blmn ((%g;m - 5kgjh) - 2y CmnBt (@CW — 5k0jhl)

—24'd, By (5;ickhm - 5;thm) — 2! un BB, (5;1ckhm - 5,icjhm)

if and only if (3.11) holds. Hence we have proved this theorem. O

In next theorem we find the necessary and sufficient condition for the tensors (5thk) and (3th> to

behave as trirecurrent.

Theorem 3.8. In G (BP) — TRF,, the behavior of the tensors (Bthk) and (3th) are trirecurrent
if and only if

(BB P, )Gri + (BP ) (B, G )+ (B, P )B,GL )+ Poi(BBnGins) + (BB Pir) G (3.13)

hnj hnj
+(B,Pjr)(B,,G)) + (B, Py ) (BGh ) + Pir (BB Ghnk) + (B,Br Pik) Ghmn + (B, Pir) (B,G),,,,,,)
+(B\BrnPrie)Ghmj + (B, Prie)(B/G,,,,, ) + (B Bn Pir) Ghmi + (B, Pir)(B,G,,,,,,)

+ (BB Pjk) Ghim + (BB Pjk) Ghin + (BmBn Pric) Ghij + (BinBaPir) G — (Onimn) Py =0,

and

(BBnP,)Ghni + (B,P )(B,,G) )+ (B, P )BG, )+ P-(BBnGhrnk) + (BrBiPr) Gy (3.14)
+ BBy Pr) Ghp + (BB Pr) Gk — (Onimn) Py, = 0,
respectively.
Proof. Differentiating (3.5) partially with respect to 3", we get
8h(BLBmBnij) = (5halmn) ij + almnéthk

Using the commutation formula exhibited by (2.9) for the tensor (B,,8,P;jx) in the above equation, we
get )
Bion (BmBnPiji) — (BrBnPjr) Ghim — (BmBrPji) Ghin — (BmBnPri) Ghij

- (BmBnPJT) 7iﬂzlk = (6halmn) ij + almnéthk.

Again applying the commutation formula exhibited by (2.9) for the tensor (B, Pjx) in the above equa-
tion, we get

— (BmBrPji) Ghin, — (BmBnPri) Ghij — (BmBnPjr) Ghiy, = (Onaimn) P+ almna.hpjlv

Also, applying the commutation formula exhibited by (2.9) for the tensor Pji in the above equation,
we get

— (B,BnPji) Gt — (BmBrPji) Ghin— (BB Prk) Ghis— (BimBn Pir) Ghuie = (Onaumn) ij+almn8hpjka

which can be written as

BiBn B (0nPjk) = (BBmP,,)Ghns — (B,P,,)(B,,G,. ) = (B, P, )(B,G},.) = Pr(BBmGiins)

m =~ hnj

*
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—~(B\BunPi2) Gk — (B, Pir) (B,,G,) = (B, P, )(B,Gh,) = Pir(BiBnGhak) — (BB Ps) Gl

— (B, Pir)(B,G, ) — (BBnPrk)Ghm; — (BnPTk)(BlG;mj) — (BB Pjr)Ghmi — (B, Pir)(B,G )
— (BrBnPj1) Ghim— (BB Pj) Ghin—(BmBn Prx) Gy — (BmBuPjr) Ghire = (Onimn) P+ aimnOn Py,
This shows that ) )
BB B ((%ij) = Qlmn (3thk) (3.15)
if and only if (3.13) holds.
Differentiating (3.6) partially with respect to y", we get
8h(BleBnPk) - (6halmn)Pk + almna'hpk'

Using the commutation formula exhibited by (2.9) for the tensor (B, B, Px) in the above equation, we
get

B9y, (BimBnPy) — (BB Pr) Ghim — (BiByPi) Ghin — (BB Pr) Ghuy, = (6halmn)Pk + Qyn On P

Again applying the commutation formula exhibited by (2.9) for the tensor (B, Py) in the above equation,
we get

Bi[Bindh (BuPr) — (BrPy) Grn — (BuPr) Ghi] — (BeBnPy) G — (BB Py) Ghin — (BmBoPr) G

= (Ohaimn) Py, + AlmnOn Py,

Also, applying the commutation formula exhibited by (2.9) for the tensor Py in the above equation, we
get
Bi[BmA{B,,0nPi — PrGhnr} — (BrPr) Ghmn — (BnPr) Ghnk] — (BrBnPr) Ghim

- (BmBrPk) GZZTL - (BmBnPT) G;le: = (ahalmn) Pk + almna.th:'

which can be written as

BB B (31 Py) — (BB P, )Gt — (B,P,)(B, G ) — (B, P,)(B,G" ) = Pr(B,BGhni)

m~ hnk hnk
— (BmBrPk) GZZTL - (BmBnP’r) ’}rllk; - (ahalmn) Pk + almnéth:'
This shows that ) )
BBy B (8hpk) = Qimn ((3th) (3.16)

if and only if (3.14) holds.
(3.15) and (3.16) show that the tensors (5thk) and (3th) behave as trirecurrent if and only if (3.13)
and (3.14) hold. O

In the next theorems we obtain the relation between the covariant derivative in the sense of Berwald
and Cartan for different tensors.

Theorem 3.9. In G (BP)—TRF,, when the covariant derivative in the sense of Berwald with respect
to !, ™ coincide with the h—covariant derivative in the sense of Cartan with respect to =™, then Pjyp,
is given by

BiBu Pl in=01mnPjin + bimn (5;‘9% - 5Iicgjh) — 2y cmn By (6§Ckhl - 5;1th1) (3.17)

~2 4'dy, By (8Chm — 4Cym ) — 24" in BiBe (8 Chnm — 5Cm )
is a generalized birecurrent if and only if

*
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Proof. Using the definition of the covariant derivative in the sense of Berwald for Plkh exhibited by
(2.8) with respect to z*, we get

Bnpjikh = anp§kh+ Pjrthin*P:thgn*Pfrthn - g‘ikrG}Tm* (&P;kh) G, .
Using (2.13) in the above equation, we get
B P =0 Plin+ Plenlin—Pinlin—PnTin—PyonTim— (8TP;kh) Gy,

T 7 7 T 7 T 7 s
+ijhPrn7P7‘Icthn7Pj7‘hPIcn - jkrphn-

Using the definition of h-covariant derivative in the sense of Cartan exhibited by (2.5) with respect to

z" in the above equation, we get

By, th— ]kh|n+ thrn P’rth Pz I ;krpi:n- (3.19)

Taking the B-covariant derivative for (3.19) twice with respect to z™ and z', using the condition (3.1),
we get

BleP;kh\n:almnP;kh + bimn (6;'gkh - 5;igjh) — 2y comn By (5;'C'khz - (Slicjhl)
-2 y'd,, B (§;Ckhm — &thm) — 2y 1 BBy (5§Ckhm - 5licjhm)
+BiBm ( jkhprzn PrzthT Pl’thkn - jikrpffn)
Thus, we obtain (3.17) if and only if (3.18) holds. Hence, we have proved this theorem. O

Theorem 3.10. In G (BP)—TRF,, when the covariant derivative in the sense of Berwald with respect
to z!, ™ coincide with the h— covariant derivative in the sense of Cartan with respect to ™, then P},
is given by

. . . . t .
BleP;ch\n:almnPIzh ~+ bimn (ylgkh - 5llcyh) — 22/ Cmn Bt (yzckhl) (320)
=2 4y, B1 (' Conm ) = 20" wnBiB: (3 Clonn

if and only if .
BB (PL, Pl Py Pl —PinPhy) = 0. (3.21)

Proof. Transvecting (3.19) by 4/, using (2.6), (2.10) and (2.12), we get
B Pin=Pinjn+PinPra—Pin Pin—Pir Phin - (3.22)
Taking the B—covariant derivative of (3.22) twice with respect to ™ and z', using (3.2), we get

BzBmPih\n:almnPiih + bimn (yigkh - 5ziyh) — 2y  CnBe (yickhl) —2y'd,, B: (yickhm)

29" 11nBiB: (y' o ) +BiBn (P, P =P Pl =Py Pin).
Thus, we obtain (3.20) if and only if (3.21) holds. Hence, we have proved this theorem. O

Now, we have a corollary related to the previous theorems. Contracting the indices ¢ and h in (3.19)
and using (2.12), we get

BnP]k:ng|n+ ]TkiP;nfprkPjrnfpjTPI:n ]kerTn .

Taking the B-covariant derivative of the above equation twice with respect to ™ and z!, using (3.5),
we get
Bleij\n:almnij

if and only if
BBy Py Pjn — PjrPry) = 0. (3.23)
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Contracting the indices ¢ and h in (3.22) and using (2.12), we get

Taking the B-covariant derivative of the above equation twice with respect to ™ and !, using (3.6),
we get

BlePk‘n:almnPk
if and only if

BB (P, Piy) = 0. (3.24)

Thus, we conclude the following corollary:

Corollary 3.11. The covariant derivative in the sense of Berwald with respect to ', 2™ of the h-
covariant derivative in the sense of Cartan with respect to ™ for Py, and Py behave as trirecurrent if
and only if (3.23) and (3.24) hold, respectively.

4 Conclusion

We introduced a Finsler space that Pjikh satisfies the generalized trirecurrence property in G(BR) —
TRF,. Furthermore, we found that the Berwald’s covariant derivatives of the third order for some
tensors are non - vanishing. The relationship between P}, and Rjy, is studied in the above mentioned
space.
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