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Abstract The generalized recurrent and birecurrent spaces for P i
jkh are discussed

by Finslerian geometrics. Now, in this paper, we generalize these spaces by using the
covariant derivative of third order in the sense of Berwald. The necessary and sufficient
condition for P i

jkh satisfying the generalized trirecurrence property is obtained. In ad-
dition, we show that the covariant derivative in the sense of Berwald coincides with the
h-covariant derivative in the sense of Cartan. Various identities concerning such space
are established.
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1 Introduction

The concept of trirecurrent and generalized trirecurrent spaces is discussed by [13, 15] and [27]. The
generalized recurrent space for Hi

jkh, Ri
jkhand P i

jkh in the sense of Berwald was studied in [1,7,9,10,18]
and [25]. Also, the generalized property for normal projective curvature tensor N i

jkh in the sense of
Berwald was introduced by [11]. Furthermore, the generalized birecurrent space for different curvature
tensors in the sense of Berwald is studied in [3, 8, 14] and [16]. Srivastava [24] defined the special R-
generalized recurrent Finsler spaces of order two. The first author has earlier studied the BP -recurrent
and birecurrent Finsler spaces [2,3,20].
In the same regard, Qasem and Ahmed [12] studied the generalized BH-trirecurrent space. The gen-
eralized trirecurrent space for Ki

jkh and Ri
jkh in the sense of Cartan is discussed by Nasr [21] and

Husien [23] respectively. In this paper we focus on a Finsler space that P i
jkh satisfies the generalized

trirecurrent characteristic. Additionally we obtain the relationship between two types of curvature
tensors and covariant derivatives.

2 Preliminaries

This section will provide some definitions which we need in this study. Let Fn be an n-dimensional
Finsler space equipped with the metric function F (x, y) satisfying the request conditions [4, 26]. The

∗ Communicated, edited and typeset in Latex by Lalit Mohan Upadhyaya (Editor-in-Chief).
Received October 14, 2023 / Revised March 31, 2024 / Accepted April 08, 2024. Online First Published
on June 15, 2024 at https://www.bpasjournals.com/.
†Corresponding author Alaa A. Abdallah, E-mail: maths.aab@bamu.ac.in

https://doi.org/10.52710/bpas-math.6
https://www.bpasjournals.com/


44 Alaa A. Abdallah and Basel Hardan

vector yi is defined by
yi = gij (x, y) y

j . (2.1)
Two sets of quantities gij and its associative gij are connected by

gijg
ik = δkj =

{
1, if j = k ,
0, if j ̸= k .

(2.2)

In view of (2.1) and (2.2), we have

a) δik yk = yi, b) δijgir = gjr and c) δikyi = yk. (2.3)
The (h)hv-torsion tensor Ci

jk is the associate tensor of the tensor Cijk which are defined by [6,22]:

a) C ijk yi = C kij yi = C jki y
i = 0, b) Ci

jky
j = Ci

kj yj = 0 and c) δijCkil= Ckjl, (2.4)

where,
C ijk=

1

2
∂̇i gjk =

1

4
∂̇i ∂̇j ∂̇k F 2.

The Cartan h-covariant derivative (Cartan’s second kind covariant differentiation) with respect to xk

is given by
Xi

|k = ∂kX
i −

(
∂̇r Xi

)
G r

k +XrΓ∗ i
rk , (2.5)

where Γ∗ i
rk is a function called the Cartan’s connection parameter. The h-covariant derivative of the

vector yi vanish identically, i.e.,
yi
|k = 0. (2.6)

The connection parameter Gi
jk of Berwald connected with the Cartan’s connection parameter Γ∗i

jk is
given by

Gi
jk = Γ∗i

jk + Ci
jk|h yh . (2.7)

The Berwald’s covariant derivative Bk of an arbitrary tensor field T i
j with respect to xk is given by [17]

BkT
i
j = ∂kT

i
j −

(
∂̇rT

i

j

)
Gr

k + T r
j G

i
rk − T i

rG
r
jk. (2.8)

The processes of Berwald’s covariant differentiation and the partial differentiation commute according
to (

∂̇kBh − Bh∂̇k

)
T i
j = T r

j G
i
khr − T i

rG
r
khj (2.9)

for an arbitrary tensor field T i
j .

The Berwald’s covariant derivative of the vector yi and metric tensor gij satisfy

a) Bky
i = 0 and b) Bkgij = −2Cijk|hy

h = −2yhBhCijk. (2.10)

The h-curvature tensor (Cartan’s third curvature tensor) is defined by [17] as

Ri
jkh = ∂hΓ

∗i
jk +

(
∂lΓ

∗i
jk

)
Gl

h + Ci
jm

(
∂kG

m
h −Gm

klG
l
h

)
+ Γ∗i

mkΓ
∗m
jh − k/h ∗ .

The curvature tensor Ri
jkh, R-Ricci tensor Rjk and curvature vector Rk satisfy

a) Ri
jkhy

j = Hi
kh = Ki

jkhy
j , b) Ri

jkh = Ki
jkh + Ci

jsH
s

kh, c) Rjk = Kjk + Cr
jsH

s
kr and d) Rjky

j = Rk.
(2.11)

The tensor P i
jkhcalled hv-curvature tensor (Cartan’s second curvature tensor) is positively homogeneous

of degree −1 in yi and is defined by [17,19]

P i
jkh=∂̇hΓ

∗i
jk + Ci

jrP
r

kh − Ci
jh|k.

The associate tensor Pijkh, torsion tensor P i
kh and P -Ricci tensor Pjk of hv-curvature tensor P i

jkh

satisfies the relations

a) P i
jkh yj = Γ∗i

jkhy
j = P i

kh = Ci
kh|ry

r, b) P i
jki = Pjk, c) P

i
ki = Pk, d) Pk yk = P, and e) P i

jky
j = 0.
(2.12)
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Using (2.12) in (2.7), we get
P i
kh = Gi

kh − Γ∗i
kh. (2.13)

The hv-curvature tensor P i
jkh satisfies the following:

P i
jkh − P i

jhk = −Si
jkh|ry

r, (2.14)

and
P i
jkh − P i

kjh = Ci
kh|j + Ci

sjP
s
kh − j/k . (2.15)

Alaa et al. [2,3,20] introduced the generalized BP -recurrent space and generalized BP -birecurrent space
which are characterized by the conditions

BnP
i
jkh = λnP

i
jkh + µn

(
δijgkh − δikgjh

)
, P i

jkh ̸= 0 (2.16)

and
BmBnP

i
jkh = umnP

i
jkh + vmn

(
δijgkh − δikgjh

)
− 2ytµnBt

(
δijCkhm − δikCjhm

)
, (2.17)

where umn = Bmλn + λmλn and vmn = λnµm + Bmµn are non-zero covariant tensors field of second
order.

3 Main results

In this section, we discuss a Finsler space that P i
jkh satisfies the generalized trirecurrent characteris-

tic. Important theorems concerned with this space are proved. Taking B-covariant derivative for the
condition (2.17) with respect to xl and using the condition (2.16) and (2.10), we get

BlBmBnP
i
jkh = almnP

i
jkh + blmn

(
δijgkh − δikgjh

)
−2ytcmnBt

(
δijCkhl − δikCjhl

)
(3.1)

−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
,

where almn = Blumn + umnλl and blmn = Blvmn + umnµl are non-zero covariant tensor fields of the
third order, cmn = vmn and dln = Blµn are non-zero covariant tensor field of the second order. Also
BlBmBn is the differential operator in the sense of Berwald with respect to xl, xm and xn, successively.

Definition 3.1. A Finsler space Fn in which Cartan’s second curvature tensor P i
jkh satisfies the con-

dition (3.1) will be called a generalized BP -trirecurrent space and the tensor will be called a generalized
B-trirecurrent. This space and the tensor are denoted by G(BP )−TRFn and GB−TRFn, respectively.

In the next theorems below we establish that some tensors are non-vanishing.

Theorem 3.2. In G(BP ) − TRFn, Berwald’s covariant derivative of the third order for the torsion
tensor P i

kh and (−S i
jkh|ry

r) are given by

BlBmBnP
i
kh = almnP

i
kh + blmn

(
yigkh − δikyh

)
− 2ytcmnBt

(
yiCkhl

)
(3.2)

−2 ytdlnBt

(
yiCkhm

)
− 2ytµnBlBt

(
yiCkhm

)
,

and

BlBmBn(−S i
jkh|ry

r) = almn(−S i
jkh|ry

r)+ blmn

(
δihgjk − δikgjh

)
−2ytcmnBt

(
δihCjkl − δikCjhl

)
(3.3)

−2 ytdlnBt

(
δihCjkm − δikCjhm

)
− 2ytµnBlBt

(
δihCjkm − δikCjhm

)
,

respectively.
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Proof. Let us consider a G(BP )− TRFn which is characterized by the condition (3.1). Transvecting
the condition (3.1) by yj , using (2.10), (2.12), (2.3), (2.1) and (2.4), we get (3.2).
Taking the B-covariant derivative for (2.14) thrice with respect to xn, xm and xl, successively, using
the condition (3.1), we get

BlBmBn(−S i
jkh|ry

r) = almn(P
i
jkh − P i

jhk) + blmn

(
δihgjk − δikgjh

)
−2ytcmnBt

(
δihCjkl − δikCjhl

)
−2 ytdlnBt

(
δihCjkm − δikCjhm

)
− 2ytµnBlBt

(
δihCjkm − δikCjhm

)
.

Using (2.14) in above equation, we get (3.3). Hence, we have proved this theorem.

Theorem 3.3. The tensor (Ci
jk|h+Ci

hsP
s
jk −h/j) is a generalized B− trirecurrent in G(BP )−TRFn.

Proof. Assume that G(BP )− TRFn. Taking the B-covariant derivative of (2.15) thrice with respect
to xn, xm and xl, successively, using the condition (3.1), we get

BlBmBn(C
i
kh|j + Ci

sjP
s
kh − j/k) = almn(P

i
jkh − P i

hjk) +∝lmn

(
δijgkh − δikgjh

)
−2ytγmnBt

(
δijCkhl − δikCjhl

)
− 2 ytΩlnBt

(
δijCkhm − δikCjhm

)
− 2ytσnBlBt

(
δijCkhm − δikCjhm

)
,

where 2blmn = ∝lmn, 2cmn = γmn, 2dln = Ωln and 2µn = σn.
Using (2.15) in above equation, we get

BlBmBn(C
i
kh|j + Ci

sjP
s
kh − j/k) = almn(C

i
kh|j + Ci

sjP
s
kh − j/k) +∝lmn

(
δijgkh − δikgjh

)
(3.4)

−2ytγmnBt

(
δijCkhl − δikCjhl

)
− 2 ytΩlnBt

(
δijCkhm − δikCjhm

)
− 2ytσnBlBt

(
δijCkhm − δikCjhm

)
thus proving the theorem.

Now, we have a corollary related to the previous theorems. Contracting the indices i and h in the
condition (3.1) and (3.2), respectively and using (2.12), (2.3), (2.4) and (2.1), we get

BlBmBnPjk = almnPjk (3.5)

and
BlBmBnPk = almnPk. (3.6)

Transvecting (3.6) by yk, using (2.10) and (2.12), we get

BlBmBnP = almnP. (3.7)

The equations (3.5), (3.6) and (3.7) show that Pjk, Pk and P behave as trirecurrent. Thus, we conclude
the following corollary:

Corollary 3.4. In G(BP )−TRFn, the behavior of Ricci tensor Pjk, curvature vector Pk and curvature
scalar P are trirecurrent.

In the next three theorems we focus on the necessary and sufficient conditions for Ri
jkh, Hi

kh and Ki
jkh

that satisfy the generalized trirecurrence property.

Theorem 3.5. In G (BP )− TRFn, for n = 4, Cartan’s third curvature tensor Ri
jkh is a generalized

trirecurrent if and only if the tensor
(
δihRjk − δikRjh

)
is trirecurrent.

Proof. Since in the Riemannian space V4, the projective curvature tensor P i
jkh is defined as follows [5]

P i
jkh = Ri

jkh − 1

3

(
δihRjk − δikRjh

)
, (3.8)

taking the B−covariant derivative of (3.8) thrice with respect to xn, xm and xl, successively, using the
condition (3.1), we get

BlBmBnR
i
jkh = almnP

i
jkh + blmn

(
δijgkh − δikgjh

)
−2ytcmnBt

(
δijCkhl − δikCjhl

)
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−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
+

1

3
BlBmBn

(
δihRjk − δikRjh

)
.

Using (3.8) in the above equation, we get

BlBmBnR
i
jkh = almnR

i
jkh + blmn

(
δijgkh − δikgjh

)
−2ytcmnBt

(
δijCkhl − δikCjhl

)
−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
if and only if

BlBmBn

(
δihRjk − δikRjh

)
= almn

(
δihRjk − δikRjh

)
.

The above equation means that the tensor
(
δihRjk − δikRjh

)
behaves as trirecurrent. Hence, we have

proved this theorem.

Theorem 3.6. In G (BP ) − TRFn, for n = 4, Berwald’s covariant derivative of third order for the
torsion tensor Hi

khof Berwald curvature tensor are given by

BlBmBnH
i
kh = almnH

i
kh + blmn

(
yigkh − δikyh

)
−2ytcmnBt

(
yiCkhl

)
(3.9)

−2 ytdlnBt

(
yiCkhm

)
− 2ytµnBlBt

(
yiCkhm

)
if and only if the tensor

(
δihRjk − δikRjh

)
is trirecurrent.

Proof. Transvecting (3.8) by yj , using (2.10), (2.12) and (2.11), we get

P i
kh = Hi

kh − 1

3

(
δihRk − δikRh

)
. (3.10)

Taking the B−covariant derivative for (3.10) thrice with respect to xn, xm and xl, successively, using
(3.2), we get

BlBmBnH
i
kh = almnP

i
kh + blmn

(
yigkh − δikyh

)
−2ytcmnBt

(
yiCkhl

)
−2 ytdlnBt

(
yiCkhm

)
−2ytµnBlBt

(
yiCkhm

)
+

1

3
BlBmBn

(
δihRk − δikRh

)
.

Using (3.10) in the above equation, we get (3.9) if and only if

BlBmBn

(
δihRk − δikRh

)
= almn

(
δihRk − δikRh

)
.

The above equation shows that the tensor
(
δihRk − δikRh

)
behaves as trirecurrent. Hence, we have

proved the theorem.

Theorem 3.7. In G (BP ) − TRFn, for n = 4, Cartan’s fourth curvature tensor Ki
jkhis a generalized

B− trirecurrent if and only if

1

3
BlBmBn

{(
Kjk + Cr

jm Hm
kr)δ

i
h − (Kjh + Cr

jm Hm
hr

)
δik

}
− BlBmBn(C

i
jm H m

kh ) (3.11)

=
1

3
almn

{(
Kjk + Cr

jm Hm
kr)δ

i
h − (Kjh + Cr

jm Hm
hr

)
δik

}
− almn(C

i
jm H m

kh ).

Proof. Using (2.11) in (3.8), we get

P i
jkh = Ki

jkh + Ci
jm H m

kh − 1

3
{
(
Kjk + Cr

jm Hm
kr

)
δih −

(
Kjh + Cr

jm Hm
hr

)
δ
i

k
}. (3.12)

Taking the B−covariant derivative for (3.12) thrice with respect to xn, xm and xl, successively, using
(3.8), we get

BlBmBnK
i
jkh = almnP

i
jkh + blmn

(
δijgkh − δikgjh

)
− 2ytcmnBt

(
δijCkhl − δikCjhl

)

 Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics, Vol. 43 E, No. 1, January-June, 2024



48 Alaa A. Abdallah and Basel Hardan

−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
−BlBmBn(C

i
jm H m

kh ) +
1

3
BlBmBn

{(
Kjk + Cr

jm Hm
kr)δ

i
h − (Kjh + Cr

jm Hm
hr

)
δik

}
.

Using (3.12) in the above equation, we get

BlBmBnK
i
jkh = almnK

i
jkh + blmn

(
δijgkh − δikgjh

)
− 2y

t

cmnBt

(
δijCkhl − δikCjhl

)
−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
if and only if (3.11) holds. Hence we have proved this theorem.

In next theorem we find the necessary and sufficient condition for the tensors
(
∂̇hPjk

)
and

(
∂̇hPk

)
to

behave as trirecurrent.

Theorem 3.8. In G (BP ) − TRFn, the behavior of the tensors
(
∂̇hPjk

)
and

(
∂̇hPk

)
are trirecurrent

if and only if

(BlBmP
rk
)Gr

hnj +(BlP rk
)(BmGr

hnj
)+ (BmP

rk
)(BlG

r

hnj
)+Prk(BlBmGr

hnj)+ (BlBmPjr)G
r
hnk (3.13)

+(BlPjr)(BmGr

hnk
) + (BmP

jr
)(BlG

r

hnk
) + Pjr(BlBmGr

hnk) + (BlBrPjk)G
r
hmn + (BrPjk)(BlG

r

hmn
)

+(BlBnPrk)G
r
hmj + (BnPrk)(BlG

r

hmj
) + (BlBnPjr)G

r
hmk + (BnPjr)(BlG

r

hmk
)

+ (BrBnPjk)G
r
hlm + (BmBrPjk)G

r
hln + (BmBnPrk)G

r
hlj + (BmBnPjr)G

r
hlk − (∂̇halmn) P jk = 0,

and

(BlBmP
r
)Gr

hnk + (BlP r
)(BmGr

hnk
) + (BmP

r
)(BlG

r

hnk
) + Pr(BlBmGr

hnk) + (BrBlPk)G
r
hmn (3.14)

+(BrPk) (BlG
r
hmn) + (BlBnPr)G

r
hmk + (BnPr) (BlG

r
hmk) + (BrBnPk)G

r
hlm

+(BmBrPk)G
r
hln + (BmBnPr)G

r
hlk − (∂̇halmn)P k = 0,

respectively.

Proof. Differentiating (3.5) partially with respect to yh, we get

∂̇h(BlBmBnPjk) = (∂̇halmn) P jk + almn∂̇hP jk

Using the commutation formula exhibited by (2.9) for the tensor (BmBnPjk) in the above equation, we
get

Bl∂̇h (BmBnPjk)− (BrBnPjk)G
r
hlm − (BmBrPjk)G

r
hln − (BmBnPrk)G

r
hlj

− (BmBnPjr)G
r
hlk = (∂̇halmn) P jk + almn∂̇hP jk.

Again applying the commutation formula exhibited by (2.9) for the tensor (BnPjk) in the above equa-
tion, we get

Bl[Bm∂̇h (BnPjk)− (BrPjk)G
r
hmn − (BnPrk)G

r
hmj − (BnPjr)G

r
hmk]− (BrBnPjk)G

r
hlm

− (BmBrPjk)G
r
hln − (BmBnPrk)G

r
hlj − (BmBnPjr)G

r
hlk = (∂̇halmn) P jk + almn∂̇hP jk.

Also, applying the commutation formula exhibited by (2.9) for the tensor Pjk in the above equation,
we get

Bl[Bm{Bn∂̇hPjk − PrkG
r
hnj − PjrG

r
hnk} − (BrPjk)G

r
hmn − (BnPrk)G

r
hmj − (BnPjr)G

r
hmk]

− (BrBnPjk)G
r
hlm−(BmBrPjk)G

r
hln−(BmBnPrk)G

r
hlj−(BmBnPjr)G

r
hlk = (∂̇halmn) P jk+almn∂̇hP jk,

which can be written as

BlBmBn(∂̇hPjk)− (BlBmP
rk
)Gr

hnj − (BlP rk
)(BmGr

hnj
)− (BmP

rk
)(BlG

r

hnj
)− Prk(BlBmGr

hnj)
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−(BlBmPjr)G
r
hnk − (BlPjr)(BmGr

hnk
)− (BmP

jr
)(BlG

r

hnk
)− Pjr(BlBmGr

hnk)− (BlBrPjk)G
r
hmn

−(BrPjk)(BlG
r

hmn
)− (BlBnPrk)G

r
hmj − (BnPrk)(BlG

r

hmj
)− (BlBnPjr)G

r
hmk − (BnPjr)(BlG

r

hmk
)

− (BrBnPjk)G
r
hlm−(BmBrPjk)G

r
hln−(BmBnPrk)G

r
hlj−(BmBnPjr)G

r
hlk = (∂̇halmn) P jk+almn∂̇hP jk.

This shows that
BlBmBn

(
∂̇hPjk

)
= almn

(
∂̇hPjk

)
(3.15)

if and only if (3.13) holds.
Differentiating (3.6) partially with respect to yh, we get

∂̇h(BlBmBnPk) = (∂̇halmn)P k + almn∂̇hP k.

Using the commutation formula exhibited by (2.9) for the tensor (BmBnPk) in the above equation, we
get

Bl∂̇h (BmBnPk)− (BrBnPk)G
r
hlm − (BmBrPk)G

r
hln − (BmBnPr)G

r
hlk = (∂̇halmn)P k + almn∂̇hP k.

Again applying the commutation formula exhibited by (2.9) for the tensor (BnPk) in the above equation,
we get

Bl[Bm∂̇h (BnPk)− (BrPk)G
r
hmn − (BnPr)G

r
hmk]− (BrBnPk)G

r
hlm − (BmBrPk)G

r
hln − (BmBnPr)G

r
hlk

= (∂̇halmn) P k + almn∂̇hP k.

Also, applying the commutation formula exhibited by (2.9) for the tensor Pk in the above equation, we
get

Bl[Bm{Bn∂̇hPk − PrG
r
hnk} − (BrPk)G

r
hmn − (BnPr)G

r
hmk]− (BrBnPk)G

r
hlm

− (BmBrPk)G
r
hln − (BmBnPr)G

r
hlk = (∂̇halmn) P k + almn∂̇hP k.

which can be written as

BlBmBn(∂̇hPk)− (BlBmP
r
)Gr

hnk − (BlP r
)(BmGr

hnk
)− (BmP

r
)(BlG

r

hnk
)− Pr(BlBmGr

hnk)

− (BrBlPk)G
r
hmn − (BrPk) (BlG

r
hmn)− (BlBnPr)G

r
hmk − (BnPr) (BlG

r
hmk)− (BrBnPk)G

r
hlm

− (BmBrPk)G
r
hln − (BmBnPr)G

r
hlk = (∂̇halmn) P k + almn∂̇hP k.

This shows that
BlBmBn

(
∂̇hPk

)
= almn

(
∂̇hPk

)
(3.16)

if and only if (3.14) holds.
(3.15) and (3.16) show that the tensors

(
∂̇hPjk

)
and

(
∂̇hPk

)
behave as trirecurrent if and only if (3.13)

and (3.14) hold.

In the next theorems we obtain the relation between the covariant derivative in the sense of Berwald
and Cartan for different tensors.

Theorem 3.9. In G (BP )−TRFn, when the covariant derivative in the sense of Berwald with respect
to xl, xmcoincide with the h−covariant derivative in the sense of Cartan with respect to xn, then P i

jkh

is given by

BlBmP i
jkh|n=almnP

i
jkh + blmn

(
δijgkh − δikgjh

)
− 2ytcmnBt

(
δijCkhl − δikCjhl

)
(3.17)

−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
is a generalized birecurrent if and only if

BlBm(P r
jkhP

i
rn−P i

rkhP
r
jn−P i

jrhP
r
kn −P i

jkrP
r
hn) = 0. (3.18)
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Proof. Using the definition of the covariant derivative in the sense of Berwald for P i
jkh exhibited by

(2.8) with respect to xl, we get

BnP
i
jkh = ∂nP

i
jkh+ P r

jkhG
i
rn−P i

rkhG
r
jn−P i

jrhG
r
kn −P i

jkrG
r
hn−

(
∂̇rP

i
jkh

)
Gr

n .

Using (2.13) in the above equation, we get

BnP
i
jkh=∂nP

i
jkh+ P r

jkhΓ
∗i
rn−P i

rkhΓ
∗r
jn−P i

jrhΓ
∗r
kn−P i

jrhΓ
∗r
hn−

(
∂̇rP

i
jkh

)
Gr

n

+P r
jkhP

i
rn−P i

rkhP
r
jn−P i

jrhP
r
kn −P i

jkrP
r
hn.

Using the definition of h-covariant derivative in the sense of Cartan exhibited by (2.5) with respect to
xn in the above equation, we get

BnP
i
jkh=P i

jkh|n+P r
jkhP

i
rn−P i

rkhP
r
jn−P i

jrhP
r
kn −P i

jkrP
r
hn. (3.19)

Taking the B-covariant derivative for (3.19) twice with respect to xm and xl, using the condition (3.1),
we get

BlBmP i
jkh|n=almnP

i
jkh + blmn

(
δijgkh − δikgjh

)
− 2ytcmnBt

(
δijCkhl − δikCjhl

)
−2 ytdlnBt

(
δijCkhm − δikCjhm

)
− 2ytµnBlBt

(
δijCkhm − δikCjhm

)
+BlBm(P r

jkhP
i
rn−P i

rkhP
r
jn−P i

jrhP
r
kn −P i

jkrP
r
hn)

Thus, we obtain (3.17) if and only if (3.18) holds. Hence, we have proved this theorem.

Theorem 3.10. In G (BP )−TRFn, when the covariant derivative in the sense of Berwald with respect
to xl, xm coincide with the h− covariant derivative in the sense of Cartan with respect to xn, then P i

kh

is given by
BlBmP i

kh|n=almnP
i
kh + blmn

(
yigkh − δikyh

)
− 2y

t

cmnBt

(
yiCkhl

)
(3.20)

−2 ytdlnBt

(
yiCkhm

)
− 2ytµnBlBt

(
yiCkhm

)
if and only if

BlBm(P r
khP

i
rn−P i

rhP
r
kn −P i

krP
r
hn) = 0. (3.21)

Proof. Transvecting (3.19) by yj , using (2.6), (2.10) and (2.12), we get

BnP
i
kh=P i

kh|n+P r
khP

i
rn−P i

rhP
r
kn−P i

krP
r
hn . (3.22)

Taking the B−covariant derivative of (3.22) twice with respect to xm and xl, using (3.2), we get

BlBmP i
kh|n=almnP

i
kh + blmn

(
yigkh − δikyh

)
− 2ytcmnBt

(
yiCkhl

)
−2ytdlnBt

(
yiCkhm

)
−2ytµnBlBt

(
yiCkhm

)
+BlBm(P r

khP
i
rn−P i

rhP
r
kn−P i

krP
r
hn).

Thus, we obtain (3.20) if and only if (3.21) holds. Hence, we have proved this theorem.

Now, we have a corollary related to the previous theorems. Contracting the indices i and h in (3.19)
and using (2.12), we get

BnPjk=Pjk|n+P r
jkiP

i
rn−PrkP

r
jn−PjrP

r
kn−P i

jkrP
r
in .

Taking the B-covariant derivative of the above equation twice with respect to xm and xl, using (3.5),
we get

BlBmP jk|n=almnPjk

if and only if
BlBm(PrkP

r
jn − PjrP

r
kn) = 0. (3.23)
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Contracting the indices i and h in (3.22) and using (2.12), we get

BnPk=Pk|n+P r
kiP

i
rn−PrP

r
kn−P i

krP
r
in .

Taking the B-covariant derivative of the above equation twice with respect to xm and xl, using (3.6),
we get

BlBmP k|n=almnPk

if and only if
BlBm(P rP

r
kn) = 0. (3.24)

Thus, we conclude the following corollary:

Corollary 3.11. The covariant derivative in the sense of Berwald with respect to xl, xm of the h-
covariant derivative in the sense of Cartan with respect to xn for Pjk and Pk behave as trirecurrent if
and only if (3.23) and (3.24) hold, respectively.

4 Conclusion

We introduced a Finsler space that P i
jkh satisfies the generalized trirecurrence property in G(BR) −

TRFn. Furthermore, we found that the Berwald’s covariant derivatives of the third order for some
tensors are non - vanishing. The relationship between P i

jkh and Ri
jkh is studied in the above mentioned

space.
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