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Abstract The momentum operator may be generalized for the correspondence of
the limit of quantum commutators of observables with the classical commutators. The
substitution of the momentum operator into the nonrelativistic equation for the conser-
vation of energy yields a generalization of the stationary wave equation. Replacing also
the energy operator, a generalization of the time-dependent Schréodinger equations, there
exists a special class of wavefunctions that satisfies the nonrelativistic wave equation in
quantum theory.
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1 Introduction

The wavefunction determines the probability distribution for the location of a particle which belongs
to space of square integrable functions and it is normalized such that the integral of the probability
density equals one. The development of quantum mechanics begins with the operator formulation of the
fundamental coordinate and momentum operators, which then provide a definition of the Hamiltonian.
When these operators are Hermitian, the eigenvalues are real and represent the measurements of real
observables. The operators have nontrivial commutator relations [1] in contrast with the multiplication
of complex numbers and there exists a differential operator which can represent the momentum. The
equation for the conservation of energy may then be written as a second-order differential equation for
the wavefunction [2].

The equivalence between the limit iz — 0 of the quantum commutators and the classical commutator
defined by the Poisson bracket requires a generalization of the differential operator representing the
momentum. The replacement of the coefficient —if of the derivative % by ko — th does not provide a
Hermitian operator, and another formula is required [3]. Given the new expression for the momentum
operator, a new wave equation is derived from the energy principle. It is a matrix equation and can be
written as a system of four differential equations for the components of a spinor.

Given a set of conditions on the components, the differential equations have different forms. There is
one condition that yields the Schrodinger equation. An interpretation of these relations is given for
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radial potentials. The nonrelativistic wave equation for these potentials is recovered when one of the
coordinate directions is identified with the radial coordinate.

When the wavefunction represents a spinor field such as the electron, the matrix equation is a system
of coupled differential equations for the components. Various conditions such as the reality of the
spinor, Majorana and anti-Majorana conditons yield a reduced set of equations in §4. It is found that
the effective mass is decreased by a factor of 3 which occurs for real Majorana fermions. The time-
dependent nonrelativistic wave equations are formulated in §4. A difference between the solutions for
Majorana and anti-Majorana spinors is described.

2 A nonrelativistic equation for the wavefunction

The generalization of the quantum commutator of the coordinate and momentum operators [3] for
correspondence with the classical commutator [4-8] follows from p; = koY — thd; with the adjoint

ﬁj = mo(vi)Té_i + ihd; (2.1)
= ko7°v'1°8; + ihd;
= —roY'0; +ihd;,
which is equivalent in the space of square integrable functions, with the boundary conditions of the
wavefunction and its derivative vanishing at infinity, to
Koy 8; — ihd;. (2.2)

The momentum operator is hermitian and the product with the adjoint is

Pipi = (koy'0i — ihd:) (ko' 0; — ih;) (2.3)
= (koY'0; — ihd;)?
= — (k3T + B*)07 — 2kohy' 07
The nonrelativistic energy conservation law

p2

% + V(JL') =F (24)
would be translated to
2 2 )
> [ (50 P gy it g2y 1 v (e = By (2.5)
2m m

The Schrodinger equation results in the limit ko — 0.
It may be recalled that the generalized uncertainty relation is

/2 ¥ 12
TI"(szApj) Z 0#5” (2.6)
after tracing matrix components in the momentum operator. This inequality can be verified for ko = h.
It can be verified also to be equivalent to the uncertainty relation for matrix elements in the product

/2 +h2
AflfiApj > KGR

5 with ko replaced by A in the traced relation.
If ko is set equal to A, the matrix differential equation is

h2

m

2 .
V3 — zzh—m > A+ V() = Eyp. (2.7)

k3

Given the representation of the gamma matrices
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The Schrédinger equation can be derived only in one dimension when ko = h with the coordinate being
x2 and the central elements being selected. Then

e~ ()T VWY = 5 T+ VWY = B, (29)

This equation is compatible with the solutions to the nonrelativistic wave equation with a radial
potential and the coordinate y being identified with r.

The spectrum of the hydrogen atom, for example, can be found with the radial direction aligned along
the y axis. However, the system of differential equations with the generalized momentum operator
can generate new effects. The solutions to the Schrédinger equation for the hydrogen atom consist
of products of Legendre polynomials and spherical harmonics. The directions &' and &2 introduce an
imaginary term in the differential equation which can produce damped solutions. Amongst the real
equations, there are two. In addition to the conventional Schrédinger equation, there is an equation of
the form

-+ V(z)) = Ei. (2.10)

The mass m has been replaced by %. The Legendre polynomials increase with powers of m and would
be larger for a particle with mass m rather than .

Consider another entry 1 in a gamma matrix 4*, i = 1,2, 3. Then there is a component of the equation
that has the form

2 ~ ~ ~

(2 + )07 + V(x)) = Eq). (2.11)

~2m

3 A system of differential equations in the quantum theory

P1
These equations may be systematized by considering a column vector representation ¢ = V2 ,
3
o
and the matrix differential equation is
P1 P1
0 0 05 0t —ids
2 2 , 2 .92 2
Ko+ h o | 2 ikoh 0 0 07 — 105 03 P2
-—V - 2 2 o2 (3.1)
2m m 83 81 + 182 0 0
3 a9t — i3 o3 0 0 s
(2 P4
1 Y1
cv@ | Y| =E| ¥
s P3
Pa P4
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This matrix equation is equivalent to the following system of differential equations

_5(2) + K2 Kokl o Kol o Kol o

SV — iSO — T Oy — T 030+ V(@) = B,
5+ n? h hi
AT Gy i g 4 B G T R 1V (s = B,
(3.2)
24 m? h I h
—Féoz—; V243 +i 2631/}1 +1 ﬂaﬂbz + 0 (321112 + V(z)1 = Evs,
S+ n? hi 7 h
_f<é02'; v? a4+ KLBﬂ/} _HL;)QQ/) _ KL@sd&-i-V( )¢4:E1/J4.
When ko = A,
hz 2 . h2 2 . h2 2 h2 2
—EV 1 — 1%337/’3 Z7311/14 - 7321/14 + V(z)y1 = Eyn,
h2
— Vi 61w3+ 82w3+z 33w4+V( Y2 = B,
(3.3)
h2
—*V s + z—agwl z—alwg + 82w2 + V(x)ys = Evs,
h2
_7v ¢4 + 7*7811;[)1 - az'l,bl - 83’#12 + V( )’ll)4 = Ew4

To obtain the equatlons dependlng only on the coordlnate T2, let 019 = 031 = 0. Then the system of
equations in flat space is

h? R
02 — 502 + V()Y = By,
h h?
321/12 +3 321/13 + V()2 = Eve,
h2 h (3.4)
—*321/134- 521/12+V( Y3 = Evs,
R, h 5
——03%1 — 5—03¢1 + V(2)ha = Evpa.
m 2m
If 1 = 4 and 2 = 3, the equations reduce to
30% 5
f—agwl +V(x)1 = By
(3.5)

7%831/;2 + V(x)ta = B,

which are the real equations in the z? coordinate found in §2.
Consider a spinor that satisfies the condition ¢ = T C, where C is the charge conjugation matrix

=~ 9
(e T4 ) Since d=wi® = (05 5~ w5 D) and $TC = (s s v — ), we have

—io
?H = 1/)47
Y3 = —s3
. ’ (3.6)
_QPS = 1/127
—5 = —¢1.
The last two equalities follow from the first two and there are two independent components in the
Y1
A
. P2 . . . _ Y1 .
spinor . It is equivalent to the spinor where aq = , since
~ A
=13 “ 2
U1
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G = AP g = ( o ) L e (3.7)
() Y1
The set of differential equations for a spinor with 3 = —15 and 14 = 7] is
72 72 h 7i? X
—*V Y1 t+ig 33% - 31% - faglﬁl + V(x)¢1 = Ev,
hg h2 h 72
—*V P2 +1781¢2 - 32’% +Z 831/11 + V(z)h2 = Ebo,
2 (3.8)
I ﬁ h h " »
*V Yy +i 33% + 1 811/12 t3 821/12 = V(2)¢y = —Evs,
h h h h X
—*V Y1+ 611/11 621/11 551/)2 + V(z)1 = Eyr.

The third equation in the set of equations (3.8) is the negative of the complex conjugate of the second
and the fourth equation of this set is that of the first. There are two differential equations for two
variables 11, ¥z and the system is not overdetermined.
For real spinors with 11 = 4, 92 = —3 and 019 = 03¢ = 0, the set of equations with real coefficients
is
h2
——821111 + V(z)¢1 = E¢n,

2
I Bs V(@) = B,

(3.9)

Suppose instead that ¢1 = —14 and 2 = t3, which could be derived for real spinors and the identifi-
cation of ¥ with —7T, then the equations for the two components become

2
o BBy + V(s = By,
(3.10)

B,
—%3271’2 + V(2)2 = Evpa.

4 The time-dependent wave equation in nonrelativistic quantum mechan-

ics
When the Hamiltonian H = zha is used in the time-dependent equation we get
n? )
- — —ith—. 4.1
V() = —ing (4.1)

SN f =t (—ih%L) +ing (tf) = ihf, then [t, H] = il and AEAL > 5.

The commutator [t7 —ih 2
Recovery of a real classical commutator in the limit A — 0 would suggest consideration of the operator
K,()’YO% — ih%, which is an analogue of the momentum operator koy'0; — ih%. The adjoint of this

operator is

00 _ip 9yt _ 10 50
(koY —ihg)' = rolr0) 5; +ihgy,

(4.2)

In the space of square-integrable functions in the time interval (—oo, 00), this operator is equivalent to
7/{0’70% - ih%. If ko is real, this operator is non-Hermitian.

By contrast, the operator inofyo zhgt is Hermitian. The commutator is

nnnnnnnnnnn
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0

5l = —(iron° —ih) f. (4.3)

00

t, mo'y ETh th—
Since +° is real, the commutator is purely imaginary and does not yield a real classical commutator in
the limit 2~ — 0 .
Since the Poisson brackets in nonrelativistic quantum mechanics are defined as commutators of functions
derivatives with respect to the position coordinates ¢* and the momentum variables p', rather than
t, E, it suffices to use —ih% here for the Hamiltonian.
The system of differential equations for the nonrelativistic spinor field then would be

24 p2 B h i’
IG5 — B 4V (@) = —in O
2m Bt
24 p2 h h h e
SO gy iR gy + KO Ry i e 4 V (s = —iB O
2m o (4.4)
h? h h h 9 ’
ks Ry i 50 s + S 3Ry 1 () = —ih 2,
2m ot
2 h h a
L LU I e Ty
When ko = h,
B2 h h h2 0
Ry — i — i 0 — 0B + V() = —in AL,
B2 h h h o
s i O OB + i O+ V(s = —ih O,
(4.5)
h2 h2 h2 h o
— Ny i Ot + i Ofbe + 5 O3un + V(2 = —ih gf',
h2 B2 h h 0
R iR — 0B — i O + V() = —ih A,
For a complex spinor satisfying the condition 1) = wTC ,
B2 B2 s R, . 9
— SV s 08U — is O] — S0 + V(@) = —ihun,
12 h h h )
—*V P2 +1i 511/)2 - 5’2¢2 aswl +V(x)p2 = _maw%
4.6
rﬁ h h h R I (4.6)
*V Py + 631/11 + 1 811112 + 821/12 V(x)ys = Zh*d’%
h2 h h

2
_*V Y1 +’L 61¢1 82¢1 h 53w2+V( Y1 :—zh ¢1

when ko = h. The conjugate of the fourth equation and the negative of the conjugate of the third
equation in (4.6) are

72 12 72 72 " 0
—*V Y1 t+ig 53% —ig 51#}1 - 735% + V() = Zﬁalbh
4.7
h2 h h 72 L0 (4.7
—*V P2 + Z 811/)2 - 821/)2 + Z 53¢1 +V(z)y2 = mawl
Addition of these equations to the previous equations for ¥ and 2 yields
ﬁQ h2 2 %
—*V 1 +Z 83¢2 - 81¢1 - 7327% + V(z)1 =0,
h2 (4.8)
——V¢ﬁw 8@9— @%+z &w+vuw=0

which have a dependence only on the spatial coordinates.
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Suppose instead that the spinor satisfies the condition 1) = —¢TC. Then 13 = ¢3, 14 = —b} and the
four differential equations are

w . y
— Vi — z 33% alwl 92yt + V(z)y1 = —ih—1,
m 2m ot
h2 * * - * . 8
— Vs — z‘—afwg + —aéwz — W 2mT + V(@) = —iho s,
(4.9)
1’ Y. I
iV V3 + 831/)1 + Z 311ﬁ2 + m3§¢2 + V(z)ys = 7@haw2’
. . L0 .
—v ¥+ alwl mfﬁwl — il 2mdie — V(@)¥] = iho .

Adding the negative of the conjugate of the third equation to the second equation and the conjugate
of the fourth equation to the first equation in (4.9) gives

h? h? ., 0
*V U1 + 521/)1 = —Zh*%/)h
h2 h

—*V 2 + 621/)2 = —Zh 1/)2

(4.10)

The general solution is a function that is harmonlc in the Varlables x1,x2 and solves the heat equation
in the variables xs2,t. For real spinors, these equations with 019 = 931 = 0 reduce to the Schréodinger
equation in the coordinate x2 with no potential

B 0% )

—— = —ith—1. 4.11

2m 9z32 ‘ atw (4.11)
which is solved by theta functions of z2 and t.

5 Conclusion

The differential equation for the wavefunction in quantum mechanics is generalized to a matrix equation
with a new Hermitian operator representing the momentum variable. It is demonstrated that the system
of equations can be reduced to the Schréodinger equation when the coefficient ¢ of the gamma matrix
~* equals zero. If kg = A, the nonrelativistic wave equation of quantum mechanics is derived after 1 is
equated with —)TC, with C being the standard charge conjugation matrix and the spinor is required
to be real. Under other conditions, different wave equations are found for some of the components
yielding quantum effects of lesser magnitude.

The time-independence of the differential equations for Majorana spinors yields stationary solutions,
which have been experimentally detected [9] The dynamics of a real anti-Majorana fermion under no
potential is governed by a heat equation with an imaginary specific heat. Replacing t by 7 = it, the heat
equation then has a real specific heat. It may be recalled that thermal states are defined in Euclidean
quantum field theory with a periodicity given by the inverse of the temperature. The equation for the
real free anti-Majorana fermion therefore describes the thermal quantum states for period boundary
conditions on the wavefunction.
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