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Abstract In this paper the one-dimensional heat equations with the heat generation
arising in the associated fractal transient conduction is investigated. Analytical solutions
are obtained by using the finite difference method (FDM). The method, in general, is
easy to implement and it yields good results. In addition, the uniqueness and stability
results are also discussed. Some illustrative examples are included to demonstrate the
validity and applicability of the technique.
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1 Introduction

The heat equation is of fundamental importance in diverse scientific fields as it describes the distribution
of heat (or variation in temperature) in a given region over time. In mathematics it is a prototypical
parabolic partial differential equation. In financial mathematics, the famous Black-Scholes option
pricing models differential equation can be transformed into the heat equation allowing a relatively easy
solution from a familiar body of mathematics [2,4,6,18,20]. The diffusion equation, a more general
version of the heat equation, arises in connection with the study of chemical diffusion and other related
processes and a direct practical application of the heat equation, in conjunction with the Fourier theory,
in spherical coordinates, is the measurement of the thermal diffusivity in polymers [5,7,11,14-16]. The
heat equation can be efficiently solved numerically using the Bender-Schmidt method. Usually the
solution of these equations is given in the Fourier series form. Monte [23] applied a natural analytical
approach for solving the one dimensional transient heat conduction in a composite slab. Lu et al. [21]
gave a novel analytical method applied to the transient heat conduction equation. In this paper, we
find the solution of one-dimensional heat equations with certain initial and boundary conditions as a
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polynomial:
U = kiuge, 0<z <, t>0 (1.1)
u(z,0) = f(z), 0<z <], (1.2)
u(0,t) = w(l,t)=0,t>0 (1.3)

where u = u(z,t) is the dependent variable, and k is a constant coefficient. (1.1) is a model of transient
heat conduction in a slab of material with thickness . The domain of the solution is a semi-infinite
strip of width [ that continues indefinitely in time. The material property k is the thermal diffusivity.
In a practical computation, the solution is obtained only for a finite time, say tmax. The solution to
(1.1) requires specification of boundary conditions at = 0 and = [ and initial conditions at ¢t = 0.
A set of simple boundary and initial conditions is given by (1.2) and (1.3).

The numerical solution of the heat equation is discussed in many textbooks, e.g., Ames [1], Cooper [9],
Morton and Mayers [22] provide a more mathematical development of the finite difference method
(FDM). See Cooper [9] for a modern introduction to the theory of partial differential equations along
with a brief coverage of numerical methods. Fletcher [10], Golub and Ortega [12] and Hoffman [17]
take a more applied approach that also introduces implementation issues. Fletcher provides Fortran
code for several methods.

The finite difference method is one of the several techniques for obtaining numerical solutions to the
boundary value problems [19], especially to solve partial differential equations, in which the partial
derivatives are replaced by finite differences of two variables. Mortan and Mayer [24] and Cooper [25]
provide a rich mathematical development of finite difference methods besides a modern introduction to
the theory of partial differential equations along with a brief coverage of numerical methods. Fletcher
[10] described the method to implement finite differences to solve boundary value problems. In this
paper, we describe how to solve a one-dimensional heat equation using the finite difference method.

2 Numerical resolution of the problem
Consider the heat equation in one dimension,
ur = ktge.

Recall that the partial derivative u¢, is defined by

ou .. u(x,t+ At) —u(z,t)
at A}tl—n—lw At

Therefore, we can use the approximation

Ou _ u(w,t+ At) —u(z,t)

at = At :
This is called a forward difference approximation [3,8,13,19]. In order to find an approximation to the
second derivative uz,, we start with the forward difference

(2.1)

Ou _ u(r+ Az, t) —u(z,t)
ox Ax ’

then
Oug Ug(z + Az, t) — u(z, t)
ox Az
We need to approximate the terms in the numerator. It is customary to use a backward difference
approximation. This is given by letting Az — —Az in the forward difference form,
Ou _ u(z,t) —ulx — Az, t)

~ .

ox Az

Applying this to u, evaluated at x = x and = = x + Az, we have

u(z,t) — u(x — Az, t)

ug(z,t) ~ Ax ,

nnnnnnnnnnn
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and (x + Az, t) (z,¢)
u(x z,t) — u(z,
ug(x + Az, t) = Ay .
Inserting these expressions into the approximation for ug., we have
0%u _ Oug
0x2 Oz
_u(z+ Az, t) — u(x, t)
- Az
u(z+Az,t)—u(z,t) u(z,t)—u(z—Ax,t)
~ Az Az
- Az B Az
_u(z + Az, t) — 2u(zx,t) + u(z — Az, t) (2.2)
(Ax)? ' '

This approximation for ug, is called the central difference approximation of ugz,. Combining (2.1) with
(2.2) in the heat equation, we have

u(z,t + At) —u(z,t) ku(x + Az, t) — 2u(z,t) + u(z — Az, t)
At - (Az)?

Solving for u(z,t + At), we find

u(z,t + At) = u(z,t) + afu(z + Az, t) — 2u(z, t) + u(z — Az, t)], (2.3)

where o = k<AATt)2.

In this equation we have a way to determine the solution at position x and time ¢ + At given that we
know the solution at three positions x,z + Ax and z 4+ 2Ax at time ¢:
u(z, t+ At) = u(z,t) + afu(z + Az, t) — 2u(x, t) + u(z — Az, t)]. (2.4)

The domain of the solution is z € [a,b] and t > 0. We seek approximate values of u(x,t) at specific
positions and times. We first divide the interval [a, b] into N subintervals of width Az = (b — a)/N.
Then, the endpoints of the subintervals are given by

r; = a+ iAx, i=0,1,...,N.
Similarly, we take time steps of At, at times
t; =jAt,  j=0,1,2,....

This gives a grid of points (z;, t;) in the domain leading to an approximate solution to the heat equation
Us,; = u(zi,t;), so (2.4) becomes

Ui 41 R Ui + Uit — 2Usj + Ui—1 5] (2.5)
Let us assume that the initial condition is given by
u(z,0) = f(x).
For example, if we have Dirichlet conditions at = = a,
u(a,t) = 0.
The approximation to the derivative gives

e _ula+ Az, t) —ula,t)
ot|,_, - Az N

0.

Then,
u(a + Az, t) — u(a,t)

old old

new old
i = U; + a[u¢+1 — 2'1111 + Ui—1]-

u
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3 The uniqueness of solution

In this section, we shall give a uniqueness of solution for one dimensional heat equation with finite
length.

Theorem 3.1. The solution of the problem (1.1), if it exists, is unique.

Proof. The proposed uniqueness result for the initial and boundary value problem (IBVP) of the heat
equation is equivalent to showing that the following IBVP has only a trivial solution,

v = kvge, 0 < <, t>0,
v(z,0) =0, 0 <z </, (3.1)
v(0,t) =v(l,t) =0, t > 0.

Let v(z,t) be a solution of problem (3.1). Now consider,

B(t) = i/o v (z, t)da.

Observe that E(¢) is a differentiable function of ¢, since v(z,t) is twice differentiable. Therefore

@ = l/lvvdar
a k), "

l
= /vvmdx
0
l 1
2
—/ vedx.
0 0

i
dE:—/UidmgO,
0

= VU

Since v(0,t) = v(l,t) = 0, we have

dt
i.e., E is a decreasing function of ¢. Also, by definition E(t) is nonnegative and from the condition
v(z,0) = 0, we have E(0) = 0. Therefore
E)=0, Vt>0=v(z,t) =0, 0<z<1,t>0.

Hence, the proof is completed.

4  The stability results

In this section, we discuss stability of the finite difference scheme for the heat equation.
Consider the following finite difference approximation to the 1-D heat equation:

k1 ok AL g

Up, Uy = @(um_l —2uf + uﬁ_l) where u* ~ U(Tn, tr).

Let uf = ¢re™>% then

(Srr1 = @R)e™ ™ = o (' =24 e )gpe A

At . inAzf
= A2 [2 cos(fAz) — 2] ore ,

or,

At . 5 0Ax
Prt1 = ¢k*Am24sm2(?)¢k

4Nt . 5 OAz
[1 ALz sin (—2 )] P

nnnnnnnnnnn
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Now, for stability we require that |¢r+1| < |Pkl, so that
AAL . 5 0Ax
~ Az sin (?) <1

iﬁi sm2(—9§x) <.

The right inequality is satisfied automatically, while the left inequality can be re-written in the form:
Agz Sin (T) <2.
Since sin?(.) < 1 this condition is satisfied for all § provided that

= -2<—

Ax?
< .
At < 5

5 Numerical examples

Example 5.1. We consider the following boundary value problem of one-dimensional heat equation.

Ut = Ugpz- (5.1)
subject to

u(0,t) =0 (5.2)

u(5,t) =0

where, 0<t<25 and 0<uz<5.
For the solution to the problem, we take the interval of differencing of x as 1, i.e., h = 1, and the
interval of differencing of t as % i.e k = %, thus 2o =0, z1 =1, 22 =2, 23 =3, za =4, x5 =5 and

2,
to =0, t1 = %7 ta =1, tz = %, ty = 2, ts = g, suppose urs = f(zr,ts) where x, = o +rh and

ts =to + sk, for (r,s =0,1,2,3,4,5).
The boundary condition (5.2) gives

Uo0 = U1 = U02 = U3 = Uo4 = Ups = 0,
and the boundary condition (5.3) gives

U50 = U51 = Us2 = U53 = Us4 = Us5 = 0,
while the boundary condition (5.4) gives

U0 = U1 = U20 = U0 = Us0 = Us0 = 0.
The other values are obtained from the recurrence relation

Ui b1 = Ui+ AUi—1,5 — 2Uij + Wit1,5)

for A = }Tk? = % which are shown in the Table 1. Since the first and the last column values of Table

1 are zero, therefore, the differences of different orders of AOHqu (4,7 = 0,1,2,3,4,5) are zero. i.e.,
A0+Ju0j = 0. Particularly,

0+1 042 043 0+4 045
A+uoo:A+u00:A+u00:A+u00:A+uoo:07 (5.5)

0+1 042 043 0+4 0+5
A+U502A+U50:A+U50=A+U50:A+u50=0. (56)

By considering the second column values of Table 1, we show the differences A°*74,4 in Table 2. From
Table 2, we have

A%y = 18, A2y = —18, AT3uyg = 15, A% uyp = —18, A% Puyp = 32.625.

nnnnnnnnnnn
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By considering the third column values of Table 1, the differences of A% Juy are obtained and shown
in the Table 3. From Table 3, we have

AO+1UQ0 = 0, A0+21L20 = —6, A0+3U20 = —6, A0+4U20 = 29.25, A0+5U20 = —70.25.
Similarly by considering the 4" and 5" columns of Table 1 we obtain

A0+1U30 = —30, A0+2U30 = —6, A0+3u30 = 31.57 A0+4u30 = —64.5, AO+5U30 = 117,

and
A0+IU40 = 772, A0+QU40 = 57, A0+3U40 = 760, A0+4U40 = 75.75, A0+5U40 = —108.

Repeating the above process for the rows of Table 1, we obtain

A0 = 24, A T0ugg = 36, A3 Ouge = —36, A" 0ugp = —24, A% 0000 = 0. (5.7)
A %00 = 42, AT 0%g0 = 0, A3 0uge = —12, A* 000 = —48, A5 V%00 = 150
A1+OUO0 = 42, A2+OU00 = 76, A3+OUO0 = 730, A4+OUO0 = 45, A5+0U00 =-75

AT 0%00 = 39, A?T0ug0 = —18, A Pugg = 4.5, A* 00 = —27, A" Oug0 = 75
A5 = 30, A* Uy = —6.75, A* uge = —20.25, A" ugy = 35.25, A% Ougy = —56.25
A0 = 26.625, A Oug0 = —13.5, A% 0ugp = 4.125, A 00 = —17.25, A5 %ugy = 46.875.
The differences A™ ™ ugo (m,n =1,2,3,4,5 and m+n <5) are given by

A1+1UQ0 = 18,A1+2u00 = 718,A2+1UQ0 = 736,A3+1UQ0 = 748,A1+3UO0 = 15,

AP0 = 30, AT uge = —18, A* uge = —24, A3 2y = —42, ATy = 36. (5.8)

The formula for interpolating polynomial in two variables up to the 5% difference (m=25) is

_ Zif’f[wmm ) ] L[ o) oo,
L 2a- m;;l)c(t o) prr, (= tollgt - tl)AmuOO}
+% [(Jf — z0)(z ;33;1)(9: = %2) psvo, o 3@ - fvo)(fzz—kwl)(t —to) a2+1,,
L 3(t- to)(tk—stl)(t — 1) A ] + % [(x — 20)(z — xl;)LEf @)z — @) yaro,
L Afe — @)@~ a;g)k(x — )t —to) o, 6z —20)(a —;1132@ —to)(t= 1) pav2,
L Afa = o) (t = Zok)g(t —t)(t=ts) jrsa, Bl to)(t = t1k)4(t — o)(t — t3)A0+4u00]
+% [(w — o) (z — x1)(x ;sz)(fﬂ — 23)(@ — 24) rsv0,,
5z —zo)(x — 961)(9;4—;2)(1: — 23)(t —to) yatr,,
| 10(a — @0)(@ - xl)l(;ck; 22)(t = to)(t =) yava,
| 10(@ — @0)(@ - Il)h(;k; )t = t)(L = t2) \avs,
L3t —to)(t t}il);t )t 1s) jora,
+3(tftg)(tftl)(tk;tg)(t—t3)(t—t4)A0+5uO0 . (59)
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Table 1: Function Table

1 2 3 4
0 24 84 144 144
0.5 42 84 114 72

t/x|0
0
0
1 0 42 78 78 57
0
0
0

1.5 39 60 675 39
2 30 53.5 49.5 33.75
2.5 26.625 39.75 43.5 24.75

O OO OO oot

Table 2: Difference Table 1.

Ui AO—Huli AO+2U12’ A0+3u1i A0+4U1i A0+5u1i
24
— 18
42 — —18
— 0 — 15
42 — -3 — —18
— -3 — -3 — 32.625
39 — —6 — 14.625
— -9 — 11.625
30 — 5.625
— —3.375
26.625

Substituting the values of A™*™yg from (5.5), (5.7) and (5.8) in (5.9) and simplifying we obtain

w(z,t) = 262° —z* + 362t — 36x(x — 1)t — 362t(t — %)t +8z(z — 1)(z — 2)t
+302(z — 1)(t — %) + 20t (t — %)(t — 1) = 20z — 1)z — 2)(z — 3)t

(e — 1)z — 2)(t %) + 2Ua(e — )it — %)(t —)

—12t(t — %)(t— (it — g). (5.10)

The required interpolating polynomial u(x,t) which is an approximate solution to the heat equation
(5.1) is given by (5.10).

The numerical solution of Example 5.1 using the FDM is depicted in Fig. 1.

Example 5.2. To show the stability and instability of the finite difference method and the accuracy
of the numerical solution, we consider the following boundary value problem of the one-dimensional
heat equation

Ut = Uzz, (511)

subject to
u(1,t) =0, u(0,t) =0, 0<¢t<1, u(m,O):—x2+x, 0<z<1.

The numerical solution of Example 5.2 using the FDM is depicted in Fig. 2.
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Table 3: Difference Table 2.

U AO—i—lu% A0+2u2i A0+3u2i AO+4U2Z, A0+5u2i
84
— 0
84 — —6
— —6 — —6
78 — —12 — 29.25
— —18 — 23.25 — —70.25
60 — 11.25 — —14.25
— —6.75 — —18
53.25 — —6.75
— —13.5
39.75

Temperature within the FD method

Temperature within FD method
25

25 .
— t
— t
—t
t
— t

0
0.5
1
1.5
2
2.5

05

Temperature 0

Fig. 1: Numerical solution using FDM for Example (5.1).
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Table 4: Exact solution for Example (5.2).
t/x | 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.000 | 0 0.0900 0.1600 0.2100 0.2400 0.2500 0.2400 0.2100 0.1600 0.0900 O
0.001 | 0 0.0880 0.1580 0.2080 0.2380 0.2480 0.2380 0.2080 0.1580 0.0880 0
0.002 | 0 0.0861 0.1560 0.2060 0.2360 0.2460 0.2360 0.2060 0.1560 0.0861 O
0.003 | 0 0.0845 0.1540 0.2040 0.2340 0.2440 0.2340 0.2040 0.1540 0.0845 O
0.004 | 0 0.0829 0.1520 0.2020 0.2320 0.2420 0.2320 0.2020 0.1520 0.0829 0
0.005 | 0 0.0815 0.1501 0.2000 0.2300 0.2400 0.2300 0.2000 0.1501 0.0815 O
0.006 | 0 0.0802 0.1482 0.1980 0.2280 0.2380 0.2280 0.1980 0.1482 0.0802 0
0.007 | 0 0.0789 0.1464 0.1960 0.2260 0.2360 0.2260 0.1960 0.1464 0.0789 O
0.008 | 0 0.0778 0.1446 0.1941 0.2240 0.2340 0.2240 0.1941 0.1446 0.0778 0
0.009 | 0 0.0767 0.1428 0.1921 0.2220 0.2320 0.2220 0.1921 0.1428 0.0767 O
Table 5: Solution using the finite difference method for Example (5.2).
t/x | 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.000 | 0 0.0900 0.1600 0.2100 0.2400 0.2500 0.2400 0.2100 0.1600 0.0900 0
0.001 | 0 0.0880 0.1580 0.2080 0.2380 0.2480 0.2380 0.2080 0.1580 0.0880 0
0.002 | 0 0.0862 0.1560 0.2060 0.2360 0.2460 0.2360 0.2060 0.1560 0.0862 0
0.003 | 0 0.0846 0.1540 0.2040 0.2340 0.2440 0.2340 0.2040 0.1540 0.0846 O
0.004 | 0 0.0830 0.1521 0.2020 0.2320 0.2420 0.2320 0.2020 0.1521 0.0830 O
0.005 | 0 0.0816 0.1502 0.2000 0.2300 0.2400 0.2300 0.2000 0.1502 0.0816 0
0.006 | 0 0.0803 0.1483 0.1980 0.2280 0.2380 0.2280 0.1980 0.1483 0.0803 0
0.007 | 0 0.0791 0.1465 0.1960 0.2260 0.2360 0.2260 0.1960 0.1465 0.0791 O
0.008 | 0 0.0779 0.1447 0.1941 0.2240 0.2340 0.2240 0.1941 0.1447 0.0779 O
0.009 | 0 0.0768 0.1430 0.1921 0.2220 0.2320 0.2220 0.1921 0.1430 0.0768 O

Exact Solution
Using the separation of variables method the exact solution of (5.11) is

)(71" -1 sin(nwm)e“"z#w.

The values of w at (zi,t;), ¢ = 1,2,...,11 and j = 1,2,...,10 are given in Table 4 for (k = 0.001) for
Example 5.2, while the solution of Example 5.2 using the FDM is shown in Table 5.

6 Comparisons of solutions

We compare the solutions using the finite difference method and the exact method using the separation
of variables at ¢ = 0.08, t = 0.09 as shown in Figs. 3(a) and 3(b). We observe from Figs. 3(a) and 3(b)
that the numerical solutions using the finite difference method approximate to the exact solutions, that
is, u decreases as t increases.

7 Conclusions

The numerical resolution of PDEs remains a challenging problem. In this paper, the uniqueness of the
solution to the heat equation problem is demonstrated. In order to find the numerical solution to the

.............

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 40 E, No. 1, January-June, 2021




96

Kirtiwant P. Ghadle, Malayin A. Mohammed and Aishwary K. Ghadle
Temperature within the FD method
Temperature within FD method
0.1 T T T T T T T
0.25
0.08
0.2
0.06 al 0.15
-
0.1
0.04 4
0.05
0.02 SR 1 0
- HRRRE 1
0 " I I I I I I I Lo
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

Temperature

Fig. 2: Numerical solution using FDM for Example (5.2).

a) Comparison between Exact and FDM at t=0.009 b) Comparison between Exact and FDM at t=0.008
0.25 0.25
Exact
FDM
02f 02k
0.15f *Z \
o1 \\ \
F * \ﬁ
/ \ \
/ \ \
/ \ \
005F |
/
/
//
/ \
/ \
/ \
[} L L L L \ﬁr o
0 0.2 0.4 0.6 0.8 1

\
\\
\
L L L
02 04 06

Fig. 3: Comparison of the numerical and the exact solutions.
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problem, we used the finite difference method. We employed the method of variation of constants to
find the exact solution to the problem. Finally, we implemented numerical simulations in Matlab to
find that the numerical solution approaches towards the exact solution. In future we plan to investigate
the theoretical convergence of this model and we will also try to solve the two and three-dimensional

heat

problems.
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