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Abstract Nonlinear positive operators by means of maximum and product were intro-
duced by B. Bede. In this paper, we introduce nonlinear maximum-product type modified
Favard Szasz—Mirakyan operators. Our main purpose is to give a theorem on the rate of
convergence.
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1 Introduction

The problem of uniform convergence to any continuous function in Korovkin-type approximation theory
is that operator sequences are generally linear and positive operator sequences. In linear approximation
operators, addition and multiplication, which are algebraic operations in the linear space structure of
real numbers, are used. The basic theorems are Weierstrass type uniform approximation theorems and
the error rate is usually calculated with the help of the continuity module.

Let f be a function defined on [0,1). The Favard Szasz-Mirakyan operators S,, applied to f are given

by . .
sutfie) =<3 p (B)
k=0

In 1978, Becker et al. [5] investigated the approximation properties of the operators S, in the expo-
nential weight space and proved main approximation theorems for these operators. In 2002, Ispir and
Atakut [7] modified the operator S, as follows:

(1.1)

S (fiz) = prlanz) f (;) , * €Ro, (1.2)
k=0 n

where .
—ane (AnT)
k'

Pk (anz) =€
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Ro = [0,00), {an} and {b,} are sequences of positive numbers, increasing and unbounded such that

T 1
A = H_HO(bn)'

When a, = b, = n in (1.2), we obtain the original Favard Szasz-Mirakyan operators given in (1.1).
It is easily seen that S, (f;x) is a positive linear operator. Ispir and Atakut [7] and Walczak [10]
studied some approximation properties of these operators in polynomial weighted spaces of continuous
and unbounded functions defined on positive semi-axis. Ispir and Atakut [7] also obtained the order of
approximation and investigated the bivariate case of these operators.

Rempulska and Walczak [8] examined the approximation properties of the following modified Favard
Szasz—Mirakyan operators,

oo k
S (fimsa)=e ") (n,jl) f (

k=0

R 1.
’I’L+T>7 7’>O,JZ’€ 0, (3)

for function f € B,, where B, r > 0, denotes the space of all real-valued functions f defined on Ry for
which v, f is bounded function on Rg, n € N (see, Rempulska and Walczak [8]).
Serenbay and Dalmanoglu [9] defined the following generalized Favard Szasz-Mirakyan operators.

* . e — Zk:o Pk (anx) f ('r kb ) , T > O,
Sn yT3T) = +or 1.4
(f;r;) { 0. s 0, (1.4)

where

—anpx (anx)k
kKl

Ro = [0,0), {an} and {b, } are given increasing and unbounded sequences of positive numbers satisfying

the conditions

pr (anz) =€ (1.5)

1 an 1
n) < (bn), li =0, =1 1.
(an) < (bn) n1~>nc}o7'+bn 0 r+ b, +0(T+bn> (1.6)

for all n € N. They proved some approximation theorems in the exponential weighted space of functions
by these generalized operators.

Subsequent studies have obtained linear operators as well as nonlinear maximum-product type operators
with the help of the continuity module with less approximation degrees of error. Bede, Coroianu and
Gal,(2016) present a broad overview of developments in the field of constructive approximation involving
maximum-product type operators. They highlight the maximum product operators as those that enable
them to obtain more valuable predictions than those achieved by the conventional approaches in most
cases. In Acar et al. [1], Giingér, and Ispir [6], Bede et al. [2,3] “max-product kind operators” were
presented by using maximum in the name of sum in usual linear operators and they gave a Jackson-type
error estimate in terms of the modulus of continuity.

In this study, we define the max-product type of the nonlinear modified Favard Szasz-Mirakyan oper-
ators as follows:

Ve @ f ()

VZO:O cn,k (%)

SE(f) (@)

(1.7)
(na)k

where ¢ 1 (z) = 57—

We give some auxiliary Lemmas in Subsection 2.1 and Subsection 2.2 is devoted to our main results.

We shall prove our approximation theorems in this section.

2 Main Results

2.1 Auxiliary results
Let f :[0,00) — R4 be a continuous function. We want to give an error upper limit for the operators

S (f) : CB4 ([0,00)) = CBy4 ([0,0)) .

nnnnnnnnnnn
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62 Fahri Barug and Sevilay Kirci Serenbay

This upper limit is given by (1.7) in terms of the module of continuity. Now we give some general
information about nonlinear operators of the max-prod type. Over the set Ry of positive reals, we
will deal with two different algebraic operations on Ry . These operations are “\/” (maximum) and “-”
(product) and then (R4,\/,-) is called a max-product algebra. (see, Giingér and Ispir [6]).

Let I C R be a bounded or an unbounded interval and CB+ (I), f : I — R4+ denote the space of all
continuous and bounded functions and a sequence of approximation operators of maximum product
type Lyn : CB4 (I) — CB4 (I) is defined by

or, by
Lo (P)@) =\ Ka (.2 @),

where n € N, f € CBy (I), K (,z;) € CB4 (I) and z; € I, for all 4. These operators are nonlinear
positive operators having pseudolinearity property, i.e., for all f,g € CB4 (I) and for any «, 8 € R4

Lu (af \/ B9) = aLn () (2) \/ BLn (9) ().

Moreover, the max-product operators are positive homogenous, that is Ly, (Af) = AL, (f) for all A > 0
(see, Bede et al. [4]). The following auxiliary Lemmas give some properties of the L, operators.

Lemma 2.1. (Bede et al. [}]) Let I C R be a bounded or an unbounded interval,
CBy(I)={f:I—=Ry; [ iscontinuous and bounded on I},

and L, : CBy — CB4,n € N be a sequence of operators satisfying the following properties:

(i) Monotonicity
frg € OBy satisfy f < gthen L, (f) < Ln(g) forallneN;
(ii) Subadditivity
Ln(f+9) < Ln(f)+Ln(g) forall f,ge CBy(I).
Then for all f,g € CB4+ (I), n € N and z € I we have

|Ln (f) (#) = Ln (9) ()] < L (If = g]) ().

Remark 2.2. (Bede et al. [4])

2.2.1. The max-product for the Favard Szasz-Mirakyan operators defined by (1.7) verify the conditions
(i) and (ii) of Lemma 2.1. In fact, instead of the condition (i) of Lemma 2.1 it satisfies the stronger
condition

S0 (FV 9) @) = Su (£) @)\ Su (9) (@) fr9 € CB4 (D).
Indeed, by taking in the above equality f < g, f,g € CB4 (I), it easily follows that
Ln (f) () < Ln (g) (2) -

2.2.2. Furthermore, the Favard Szasz-Mirakyan operators of the max-product type is positive homoge-
nous, that is, Sp (Af) = ASn (f) for all A > 0.

Corollary 2.3. (Bede et al. [}]) Let L, : CBy — CBy, n € N be a sequence of operators satisfying

the conditions (i) and (ii) of Lemma 2.1 and in addition L, be a positive homogenous operator. Then
forall f € CBy(I),n € N and x € I we have

|f () = Ln (f) (2)] < %Ln (p2) () + Ln (eo) (x) | Wi(f;6); + f () - [Ln (e0) (x) — 1],
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Modified Favard Szasz-Mirakyan operators of max-product type 63

where § >0, eg (t) =1 forallt €I, o, (t) =t —z| forallt eI, z € l.

Wi(f;0), = magl [f (z) = f ()]
z,y

|z —y| <o

is the first modulus of continuity. If I is unbounded then we suppose that there exists Ly (¢z) (x) €
Ry U{+o0}, for any x € I, n € N.

Corollary 2.4. (Bede et al. [}]) Suppose that in addition to the conditions in Corollary 2.3, the
sequence (Ly), satisfies Ly (eo) = eq, for alln € N. Then for all f € CB4+ (I), n € N and x € I we
have

£~ Lo (@) < [14 5L (00) )] Wa(5:0),.

Definition 2.5. Let f:[0,00) — R4 be a continuous function in 0 < z < oo, r > 0; limp— o %M =0

the maximum-product type modified Favard Szasz-Mirakyan operators, with an increasing and unlim-
ited series of positive real numbers, are defined as

u o S (@) 1 (34)
S0 () @) =~ g (2.1)

_ (nw)k
where Sy, x () = 55—

For a continuous and limited function f:[0,00) — Ry, SO (f) (x)is positive and continuous over the
interval [0, c0). Also SEM) (f) (0) — £ (0) = 0 for each n.

Definition 2.6. For each k,j € {0,1,2,...} and z € [ J j“}

n+r’ n4r
Sn.k (@) |3 *x‘ S ()
My n. i () = ,mn-xzin’k
k, J( ) Sn,j (CL’) k, aJ( ) Sn,j (.T))

(na)*

where Sp i (z) = 5

Definition 2.7. For each k,j € {0,1,2,...} and x € [ni?” j:_ﬂ, ifk>7+1

Sn.k () (RLH — a:)

Mk,n,‘ xXr) =

J ( ) Sn,j (m)

andif k<j—1

Sn,k (x) (:U — niT)
My n,; () =
k, ]( ) Sn,j (CL')
k

where S, i (z) = (",f!) .

Lemma 2.8. For all x € [nir, Z:-i] and 5 =0,1,..., we have,
\/ Su (2) = Su; (@)
k=0

(no)*

where, Snk (T) = 5

Proof. Firstly, we show that for fixed n € N and 0 < k, we have 0 < Sy, k11 () < Sp ik (z) if and only

if o e [o, 1],
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Indeed, writing the the above inequality explicitly, we have

k+1 k

0< (nx) (nx)

—(k+1D! — K

If x = 0, this inequality is true. For = > 0, after simplifications it becomes
nx

0<—7+<1
~(k+1) —

then

0§x§i+1<k+1.

+r n
By taking £ =0,1,2,... in the inequality just proved above, we get

Sn,1 (ZE) < Sn,o (113) =T € 0,

Sn,2 () < Spa(z) =z € |0,

Sn,3 (@) < Sno(x) =z €

SO,

Snk+1(2) < Snk (z) = € [Oa "

From the above inequalities, we obtain that

1
ifx € 0, 7} , then Sy, x(z) < Spo(z) forall k =0,1,2, ...,

L n+r
1 2
ln+r’ ' n+r
2 3

ln+r' n+r

ife €

} , then Sy x(z) < Sn,1(z) for all k =0,1,2, ...,

ifz €

} , then Sy k(z) < Sp2(z) for all k =0,1,2, ...,
and so on, in general,
ifze {L, &} , then Sy, i (z) < Sy ;(z) for all k =0,1,2, ...,
n+r n+r

which proves the lemma. O

Lemma 2.9. For each k,j € {0,1,2,...} and xz € [ J j+1], we have

n+r’ n+r
Mg,n,j (CC) S 1.

Proof. There are two situations: either k > j or k < j.
Case I Let k > j. Since the function ¢ (z) = % and as the function is nonincreasing on [nir’ Z:&j“]lt

follows that

Mgy (®) _ (k+1)(n+7r) 1 S E+1n+r k+1
ME41,n,5 (T) n T n+rj+l j+1 7
which implies that
Myns () 2 My (X) 2 Myan; () = ...

Case IT Let k < j. Since the function k (z) = z and since the function is nondecreasing on |:n—jH”’ f;lr]

it follows that )
Mi,n,j (T) _ n 2> n .].(n—|—7‘) -1
Mi—1,n,; () (+r)k" ~— (n+7r)k n -

which implies that
Mg (T) 2 Mj—1,0,5 (T) 2 Mj—2,0,5 (T) > ... 2 Mon,j (T).

Since my n,; (x) = 1, the proof of the lemma is complete.
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Lemma 2.10. Let x € [nir’ iilr] In this case
(i) ifke{j+1,j+2,...} such that k —k+ 1> j then
Minj (2) 2 Mitan,; (2) -
(i) ifk€{1,2,...,5— 1} such that k +Vk < j then
Mg () > Mi_1m; (2).
Proof. Firstly
Minj(z) _ (n+r)(k+1) 1 75 =@
Misin,; (x) n x Lz
kg, o
since the function 6,k (x) = % ntr — is decreasing, for all z € [nir, flfr] therefore,
nfr T
41 n k—j—1
Oni () >0, = - . —.
w020 (55) = e 7
Since the condition k — vk 4+ 1 > j in the hypothesis is
k+D).k=j-1)=20G+1D(k-))
we obtain
My n,; (z) >(n+r)(k+1) n k—j—1>1
Myi1,n,5 (z) — n G+DMm+r) k—j —
Similarly,
Mk,nyj (I) _ n T - nf—r
Mk—lynqj (.’E) k(TL+T) ’ xTr — Zii
ok o
Since the function ¢n  (z) = @. — EE is increasing, for all z € [nir, Zbii],
J jlntr) j—k
n > n = . .
wﬁ(w_wk(n—i—r) n j—k+1
Then, since the condition k + vk < j, we get
My (@) o n jltr) ik
Mi_1n;(x) = k(n+r) n j—k+177
which proves the lemma. O

2.2 Approximation theorem

For estimating the degree of approximation of a function f € C' B4 (I) we use the Shisha—Mond Theorem

given for nonlinear max-product type operators in Bede et al. [2].

Theorem 2.11. If f : [0,00) — R be a uniform, continuous and bounded function and S (f) (z) be
the modified Favard Szasz-Mirakyan operator of the maz-product type defined in (2.1), then the following

pointwise estimate holds.

S20 (1) @) - (N @) <8 £/ 2 ) v emz e o)

Wi (f:6) = sup{|f(z) = f (W)| : z,y € [0,00), & —y| <6}

where,

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 40 E, No. 1, January-June, 2021



66 Fahri Barug and Sevilay Kirci Serenbay

Proof. Since S (e0) (z) = 1 and using the modified Favard Szasz-Mirakyan Theorem, we have

1
S0 (1) (@) - (1) ()] < (14 3-8 (0)) Wi (16) (22
where (¢z) (t) = |t — x| . Hence, it is sufficient to estimate the following term
oo nx k
. Vk:O : k!) nir - :L“

Eu () = S0 (¢2) () € [0,00).

oo nx)k
Vk:() { k!)

Let z € [ i j“] and j € {0,1,2,...} be arbitrarily fixed. We get

n+r’ n+r
E,(z) = max { Mgn;(z), € J ,j+1 .
k=0,1,... T n+r n+r

Here 57 = 0 implies,

Bk

n—+r

(nz)
k!

x|, k>0.

If £ =0, then we have

Moo (z) = 2 = Vay/z < \/E%

where so if

(nz)* &k n* Jz.ah 2

B n+r (k-=D!(n+r)

—
Ifze [niw i+r] then

where j = 0 so if

then
n \ro1 1
My < . )
g O(x)_ﬁ(n—l—r) (k+1)V Vn+r
or,

Mo () <« YT < V2
” vn+r =

so, T € [nir, fii] for Mi,pn,j (z) < 4\/\/5 where k =0,1,2,....
We shall show that E, (z) < % and 0, = % for every z € [0,00),n € N. We shall prove this for
the following three cases:

viz., Case 1: when k = j, Case 2: when k > j + 1 and Case 3: when k£ < j — 1.

Case 1: If k = j, then Mj . ; (z) = niT — x’ Since z € [nir’ Z:rlr] then Mj , ; (z) < nir.

: ; 1 N U | 1 N
Since j > 1 and = > .=, thus T vhE v S v

Case 2a: Let Kk — vk + 1 < j, then

k k k j
Mg (%) = M5 () (n—l—r_z) = n—i—r_gcS n+r n4r

ko k—VETI_ VE+I
“n+r n+r  n4r’
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Modified Favard Szasz-Mirakyan operators of max-product type 67

But we have k < 3j5. When k > 3j we have a contradiction. Since the function g (z) =x—+vz + 1
is non-decreasing, it can be written that

i>k—Vk+1>3j—+3j+1,
which gives the contradiction 7 > 35 — /37 + 1, consequently,

M (2) < VEFT _ VBT _2Vf _ 2Ve

-~ n4+r - n4+r T n+r  n+r

is obtained because /T > T

Case 2b: Let k — vk + 1 > j. Since the function g (z) = x — v/z + 1 does not decrease on [0,00), it
has a maximum value of k € {0,1,2,...} such that k — vk +1 < j.
In this case, k1 — vki1 +1 > 7 and

(k+1) _x> SR+l
n—+r T n+r

Miiin,; (z) =MEi1n,; (@(
cE+l 5 k41l k- VEk+1
T n+4r n+r  n+r n—+r

_\/E+1+1< vz _ 3V
 on+r T Vntr - Vn

is found for k; = k+1. B
Where k— vk + 1 < j, it requires that k < 3j, the final inequality is obtained. In addition, since

the function g is non-decreasing, k1 > 7+ 1 and g (j) < 7, we get

Mz (x) = My s, 5 (2) > -

k+1,n,j

80 My nj (z) < j[% forall k€ {k+1,k+2,... }. Then My ; (z) < 3,/-% is obtained from

these two sub-cases.
Case 3a: Let k + vk > j. We have,

k j+1 k
Mienj () = min,g - S -
ko () = Mk, ,J($)<x n+r>_n+7’ n+r

cktVEHL K VE+1

n—+r n-+r n-+r
<\/jf2+1: 1 VvVi—2+1
=Tt Jntr Jntr

2E 2/
ST

where i i
\/]—2—|—1S 247 < oVE.
Vvn+r Vn+r
Case 3b: Let k + Vk <j. Let k € {0,1,2,...}, be the minimum value such that & + \/E > 4. In this
case ko = k — 1 satisfies the inequality k2 + Vk2 < 7 and we get

E—1 j+1 k-1
M- ) = m+ . — < —
k—1,n,j (:r) mk*l,n,g (1") (ZL’ n—i—r) “n4+r n+r

_F+VE+l E—1 VE+2

- n-+r n—+r n—+r
< 4/x <4\/5
S VnEr T Y

nnnnnnnnnnn
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which on using with B

k—=1=ky<ko++Vka<j
for the final inequality, we obtain the expressions k < j + 1 and \/E +2<Vi+t1T+2 <45
Also in this case, since j > 1, k2 < j — 2, we get

M-

kE—1,n,j (z) > ME72,n,j () > > Mo, (z).

We thus obtain Mkn,; (z) <4,/:5 forany k <j—1landz € [ J j+1]' Then My (z) < 4,/-2

ntr’ n+tr ntr
is obtained from these two sub-cases. Of all the values obtained above My ; (z) < 4,/5% for every
T € [nir’ j:_i] E,(x) < 4\/% gives every x € [n_{_r, fl:i] ,neN, o, =4 nf_r.
Collecting all the above estimates we get
S0 (1@ - (@] 8w (/-2 ez e oo,
which completes the proof. O

3 Conclusion

In this paper as the most important result, by defining the nonlinear modified Favard Szasz-Mirakyan
operator, a more valuable error rate is calculated with the help of the continuity module and the
approximation degree is also calculated.
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Appendix: Abbreviations of symbols used
N The set of Natural numbers.
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R The set of real numbers.

R{ The set of nonnegative real numbers.

\/ The max operation.

Sn (f;x) The linear Favard Szasz-Mirakyan operator.
W (f;6) The continuity modulus of function f.

S (f) () The maximum-product type modified Favard Szasz-Mirakyan operator.

SRR,
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