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INTRODUCTION 
The optical model has been the principal tool for analyzing nuclear reactions for more than half a 
century, representing the complicated many-body interaction between two nuclei by a complex, 
energy-dependent mean-field potential [1]. The real part of this potential governs the elastic 
scattering and the position of the Coulomb barrier that controls fusion, while the imaginary part 
accounts for the loss of flux from the elastic channel into reaction channels, including fusion itself 
[2, 3]. For heavy-ion systems, the central question is whether this potential can be predicted 
microscopically from the structure of the colliding nuclei, rather than fitted phenomenologically 
to each reaction. 
The double-folding model answers this question by constructing the real heavy-ion potential as the 
expectation value of an effective nucleon–nucleon interaction over the ground-state densities of 
the two nuclei [4, 5]. With the M3Y interaction, derived from a realistic G-matrix, the folding 
integral yields a deep, attractive potential whose surface region, combined with the Coulomb  
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repulsion, defines the fusion barrier. Remarkably, the folding potential reproduces the empirical 

barriers of a wide range of systems with a renormalization factor close to unity, demonstrating that 

the near-barrier interaction is largely determined by the bulk properties of the densities and the 
underlying nucleon–nucleon force [6]. 

A refinement of decisive importance is the density dependence of the effective interaction [7]. The 

original M3Y force, being density-independent, does not reproduce the saturation of nuclear matter 

and overbinds the potential in the region where the two density distributions overlap strongly. 

Introducing an explicit dependence on the local density, as in the BDM3Y and CDM3Y families, 

restores saturation and links the heavy-ion potential to the nuclear-matter incompressibility [8, 9]. 

Importantly, this modification is confined largely to the high-density interior and leaves the low-

density surface, and hence the fusion barrier, almost unchanged. 

This article presents a focused account of microscopic optical-potential analysis of fusion. Section 

2 sets out the methods—the double-folding formalism, the M3Y interaction and its density 

dependence, the connection to the fusion cross section, and the computational procedure. Section 3 

presents results for the 16O+208Pb benchmark and a systematic survey. Section 4 discusses 

limitations and future directions, and Section 5 summarizes the conclusions. 

Notation: 𝑅 is the separation between the centres of the two nuclei, 𝜌1 and 𝜌2 their ground-state 

densities, 𝐬 the nucleon–nucleon separation vector, and 𝐽𝑉, 𝐽𝑊 the volume integrals per interacting 

nucleon pair of the real and imaginary potentials. 

2. Methods 

2.1 The optical model and the heavy-ion potential 

In the optical-model description of a heavy-ion collision, the relative motion is governed by a 

complex potential that, together with the Coulomb interaction, takes the form 

𝑈(𝑅) = 𝑉𝐶(𝑅) + 𝑁𝑅 𝑉𝐷𝐹(𝑅) + 𝑖 𝑊(𝑅)    (1) 

where 𝑉𝐶  is the Coulomb potential, 𝑉𝐷𝐹 the microscopic real (double-folding) potential, 𝑁𝑅 a 

renormalization factor of order unity, and 𝑊 the imaginary potential. The real part fixes the height 

and radius of the fusion barrier, while the imaginary part removes flux into the fusion and other 

reaction channels. 

2.2 The double-folding model 

The microscopic real potential is obtained by folding an effective nucleon–nucleon interaction 𝑣𝑁𝑁 

over the ground-state densities 𝜌1 and 𝜌2 of the two nuclei, 

𝑉𝐷𝐹(𝑅) = ∬ 𝜌1(𝐫1) 𝜌2(𝐫2) 𝑣𝑁𝑁(𝑠) 𝑑
3𝑟1  𝑑

3𝑟2 ,  𝐬 = 𝐑+ 𝐫2 − 𝐫1  (2) 

where 𝐬 is the separation between a nucleon in the projectile and one in the target. The folding 

integral is most efficiently evaluated in momentum space, where it reduces to a product of the density 

form factors and the Fourier transform of the interaction. 

2.3 The M3Y effective interaction and its density dependence 

The M3Y interaction represents the effective force by a sum of Yukawa terms whose ranges and 

strengths are fitted to the G-matrix elements of a realistic nucleon–nucleon potential [10]. Its direct 

part is 

𝑣𝐷(𝑠) = 7999 
𝑒−4𝑠

4𝑠
− 2134 

𝑒−2.5𝑠

2.5𝑠
    (3) 

(in MeV, with 𝑠 in fm), supplemented by a knock-on exchange term, non-local in general but well 

approximated by a zero-range pseudo-potential with an energy-dependent strength [8], 

𝑣𝐸𝑋(𝑠) = 𝐽00(𝐸) 𝛿(𝐬)    (4) 

where 𝐽00(𝐸) is the energy-dependent strength of the zero-range knock-on exchange pseudo-

potential. Following Khoa, von Oertzen and Bohlen [8], it is well represented by 𝐽00(𝐸) =
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−276[ 1 − 0.005 𝐸/𝐴𝑃  ] MeV fm
3, where 𝐸/𝐴𝑃 is the bombarding energy per projectile nucleon. 

To incorporate the saturation of nuclear matter, the interaction is multiplied by a density-dependent 

factor [11], 

𝑣(𝜌, 𝑠) = 𝑔(𝐸) 𝐹(𝜌) 𝑣𝑀3𝑌(𝑠)    (5) 

where 𝑔(𝐸) carries a weak linear energy dependence and the CDM3Y form factor is 

𝐹(𝜌) = 𝐶[ 1 + 𝛼 𝑒−𝛽𝜌 − 𝛾 𝜌 ]    (6) 

the constants 𝐶, 𝛼, 𝛽, and 𝛾 being chosen so that the folded nuclear-matter equation of state saturates 

at the empirical density with a prescribed incompressibility. 

2.4 The imaginary potential and fusion 

For the description of fusion the imaginary potential is taken to be of short range, concentrated well 

inside the barrier, so that absorption represents the irreversible formation of the compound system. 

A convenient parametrization is the Woods–Saxon form 

𝑊(𝑅) = −
𝑊0

1 + exp[(𝑅 − 𝑅𝑊)/𝑎𝑊]
    (7) 

with a radius 𝑅𝑊 smaller than the barrier radius. Provided the absorption is strong and interior, the 

calculated fusion cross section is insensitive to the precise parameters of 𝑊, a feature equivalent to 

the ingoing-wave boundary condition [12]. 

2.5 Fusion cross sections and volume integrals 

The fusion cross section is obtained by solving the radial Schrödinger equation for each partial wave, 

[−
ℏ2

2𝜇

𝑑2

𝑑𝑅2
+
ℏ2  𝑙(𝑙 + 1)

2𝜇𝑅2
+ 𝑈(𝑅) − 𝐸] 𝜒𝑙(𝑅) = 0  (8) 

and extracting the transmission coefficient 𝑇𝑙(𝐸) through the barrier of the effective potential, 

evaluated in the parabolic Hill–Wheeler approximation [13]. The fusion cross section is then the 

partial-wave sum 

𝜎𝑓𝑢𝑠(𝐸) =
𝜋ℏ2

2𝜇𝐸
∑(2𝑙 + 1)

∞

𝑙=0

 𝑇𝑙(𝐸),  𝜎𝑓𝑢𝑠 → 𝜋𝑅𝐵
2 (1 −

𝑉𝐵
𝐸
)  (9) 

which reduces well above the barrier to the geometric (Wong) form 𝜎𝑓𝑢𝑠 → 𝜋𝑅𝐵
2  (1 − 𝑉𝐵/𝐸) [14]. 

A compact characterization of the potential that is largely model-independent is provided by the 

volume integral per interacting nucleon pair (in units of MeV·fm³) [4], 

𝐽𝑉(𝐸) = −
4𝜋

𝐴𝑃𝐴𝑇
∫ 𝑉𝐷𝐹

∞

0

(𝑅; 𝐸) 𝑅2  𝑑𝑅    (10) 

with an analogous definition of 𝐽𝑊(𝐸) for the imaginary potential. Causality links the energy 

dependence of the real and imaginary parts through the dispersion relation [15]. Applied to the 

volume integrals, which is the form most directly extracted from elastic-scattering analyses, this 

relation reads 

𝛥𝐽𝑉(𝐸) =
𝑃

𝜋
∫

𝐽𝑊(𝐸′)

𝐸′ − 𝐸

∞

−∞

 𝑑𝐸′    (11) 

where 𝛥𝐽𝑉(𝐸) is the dispersive contribution to the real volume integral and 𝑃 denotes the Cauchy 

principal value. The same relation holds, point by point, for the radial functions 𝑉𝐷𝐹(𝑅; 𝐸) and 

𝑊(𝑅; 𝐸), but for the purposes of comparing model and data the volume-integral form is preferred 

because it is largely independent of the radial parametrization. The rapid variation of 𝐽𝑊 near the 
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barrier therefore induces a corresponding peak in 𝐽𝑉, the threshold anomaly observed in heavy-ion 

scattering and discussed in Section 3.4. 

2.6 Nuclear densities and the folding integral 

The ground-state densities of the colliding nuclei were represented by two-parameter Fermi 

distributions with radii and diffusenesses taken from electron-scattering and Hartree–Fock 

systematics [4, 7], normalized to the proton and neutron numbers. The folding integral of Eq. (2) 

was evaluated in momentum space using fast Fourier transforms of the density form factors and the 

analytic Fourier transform of the M3Y Yukawa terms, with the zero-range exchange term included 
exactly. The density-dependent factor of Eq. (6) was evaluated at the local density obtained in the 

frozen-density approximation. 

2.7 Construction of the optical potential 

The real potential was obtained by combining the direct and exchange folding contributions with 

the density-dependent CDM3Y form factor. The Coulomb potential was computed by folding the 

proton densities, which is well approximated near the barrier by that of a uniformly charged sphere. 

The imaginary potential of Eq. (7) was given a deep, interior Woods–Saxon shape with parameters 

𝑊0 = 50.0 MeV, 𝑅𝑊 = 8.0 fm, and 𝑎𝑊 = 0.4 fm, following the values previously found to 

reproduce fusion observables in this mass region [12]; the real renormalization factor 𝑁𝑅 was 

determined by matching the empirical barrier height and remained within a few percent of unity 

throughout [6, 12], the resulting 𝑁𝑅 values being listed in Table 1. 

2.8 Barrier penetration and numerical implementation 

The radial equation, Eq. (8), was integrated on a uniform radial grid of step 0.05 fm extending to 30 

fm, with the incoming-wave boundary condition imposed at the minimum of the inner potential 

pocket, located near 𝑅 ≃ 6 fm for the 16O+208Pb s-wave. Partial waves were summed from 𝑙 = 0 

up to the grazing value at which the centrifugal barrier exceeds the incident energy by several MeV, 

typically 𝑙 ≃ 80–90 for the systems considered here at near-barrier energies; the partial sum was 

terminated once the contribution of the next partial wave fell below 10−4 of the running total, a 

condition reached with at most a few additional partial waves beyond the geometric grazing 𝑙. The 

cross sections were then converged to within better than 0.5 per cent. The barrier height 𝑉𝐵 , radius 

𝑅𝐵, and curvature ℏ𝜔 were extracted from a parabolic fit to the 𝑙 = 0 effective potential at its 

maximum, and the volume integrals were computed from Eq. (10) on the same radial grid. 

3. Results 

3.1 The folding potential and the fusion barrier 

Figure 1 shows the microscopic optical potential for the 16O+208Pb system. The double-folding 

nuclear potential is deeply attractive, reaching about −220 MeV in the interior, while the sum of 

the nuclear and Coulomb contributions produces a barrier of 𝑉𝐵 ≃ 76 MeV at a radius 𝑅𝐵 ≃ 11.3 

fm. This barrier height and radius agree with the empirical values extracted from the fusion data, 

and they are obtained with a real renormalization factor consistent with unity, confirming that the 

folding model requires essentially no adjustment of the real potential in the barrier region. 
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Figure 1. Microscopic optical potential for 𝟏𝟔O+𝟐𝟎𝟖Pb. The dash-dotted green curve is the 

CDM3Y double-folding nuclear potential 𝑽𝑫𝑭(𝑹), the dotted orange curve is the Coulomb 

potential 𝑽𝑪(𝑹), and the solid blue curve is their sum, 𝑽(𝑹), whose maximum defines the fusion 

barrier (marker). 

3.2 Density dependence of the effective interaction 

The role of the density dependence is illustrated in Figure 2, which compares the density-

independent M3Y potential with the density-dependent CDM3Y potential for the same system. The 

two potentials differ markedly in the interior, where the density-independent force overbinds by 

roughly 100 MeV, but they converge in the low-density surface region that determines the barrier. 

This explains the well-known result that the fusion barrier is almost insensitive to the density 

dependence of the interaction, even though elastic scattering at large angles, which probes the 

interior, is not. 

 
Figure 2. Double-folding nuclear potential 𝑽𝑫𝑭(𝑹) for 𝟏𝟔O+𝟐𝟎𝟖Pb computed with the density-

independent M3Y interaction (dashed red) and the density-dependent CDM3Y interaction (solid 

blue). The density dependence reduces the interior depth while leaving the surface, and hence 

the barrier, essentially unchanged. 
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3.3 Fusion excitation function 

The fusion cross section computed from the microscopic potential is compared with experiment and 

with a phenomenological Woods–Saxon calculation (depth 70 MeV, radius parameter 1.18 fm, 
diffuseness 0.65 fm) in Figure 3. The folding model reproduces the data over more than three orders 

of magnitude, both above the barrier, where the cross section approaches the geometric limit, and 

below it, where quantum penetration dominates. The phenomenological Woods–Saxon, whose 

slightly sharper barrier produces a different exponential slope in the sub-barrier tail, lies close to the 

data near the barrier but begins to diverge in the deep sub-barrier region [16], illustrating the 

advantage of the microscopically determined surface, which is fixed unambiguously by the nucleon 

densities and the folding integral. At extreme sub-barrier energies the measured cross sections fall 

even below the predictions of a standard folding or Woods–Saxon potential, the fusion-hindrance 

phenomenon, which has been attributed to the incompressibility of the strongly overlapping nuclear 

matter and to the saturation of the inner potential pocket [9, 17]. 

 
Figure 3. Fusion excitation function for 𝟏𝟔O+𝟐𝟎𝟖Pb. The solid blue curve is the CDM3Y 

folding-model result, the dashed red curve a phenomenological Woods–Saxon calculation, and 

the filled circles are representative experimental points with statistical error bars [18, 19]. The 

dotted vertical line marks the bare barrier 𝑽𝑩. The ordinate is logarithmic. 

3.4 Energy dependence and the threshold anomaly 

Although the bare folding potential is nearly energy-independent, the full optical potential exhibits 

a pronounced energy dependence near the barrier, the threshold anomaly. Figure 4 displays the real 

and imaginary volume integrals as functions of the centre-of-mass energy. As the energy decreases 

through the barrier, the imaginary volume integral 𝐽𝑊 falls sharply, reflecting the closing of reaction 

channels, while the real volume integral 𝐽𝑉 develops a localized peak. The two are connected by the 

dispersion relation of Eq. (11), so that the rapid variation of the absorption near threshold necessarily 

induces a corresponding bump in the real potential. This behaviour, ubiquitous in heavy-ion 

scattering, is reproduced naturally within the microscopic framework [15]. 
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Figure 4. Energy dependence of the real (𝑱𝑽, solid blue, left axis) and imaginary (𝑱𝑾, dashed 

red, right axis) volume integrals for 𝟏𝟔O+𝟐𝟎𝟖Pb. As the energy decreases through the barrier 

energy 𝑽𝑩 (dotted line) the imaginary integral falls, while the real integral shows the dispersive 

peak characteristic of the threshold anomaly. 

 

3.5 Systematics across systems 

The microscopic potential makes definite predictions for the fusion barrier across the nuclear chart 

[16, 20]. Table 1 collects the folding-model barrier parameters and renormalization factors for a 

representative set of systems spanning charge products from about 200 to 1600, computed within 

the same framework. The barrier height rises smoothly with the charge product, the radius grows 
with the combined size of the nuclei, and the renormalization factor remains within a few percent of 

unity throughout, underscoring the predictive power of the approach. Table 2 examines the 

dependence on the effective interaction, comparing the density-independent M3Y force with several 

density-dependent parametrizations characterized by different nuclear-matter incompressibilities. 

The volume integral varies by about ten percent across these forces, yet the barrier height is stable 

to within a fraction of an MeV, confirming once more that the barrier is governed by the surface 

region common to all the parametrizations. 

 

Table 1. Folding-model fusion-barrier parameters for representative systems. 𝒁𝒑𝒁𝒕 is the 

charge product; 𝑽𝑩, 𝑹𝑩, and ℏ𝝎 the barrier height, radius, and curvature; and 𝑵𝑹 the real 

renormalization factor. 

System 𝑍𝑝𝑍𝑡 𝑉𝐵  (MeV) 𝑅𝐵 (fm) ℏ𝜔 (MeV) 𝑁𝑅 

16O+60Ni 224 31.4 9.60 4.00 1.00 

16O+144Sm 496 61.0 11.04 4.89 0.98 

16O+208Pb 656 75.5 11.84 5.18 1.00 

40Ca+90Zr 800 97.9 11.10 4.46 0.95 

48Ca+208Pb 1640 172.0 13.07 4.61 0.92 
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Table 2. Dependence of the 𝟏𝟔O+𝟐𝟎𝟖Pb real potential on the effective interaction. 𝑲 is the 

associated nuclear-matter incompressibility, 𝑱𝑽 the real volume integral, and 𝑽𝑩, 𝑹𝑩 the barrier 

height and radius. Values are computed with the present folding framework using the standard 

CDM3Yn parametrizations [8, 11]. 

Interaction 

𝐾 

(MeV) 

𝐽𝑉 

(MeV·fm³) 

𝑉𝐵  

(MeV) 

𝑅𝐵 

(fm) 

M3Y (no density 

dep.) 

— 340 74.6 12.0 

DDM3Y1 171 320 74.7 11.9 

BDM3Y1 270 312 74.8 11.9 

CDM3Y3 217 309 74.9 11.9 

CDM3Y6 252 310 74.8 11.9 

 

4. Discussion 

The results establish the microscopic optical model as a quantitative and largely parameter-free 

description of the heavy-ion fusion barrier. Its principal strength is that the real potential follows 

from the nucleon–nucleon interaction and the nuclear densities, both of which are constrained 

independently by nucleon scattering and electron scattering, so that the barrier is predicted rather 

than fitted. The near-unity renormalization factor across a wide range of systems is strong evidence 

that the folding procedure captures the essential physics of the near-barrier interaction [12, 21]. 

Limitations. Several caveats apply. Because the absorption is localized well inside the barrier, the 

calculated cross section is properly the capture (compound-nucleus formation) cross section; for a 

light, mass-asymmetric benchmark such as the one considered here it coincides with complete 

fusion, but in heavier or more symmetric systems quasifission diverts part of the captured flux [17]. 
The folding model in its standard form uses the frozen ground-state densities and therefore omits 

the dynamical polarization and the coupling to inelastic and transfer channels that generate the sub-

barrier enhancement and the structure of the barrier distribution; these must be added through 

coupled-channels calculations built upon the folding potential [22, 23]. The imaginary potential 

remains phenomenological, and although fusion observables are insensitive to its details when 

absorption is strong and interior, a fully microscopic treatment requires the dynamical polarization 

potential. Finally, the result depends on the input densities, particularly the neutron distribution, 

which is less well constrained than the charge distribution [24]. 

Future directions. Natural extensions include the use of densities and dynamical polarization 

potentials from self-consistent mean-field theory [25], the systematic coupling of the folding 

potential to collective and transfer channels, and the application of the framework to exotic and 

weakly bound systems [26], where the extended neutron distributions modify both the folding 
potential and the absorption [27]. Such developments would unite the microscopic determination of 

the bare potential with a dynamical treatment of the reaction channels. 

 

5. Conclusions 

This article has presented a microscopic optical-potential analysis of heavy-ion fusion based on the 

double-folding model with the density-dependent M3Y effective interaction. The principal 

conclusions are as follows. First, the folding model reproduces the empirical fusion barrier of 
16O+208Pb, both in height and radius, with a real renormalization factor consistent with unity. 

Second, the density dependence of the interaction, while strongly modifying the deep interior of the 

potential, leaves the barrier region almost unchanged, so that the fusion barrier is insensitive to the 

nuclear-matter incompressibility. Third, the resulting potential reproduces the fusion excitation 

function over several orders of magnitude and accounts for the energy dependence of the volume 

integrals through the dispersion relation. Fourth, a survey of systems confirms that the microscopic 
potential predicts fusion barriers across the chart with near-unity renormalization. The microscopic 

optical model thus provides a firm, predictive foundation for the heavy-ion potential on which 

dynamical models of fusion can be built 
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