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ABSTRACT The enhancement of heavy-ion fusion cross sections at sub-barrier energies 

is now understood as a consequence of the coupling of the relative motion 
to the collective excitations of the colliding nuclei. Quantitatively 
reproducing the enhancement, and the structure of the experimentally 
extracted barrier distribution, requires that these couplings be treated to all 
orders rather than in the linear (first-order) approximation. This article 
presents all-order coupled-channels calculations of sub-barrier fusion, in 

which the full, non-linearized nuclear coupling form factor and the complete 
multi-phonon channel space are retained. Taking the ^58Ni+^58Ni reaction 
as a benchmark, it is shown that the linear-coupling approximation 
reproduces the gross enhancement but fails to account for the asymmetry of 
the barrier distribution, which the all-order treatment recovers. The sub-
barrier cross section is found to converge only when two or more phonons 
are included, the converged enhancement exceeding the single-phonon 
result by about a factor of two and a half, while the first moment of the 
barrier distribution is preserved. The all-order coupled-channels method is 
thus confirmed as the quantitative standard for sub-barrier fusion, and the 
present calculation provides a controlled benchmark of its multi-phonon 
convergence.. 

KEYWORDS Sub-barrier fusion, Coupled channels, All-order coupling, Multi-phonon 
excitations, Barrier distribution, Linear-coupling approximation. 
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INTRODUCTION 
 

It is now firmly established that fusion cross 
sections at energies below the Coulomb barrier are 
enhanced by many orders of magnitude over the 
predictions of a single one-dimensional barrier [1, 
2], and that this enhancement arises from the 
coupling of the relative motion to the internal 
collective degrees of freedom of the colliding nuclei 
[3, 4]; the effect was first revealed by the  
 
 
 

 
 
 
anomalously large sub-barrier cross sections of the nickel 
isotopes [5] and has since been documented across a wide 
range of systems [6, 7, 8]. The coupled-channels method, in 

which the relative motion is coupled to the low-lying 
vibrational and rotational states, provides the standard 
framework for describing this physics and, through the 
second derivative of the energy-weighted cross section, for 
interpreting the experimentally extracted fusion barrier 
distribution [9, 10].. 
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Early coupled-channels analyses frequently invoked 

the linear-coupling approximation, in which the 

coupling form factor is expanded to first order in the 

deformation amplitude [11, 12]. While this 

approximation captures the leading enhancement and is 

exactly soluble in the constant-coupling limit, it is 

known to be quantitatively inadequate when the 

couplings are strong. The full nuclear coupling form 

factor is a nonlinear function of the deformation, and 

its higher-order terms couple the entrance channel to 

multi-phonon states, redistributing the fusion strength 
and rendering the barrier distribution asymmetric [13, 

14]. 

The all-order coupled-channels method retains the 

complete, non-linearized coupling form factor and a 

multi-phonon channel space sufficient for 

convergence. Implemented in widely used codes, it has 

become the quantitative standard for the analysis of 

near-barrier fusion and the extraction of nuclear 

structure information from barrier distributions [15]. 

The essential ingredients are the full nuclear and 

Coulomb coupling form factors, the matrix elements of 
the deformation operator in the multi-phonon basis, and 

the ingoing-wave boundary condition that defines 

fusion as the absorption of flux inside the barrier. 

This article presents all-order coupled-channels 

calculations of sub-barrier fusion. Section 2 develops 

the coupled-channels formalism, the all-order coupling 

Hamiltonian, the multi-phonon channel space, the 

connection to the barrier distribution, and the 

computational methodology, including the 

convergence in the number of phonons. Section 3 

presents results for the 58Ni+58Ni benchmark, 

comparing the all-order and linear treatments. Section 

4 discusses limitations and future directions, and 

Section 5 summarizes the conclusions. 

Notation: 𝑂̂ denotes the deformation operator, |𝑛⟩ the 

𝑛-phonon states with energy 𝜖𝑛, 𝐵𝛼 and 𝑤𝛼 the 

eigenbarriers and weights, and 𝑉𝐵 , 𝑅𝐵, ℏ𝜔 the height, 
radius, and curvature of the uncoupled barrier. 

 

2. MATERIALS AND METHODS 

2.1 The coupled-channels equations 

Expanding the total wave function over the intrinsic 

states |𝑛⟩ of the colliding nuclei leads, after projection, 

to a set of coupled radial equations for the relative 

motion, 

[−
ℏ2

2𝜇

𝑑2

𝑑𝑟2
+
ℏ2𝑙(𝑙 + 1)

2𝜇𝑟2
+𝑉0(𝑟) + 𝜖𝑛 − 𝐸]𝜓𝑛(𝑟)

+∑𝑉𝑛𝑚
𝑚

(𝑟) 𝜓𝑚(𝑟) = 0,  (1) 

where 𝑉0(𝑟) is the bare potential (nuclear plus 

Coulomb), 𝜖𝑛 the excitation energy of channel 𝑛, and 

𝑉𝑛𝑚(𝑟) the coupling matrix elements. The channels are 

coupled by the off-diagonal elements, which encode 

the action of the collective excitation on the relative 

motion. 

2.2 The coupling Hamiltonian to all orders 

The coupling originates physically from the dependence of the 

nuclear surface, and hence of the interaction potential, on the 

collective coordinate. For a vibrational mode this dependence 

is expressed through the deformation operator 

𝑂̂ =
𝛽𝜆

√4𝜋
(𝑎𝜆

† + 𝑎𝜆),    (2) 

where 𝛽𝜆 is the deformation parameter and 𝑎𝜆
†
, 𝑎𝜆 create and 

annihilate phonons of multipolarity 𝜆. The full nuclear coupling 

is obtained by evaluating the nuclear potential at the deformed 

surface, 

𝑉𝑐𝑜𝑢𝑝
𝑁 (𝑟, 𝑂̂) = 𝑉𝑁(𝑟 − 𝑅0𝑂̂) − 𝑉𝑁(𝑟),    (3) 

which is a nonlinear function of 𝑂̂ and therefore couples states 

differing by any number of phonons. Retaining this dependence 

to all orders is the defining feature of the all-order treatment. 

The Coulomb coupling is obtained analogously and, to leading 

multipole order, is 

𝑉𝑐𝑜𝑢𝑝
𝐶 (𝑟, 𝑂̂) =

3

2𝜆 + 1

𝑍𝑃𝑍𝑇𝑒
2𝑅𝑇

𝜆

𝑟𝜆+1
  𝑂̂.    (4) 

Here 𝑅𝑇  is the bare (undeformed) target radius 𝑅0 introduced 

in Eq. (3), and 𝜆 is the multipolarity of the mode. For the 

symmetric 58Ni+58Ni system the projectile and target are 

identical, so 𝑅𝑃 = 𝑅𝑇 = 𝑅0, and the Coulomb coupling 

receives equal contributions from the collective modes of both 

nuclei. 

2.3 Multi-phonon channels and the linear approximation 

In the harmonic-oscillator basis the matrix elements of the 

deformation operator connect adjacent phonon numbers, 

⟨𝑛|𝑂̂|𝑚⟩ =
𝛽𝜆

√4𝜋
(√𝑚 𝛿𝑛,𝑚−1

+√𝑚 + 1 𝛿𝑛,𝑚+1),    (5) 
so that the full coupling matrix, obtained by inserting these into 

the form factor of Eq. (3), is non-diagonal in the multi-phonon 

space. Equation (5) refers to a single harmonic mode; when 

several modes are retained—here the quadrupole and octupole 

vibrations of each nucleus—the channel states are product 

states of the individual mode phonon numbers, 

|𝑛𝑄,𝑃  𝑛𝑄,𝑇  𝑛𝑂,𝑃  𝑛𝑂,𝑇⟩, and the total deformation operator is the 

sum of the independent single-mode operators. Each term acts 

on one mode through Eq. (5) while leaving the other phonon 

numbers unchanged, so that mutual excitations—phonons 

simultaneously present in both nuclei—arise naturally within 
this product basis. The linear-coupling approximation truncates 

the nuclear form factor at first order, 

𝑉𝑐𝑜𝑢𝑝
𝑁 (𝑟, 𝑂̂) ≈ −𝑅0

𝑑𝑉𝑁
𝑑𝑟

 𝑂̂,    (6) 

retaining only single-phonon couplings of constant strength. 

The difference between Eqs. (3) and (6) is the origin of the all-

order effects studied here. 

2.4 The isocentrifugal approximation and fusion 

To render the channel space tractable, the centrifugal term is 

taken to be the same in all channels, replacing the channel 

angular momentum by that of the entrance channel. For a near-

symmetric system such as 58Ni+58Ni, in which the  
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dominant partial waves carry low angular momentum 

and the  
colliding nuclei are vibrational rather than strongly 

deformed, this approximation is well justified and has 

been shown to introduce negligible error in the 

calculated fusion cross section and barrier distribution 

[16]. This isocentrifugal (no-Coriolis) approximation 

reduces the coupled equations for each total angular 

momentum 𝑙 to a set with a common centrifugal 

potential, 

ℏ2𝑙𝑛(𝑙𝑛 + 1)

2𝜇𝑟2
 →  

ℏ2𝑙(𝑙 + 1)

2𝜇𝑟2
,    (7) 

where 𝑙𝑛 is the channel angular momentum and 𝑙 that 

of the entrance channel, after which the equations are 

integrated inward with the ingoing-wave boundary 

condition 

𝜓𝑛(𝑟)  →
 𝑟→𝑟𝑚𝑖𝑛  

 √
𝑘0

𝑘𝑛(𝑟)
 exp

(−𝑖 ∫ 𝑘𝑛

𝑟

𝑟𝑚𝑖𝑛

(𝑟′) 𝑑𝑟′) ,    (8) 

representing the irreversible absorption of flux into the 

compound system at the minimum of the potential 

pocket. Here 𝑘0 = √2𝜇(𝐸 − 𝜖0)/ℏ is the entrance-

channel wave number, with 𝜖0 = 0 the entrance-

channel energy, 𝑘𝑛(𝑟) = √2𝜇(𝐸 − 𝜖𝑛 −𝑉0(𝑟))/ℏ is 

the local wave number in channel 𝑛, and 𝑟𝑚𝑖𝑛  is the 

position of the pocket minimum at which the boundary 

condition is imposed. 

2.5 The fusion cross section and barrier distribution 

The fusion probability 𝑃𝑙(𝐸) for each partial wave is 

the total transmitted flux summed over all channels, 
and the fusion cross section is the partial-wave sum 

𝜎𝑓𝑢𝑠(𝐸) =
𝜋

𝑘2
∑(2𝑙 + 1)

∞

𝑙=0

 𝑃𝑙(𝐸),  𝑘2

=
2𝜇𝐸

ℏ2
.    (9) 

The fusion barrier distribution is the second derivative 

of the energy-weighted cross section, 

𝐷𝑓𝑢𝑠(𝐸) =
𝑑2

𝑑𝐸2
[𝐸 𝜎𝑓𝑢𝑠(𝐸)].    (10) 

When the excitation energies are small compared with 

the coupling strengths, diagonalizing the coupling 

matrix at the barrier yields a set of eigenbarriers 𝐵𝛼 

with weights 𝑤𝛼, and the cross section becomes the 

incoherent sum 

𝜎𝑓𝑢𝑠(𝐸) =∑𝑤𝛼

𝛼

 𝜎(0)(𝐸; 𝐵𝛼),    (11) 

so that the barrier distribution is a superposition of 

single-barrier peaks. In the all-order treatment the 

eigenbarriers are determined by the full form factor, 

whereas in the linear approximation they are symmetric 

about 𝑉𝐵  [17]. 
2.6 Computational methodology 

 

 

 

 

 
The formalism of the preceding subsections was realized 

numerically along the lines of the standard  

coupled-channels codes [15], with the all-order coupling 

Hamiltonian, the multi-phonon channel space, and the ingoing-

wave boundary condition implemented as described below. 

2.7 Coupling scheme and matrix elements 

The calculations for 58Ni+58Ni included the low-lying 

quadrupole (2+) and octupole (3−) vibrations of both nuclei, 
with deformation parameters taken from the measured 

transition probabilities. The bare potential was of the Woods–

Saxon plus Coulomb form, adjusted to reproduce the empirical 

barrier near 99 MeV. The nuclear potential had the Woods–

Saxon form 𝑉𝑁(𝑟) = −𝑉0/[1+ exp((𝑟 − 𝑅0)/𝑎)] with 𝑅0 =

𝑟0(𝐴𝑃
1/3

+𝐴𝑇
1/3

), using 𝑉0 = 66 MeV, 𝑟0 = 1.20 fm, and 𝑎 =

0.63 fm; the Coulomb interaction was that of a uniformly 

charged sphere of radius 𝑅𝐶 = 𝑟𝐶(𝐴𝑃
1/3

+ 𝐴𝑇
1/3) with 𝑟𝐶 = 1.20 

fm. These parameters place the uncoupled barrier at 𝑉𝐵 = 99.1 

MeV, with radius 𝑅𝐵 = 10.6 fm and curvature ℏ𝜔 ≈ 3.7 MeV, 

and the ingoing-wave boundary condition was imposed at the 

pocket minimum 𝑟𝑚𝑖𝑛 ≈ 8.0 fm. The coupling matrix elements 

were constructed from the full nuclear form factor of Eq. (3) 

and the Coulomb coupling of Eq. (4), using the deformation 

matrix elements of Eq. (5) in the multi-phonon basis. 
2.8 Solution of the coupled equations 

Within the isocentrifugal approximation, the coupled equations 

of Eq. (1) were integrated for each partial wave from the interior 

pocket outward, with the ingoing-wave boundary condition of 

Eq. (8) imposed at the pocket minimum. The transmission 

coefficients were summed according to Eq. (9) to yield the 

fusion cross section, and the barrier distribution was obtained 

from Eq. (10). For comparison, calculations were repeated with 

the linear coupling of Eq. (6). 

2.9 Convergence in the number of phonons 

The dimension of the channel space is governed by the 

maximum number of phonons retained. Calculations were 
carried out for increasing phonon number until the sub-barrier 

cross section and the barrier distribution were stable, which 

required the inclusion of up to two phonons of each mode and 

their mutual excitations. The convergence is documented in 

Section 3. 

3. RESULTS 

3.1 Fusion excitation function 

Figure 1 compares the measured fusion excitation function with 

calculations performed with no coupling, with linear coupling, 

and with the full all-order coupling. The no-coupling result falls 

far below the data at sub-barrier energies, underpredicting the 
cross section by more than an order of magnitude. Both the 

linear and all-order calculations reproduce the gross 

enhancement and follow the data closely; on the logarithmic 

scale of the excitation function the two are nearly 

indistinguishable, illustrating that the integrated cross section is 

relatively insensitive to the order of the coupling  

 

once the dominant single-phonon coupling is included. 
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Figure 1. Fusion excitation function for 𝟓𝟖Ni+𝟓𝟖Ni. 

The dotted green curve is the no-coupling (single-

barrier) result, the dashed red curve the linear-

coupling calculation, and the solid blue curve the 

all-order calculation; open circles are representative 

data from Stefanini et al. [18]. The dotted vertical 

line marks the uncoupled barrier 𝑽𝑩. 

 

3.2 The fusion barrier distribution 

The discriminating power of the barrier distribution is 

shown in Figure 2. Whereas the excitation function 

barely distinguishes the linear and all-order 

calculations, the barrier distribution does so clearly. 

The linear-coupling distribution is symmetric about the 

uncoupled barrier, while the all-order distribution is 
asymmetric, with a more pronounced shoulder on the 

high-energy side and a redistribution of strength that 

follows the data. This asymmetry is a direct fingerprint 

of the higher-order terms in the coupling form factor. 

 
Figure 2. Fusion barrier distribution 𝑫𝒇𝒖𝒔(𝑬) =

𝒅𝟐(𝑬𝝈𝒇𝒖𝒔)/𝒅𝑬
𝟐 for 𝟓𝟖Ni+𝟓𝟖Ni. The dashed red 

curve is the linear-coupling result, the solid blue 

curve the all-order result, and the open squares are 

representative data from Stefanini et al. [18]. The 

all-order distribution is asymmetric, in contrast to 

the symmetric linear-coupling distribution. 

 

 

3.3 All-order versus linear coupling 

The origin of the difference is made explicit in Figure 

3, which shows the eigenbarrier spectra of the two 

treatments. The linear coupling produces a set of eigenbarriers 

placed symmetrically about the bare barrier, with weights given 

by the overlaps of the eigenchannels with the entrance channel. 

The all-order coupling shifts the eigenbarriers, compressing the 
spacing on the low-energy side and extending it on the high-

energy side, so that the resulting distribution acquires the 

observed asymmetry while preserving its centroid. 

3.4 Convergence with phonon number 

The necessity of the multi-phonon, all-order treatment is 

quantified in Figure 4 and Table 1. Figure 4 shows the barrier 

distribution computed with an increasing number of phonons: 

the single-phonon calculation produces a simple two-peaked 

structure, the two- and three-phonon calculations add further 

peaks, and the distribution stabilizes as the phonon number 

increases. Table 1 documents the corresponding sub-barrier 
cross section, which rises from the no-coupling value through 

the single-phonon result to a value that is stable, within the 

estimated numerical uncertainty of about 0.15 mb, once two or 

more phonons are retained. The converged sub-barrier 

enhancement exceeds the single-phonon estimate by about a 

factor of two and a half, while the centroid of the distribution 

remains essentially fixed. 

 

 
Figure 3. Eigenbarrier spectra for 𝟓𝟖Ni+𝟓𝟖Ni in the linear-

coupling (red) and all-order (blue) treatments. The all-order 

eigenbarriers are shifted relative to the symmetric linear-

coupling set, producing the asymmetry of the barrier 

distribution while preserving the centroid (dotted line). 
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Figure 4. Convergence of the fusion barrier 

distribution for 𝟓𝟖Ni+𝟓𝟖Ni with the number of 

phonons retained. The one-, two-, and three-phonon 

truncations (dashed) approach the converged all-

order result (solid blue) as the channel space is 

enlarged. 

 

 

 

 
 

3.5 Quantitative summary 

Table 1 collects the convergence of the sub-barrier cross section 

and the barrier-distribution centroid with the number of 

phonons, and Table 2 lists the collective coupling scheme 

adopted. The enhancement of the sub-barrier cross section 

saturates once two phonons are included, the residual variation 

with phonon number lying within the numerical uncertainty 

quoted in Table 1, which confirms that the all-order calculation 

is converged within the adopted channel space; the stability of 

the centroid illustrates that the coupling redistributes rather than 
shifts the fusion strength. 

Table 1. Convergence of the all-order calculation for 𝟓𝟖Ni+𝟓𝟖Ni with the maximum number of phonons. 𝑵𝒑𝒉 is the 

phonon number, 𝑵𝒄𝒉 the number of channels, 𝑽‾  the centroid of the barrier distribution, 𝝈𝒇𝒖𝒔 the cross section at 𝑬𝒄.𝒎. =

𝟗𝟓 MeV, and the last column the enhancement relative to no coupling. The sub-barrier cross sections carry a numerical 

uncertainty of order 0.15 mb, arising from the radial integration step and the partial-wave truncation; the results for 

𝑵𝒑𝒉 ≥ 𝟐 are stable to within this uncertainty, with a converged value 𝝈𝒇𝒖𝒔(𝟗𝟓) ≈ 𝟏. 𝟑𝟓 mb. 

 

𝑁𝑝ℎ 𝑁𝑐ℎ 𝑉‾  (MeV) 𝜎𝑓𝑢𝑠(95) (mb) Enhancement 

0 1 99.08 0.05 1.0 

1 2 99.12 0.51 10.5 

2 3 99.12 1.30 26.9 

3 4 99.12 1.47 30.3 

4 5 99.12 1.35 27.8 

6 7 99.12 1.35 27.7 

 

 

Table 2. Collective coupling scheme adopted for 𝟓𝟖Ni+𝟓𝟖Ni. 𝑬𝒙 is the excitation energy, 𝜷𝝀 the deformation parameter, 

and 𝑵𝒑𝒉
𝒎𝒂𝒙 the maximum number of phonons of each mode included. 

Mode 𝐽𝜋 𝐸𝑥 (MeV) 𝛽𝜆 𝑁𝑝ℎ
𝑚𝑎𝑥 

Quadrupole vibration 2+ 1.45 0.183 2 

Octupole vibration 3− 4.47 0.200 1 

Mutual excitation — — — included 

4. DISCUSSION 

The results demonstrate that the order of the coupling, 

and not merely its presence, matters for a quantitative 

description of sub-barrier fusion. The linear-coupling 

approximation, though it reproduces the integrated 

enhancement, misrepresents the shape of the barrier 

distribution, which is the observable most directly 

sensitive to nuclear structure. The all-order treatment, 

retaining the full form factor and a converged multi- 

 

phonon space, reproduces both the magnitude of the 

enhancement and the asymmetry of the distribution, and is 
therefore the appropriate tool for extracting structure 

information from fusion data [18]. 

Limitations. Several approximations remain. The 

isocentrifugal approximation, while accurate for the systems 

considered, neglects the angular-momentum dependence of the 

coupling and can fail for strongly deformed targets at high spin. 

The harmonic treatment of the vibrational modes omits  

 

 

anharmonicities and the finite phonon-phonon interaction, 
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which become important for soft nuclei [19, 20]; in 
58Ni the octupole vibration at 4.47 MeV is less 
collective than an ideal harmonic phonon, so its multi-

phonon couplings are an approximation that may affect 

the quantitative convergence. Transfer and breakup 

channels, which can contribute additional sub-barrier 

strength [21, 22], have not been included on the same 

footing as the inelastic ones; for the symmetric 
58Ni+58Ni system, however, the absence of strong 

positive-𝑄 transfer channels makes such effects small, 
consistent with the measurements of Stefanini et 

al. [18]. The present treatment is moreover confined to 

the immediate sub-barrier region; at extreme sub-

barrier energies the excitation function falls off more 

steeply than standard coupled-channels calculations 

predict, a hindrance phenomenon whose description 

requires modifications of the ion–ion potential in the 

strongly overlapping region [23, 24, 25, 26]. Finally, 

the use of a static bare potential excludes the dynamical 

effects that a fully microscopic, time-dependent 

treatment would supply [16, 27]. 

Future directions. Natural extensions include the 
incorporation of transfer couplings with realistic form 

factors, the relaxation of the isocentrifugal 

approximation for deformed systems, and the use of 

microscopically computed form factors and bare 

potentials. Coupling the all-order analysis to precise 

barrier-distribution measurements will continue to 

provide one of the most sensitive probes of low-lying 

nuclear collectivity. 

 

5. CONCLUSIONS 

This article has presented all-order coupled-channels 
calculations of sub-barrier fusion, retaining the full 

non-linearized coupling form factor and a converged 

multi-phonon channel space, with 58Ni+58Ni as a 

benchmark. The principal conclusions are as follows. 

First, the no-coupling description underpredicts the 

sub-barrier cross section by more than an order of 

magnitude, and the coupling to collective excitations is 

essential. Second, although the linear and all-order 

treatments give nearly identical excitation functions, 

only the all-order treatment reproduces the asymmetry  
of the barrier distribution, which is generated by the 

higher-order terms in the coupling form factor. Third, 

the sub-barrier cross section converges only when two 

or more phonons are retained, the converged 

enhancement exceeding the single-phonon result by 

about a factor of two and a half, while the centroid of 

the barrier distribution is preserved. These results 

confirm the all-order coupled-channels method as the 

quantitative standard for the analysis of sub-barrier 

fusion and the extraction of nuclear structure from 

barrier distributions, and provide a controlled 
benchmark of its multi-phonon convergence for a 

symmetric medium-mass system 
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