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1. INTRODUCTION

The quantization of string theory is completed usually in flat space-time. The wave equation is solved in
terms of plane waves on the world sheet, and the coefficients are elevated to operators which form
combinations in the components of the energy-momentum tensor that satisfy the commutation relations
of a Virasoro algebra. A central charge termcan be added to the commutators with the Jacobi identities
remaining valid. The constant in the quantum commutators may be determined by requiring that the
Lorentz invariance is preserved. Then it is found that the critical dimension is D=26 and the parameter
defining the central charge is a = 1.

The wave equation is locally that of a two-dimensional hyperbolic equation on a flatworld sheet.
However, for genus g = 1, the Euclidean surface is curved and multiply connected, with the product of
exponential and trigonometric functions of the coordinates t and o to be no longer solutions to this
equation. Instead, for the Riemann surface, the covering space again is flat and multiply-connected in the
intermediate Schottky domain or hyperbolic space and simply connected in the universal uniformization
for genus g = 2.The Laplace equation again can be solved on the covering space and the automorphic
function may be defined as a series over the images of the elements of the uniformizing group.
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It is established that the leading-order terms in the expansion are sufficient to establish the consistency of
previous calculations. These computations include the determination of the central charge and the
coefficient of the anomaly in the Virasoro algebra. Again, it is demonstrated that the critical dimension for
the bosonic string is 26 and the parameter in the Lie algebraisa = 1.

The quantization procedure is followed for conformally flat space-times. The classical invariances of the
sigma-model are verified on a maximally symmetric curved manifold. The values of the critical
dimension and the anomaly coefficient are derived for a given conformal factor that interpolates between
Minkowski space-time and anti-de Sitter space, given the quantization of the classical symmetries. The
values derived for anti-de Sitter space are compared to those found in the path integral formalism.

2. THE STRING COORDINATES AT HIGHER GENUS IN MINKOWSKI SPACE-TIME

The Polyakov action in flat space-time is

1 : _

e f d?oVhh*Pyhv 9, X,05X,,. (2.1)

ek b3
The energy-momentum tensor is
1. 48
,I::'tﬁ = ﬁ (Shﬂ'ﬂ y
1 1 (2.2)
- 2y’ {{:jﬁ‘YFIE}S-fY!’ - EI."Q;ﬂhqaﬂ‘r“',”(‘)ﬂ'-s{b}'

The equation for the worldsheet string coordinates locally is

i i X =0 (2.3
VX, = (f;rnr'd HT3) S &)

The Euclidean form of the wave equation

do?  Or

: &2 . 9 :
VX, = ( 4 ) X, =0 (2.4)
also would be valid only locally.

Since this equation is not globally defined over a Riemann surface of genus g = 1, one solution would be
given by an automorphic function on the covering surface. The sphere can be projected stereographically
onto the complex plane and the covering space of the torus is C. On the real section of these covering
spaces, the metric is flat, and the solution is given by

_ rpbe = 4 LI I t:
X"(o) =) [Xk(yo™)+ XE(yo)] (2.5)
yEr
is the lattice group such that T2~C/T, where I' acts on a Lorentzian manifold with o+ =c+tand o- =0-1
or I' acts on a complex space with o = 0 + it and o-0 - it. Alternatively, the equation on the torus may be
solved in a parallelogram with periodic boundary conditions.
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The mode expansion of the string coordinate on a flatworld sheet is

' 1 e
X¥o,7t)=z +pHT+1 E —ak e cos no
n

(2.6)
nzl
which can be expressed as a function of o+ and o-
oH . g ¢ p#
St il o B A,
2 2 2 2
1 - ;
+ i —ak e T {E[r:r).s' no’ + cos no—| — E[S?H noT — sin fm_]}.
nFl i
(2.7)

The rotation to Euclidean space is achieved through the redefinition of the variables o+ and o-.

On the torus, the mode expansion would be modified to

: 1 . p* o pH
XH iy = lirmr i g — + gt — — ~ T
(J. T} MMeard T—oc p—k TEEF{ 2 9 {'7' o ) 9 9 { y-a }

1 1
+1 E —ak e {E[{’}(}S (ny-0T) + cos(ny-o7)]
n

nF#0

- E[sz’n(n’y cot) — sin(ny - 07)] }

1 ; 1 !
=z +ipfr +i Z —ah e {E[(}os not +cos no”| — E[sm no’ — sin na_]}
can
+ liteqr + voot)+ s - A
r.‘mdl"—rocﬂardl—\;{:g 2(! ) 2 2(’ )
v#1

1 1
+ i E —ak e L _lcos (ny-o7)+ cos(ny-07—
™

i

- E[.‘:‘fﬂ.(ﬂ"‘f cot) — sin(ny - a7 }

(2.8)
In the light-cone gauge, on a flat worldsheet with Lorentzian signature, X+(o, t) = x+ +p+t. Then, on the
torus
Xt(o,7) =zt +iptr+ ) (et +pT(y-at)+p(7-07)). (2.9)
1#1
Similarly,

48
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1 ; 1
Xpaloyr) =27 +ip"T+i E —a,, e "7 {E[rﬂs no’ + cos no”]
! n
n#l0

i
— ;j[sm noT — sin ?w'_]}
. e TR o
2 TN g -
vET

1 ; 1
+ iz ;a; Ly {5[(:05 (ny-oT) +cos(ny -a7))
ng#l

a3 %[mn(ﬂ’}* cat) — sin(ny - a_}]}.
(2.10)

The rotation of X-(o, T) to the string worldsheet would be given by returning o+ and o-too+ tand o - 1
respectively and

g 1 ;
X (o,7)=2+p 17+1 E —a,, e " cos no
n

n#0
= - come  gide
I PO S A
+§{?+?(, e i )}
g (2.11)
: 1 L AT 1 4 =
+i —0y € E[{.‘.Uﬁ' (ny-o™)+ cos(ny-o7)]
nz0

- %[sm{ﬁ"f ~a™) —sin(ny- U_J]}-

o
Then the coefficients ' in operator form are

1 1 D-2 oo
i = 7\ 3 Z Z A e il (2.12)

i=1 M=—00

with a being a normal ordering constant.

Since the expansion of the light-cone coordinates has the same leading terms and the remaining terms

have a form determined by the uniformizing group I', with the same coefficients @+ the derivation of D

and a [1] is identical. Let the generators of the Poincare group be
'j”nﬂ L E,u:/ £ E_uz.—

Y = ghp¥ — ¥pH

(2.13)
1
EMY = — Z —(al, a; —a” ab)
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With the normal ordering, the Hamiltionian would be equal to
D-2 mo PR &
1 . D—-2 :
3 Z Z ol Lay + Z n (2.14)
i=1 R=—0D0 n=1

and, after zeta function regularization of the last sum,

5 LT PR 2,1:1FN 2 {:(_lj :_DQTIE
Then
['}1_ _1-” n1 :n_nq':nﬂ:??} (213}
m_l
where
v 2B—D 1 D-26 b
Am = m (=) + 5|55 +2(1~a)

Lorentz invariance is preserved upon quantization of the string theory if Am=0orD=26and a=1.

The value of a is the vertical intercept of the leading Regge trajectory in bosonic string theory which
requires a negative value of M2 for the horizontal intercept representing the tachyon. It may be recalled
that the trajectory may be derived from the Veneziano amplitude

 I(<a(s))T(=a(®)) ”
A8 = T lals) + a01)) Ry

i ¥ —_— .lr ¥
with afs) = a(0)+a's

ang (1) = a(0)+a't.

where s and t are the Mandelstam variables.

s=M?="12=20)
Then the amplitude has poles ¥ *

Setting J = n for spin-n resonance, Therefore, the intercept of the J vs. M2 plot follows from the poles of the
amplitude.

The effect of higher-genus contributions on these graphs also may be considered. In the Schottky
parameterization of the Riemann surface, fixing three of the vertices by a global SL(2, C) transformation,
the four-point amplitude for spin-0 bosonic string modes[2] would be
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_P1-P2
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x (similar factors withz? — 29,29, p1 = p2.pa),

(2.18)
Where
_P1°P3 L] P5
f(21,28,23) = |23 — 28>~ |z:[=3_ LA |~a_zz|2
Pll'Pi 0 Pl- ]'-"1
zz — Vazl zl Vaz * H ; -V, 31 21 — Vazi |
1] 7 f | _ 0
T I i Vel 2 — 28
'-'"2 f"‘l-

( ) 0

'”’ 'if zng—'ir z“

S‘

P1 - P2 - ;
H e:r.p|: 3 Re(vy(23) — vm(2]))(Im 7)) Re(v, zz} Up zl}}
m.,n=1 T
P1-P3 0 -
T S Re(vm (23 — vm(20))(1m +)7 Re(wn(2)—va(=2))
P23
+ 7 Re(vy, (zla') 1,,1[22}}{1’7?:, T}nmRP(?J (2 n} bn{zg]}
(2.19)

and
a = _1 [u T
THI T B Zﬂ )in (J—n{;n)

with -"'being a sum over all elements which do nothave 7i"at the right-hand end of the product and

[1l."not including both an element and its inverse, while A4 is the fundamental domain of the Schottky
group with g generators. The action of V, on a point z in the fundamental domain exterior to the
isometric circles of the generators is a mapping to the interiors of these circles. Therefore, the pointz and

Vaz, @ # I'never can coincide for z € A, Consequently, the integrand of the four-function amplitude is
g q Yy g p
o 0 0 . .
regular except at the three points " “and “*'consequently, it may be written as

2w =0 m
ded ,,Ul,_ ﬂ' I—M z"l'_”l 24_’21}
‘ |24 — “ll 4 — | il
0 J]za—2z0<A ) 2l .

P1-p2 _P2pa _P3-P4 _
| L4 — *-5:' = |z—1 o 32 & @(24, 34}}::4:::‘13

™ |2y — 2|~ 2

(similar terms with 20 — 29 28, p1 — p2, ps) + finite
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} Z _%P‘l +ps+2n4 2 (n!)z

af 5 — 21 P2 _P2'P4 _ P3P _
Fa =2 T BT BT )5

ZJ:ZI

(stmilar terms with z[; — 321?! z}q}, p1 — P2, p3) + finite,

(2.20)
which has poles at s, t, u = 8(n - 1). Therefore, the Regge trajectory has the same format higher-genus. This

calculation may be extended to infinite-genus surfaces in the class Og [3]. When the surface does not
belong to OG, the ideal boundary may be regarded as another source for the Green function.

The duality of the Veneziano amplitude reflects the invariance under observations from different
directions. For example, the s and t channel amplitudes can be defined for scattering along the axis of
symmetry between the momentum vectors 7rand 72and the axis of symmetry between the vectors P

and 75-Unlike point particle theory, the smoothness of the surface does not distinguish between the
interacting states from the two angles. Therefore, the first process would be an scattering of the states
with momenta piand p;, while the second can be interpreted to represent an interaction between strings
with momenta p; and ps.

There is a fundamental dichotomy in the string model with the direction of the rotation representing of
the string. It is well known that the string preserves its form as a one dimensional object if the rotation is
defined with respect to the axis perpendicular to the enclosed region. However, if the rotation occurs
with respect to an axis through the string, the resulting configuration resembles a sphere with sufficient
angular velocity. Therefore, the physical consequences for the new theory include a connection with
phenomenological spherical models for elementary particles. Nevertheless, the description of this
rotating string model may be developed using duality invariance of the amplitudes. The scattering
of spheres, furthermore, will have a three dimensional rotational invariance which is a generalization of
planar duality.

3. STRING THEORY IN A CONFORMALLY FLAT CURVED SPACE-TIME

The sigma model for a bosonic string on a curved space-time is

I—l

dra’ |

[ d*oVhh*B g 9, X ,05X,,. (3.1)

This action possesses several invariances in a maximally symmetric space-time of constant negative
curvature.

1. Worldsheet reparameterization invariance

GX¥ = £98, X
ShoP = €18,h*P — 8,6*h"P — 9,65 h* (3:2)

8(Vh) = 8 (V)
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. 1 2 aff ps s <
38 = 47r¢1-"/d aé[x/f_l}h g 0 X0 X,

+ Vhe(h*?)g" 9, X, 93 X,
+ Vhh*B g 3, (6X,)d3 X, (3.3)

+ VRR gH 8, X ,05(6 X))

1 ;
— -/ dfﬁrf-}l \/f_i}lﬂﬁgj“’aa}{p {aﬂXu
ax

el

If the surface has no boundary, this integral vanishes. When the surface has a boundary at infinity and Xu
— 0 in this limit, it again equals zero.

2. Weyl scaling

Sh? = AReP
inﬂ.ﬁ - —ﬂ.hﬂ._ﬁ (3-—1}

45 = : . f (520'6{\./E}haﬁgm}aaxpaﬂxv
=

4o

+

o'

/ o Vhoh*? " 9, X, 05X,
1 T (3.5)
= L (—AVR)R*P g9, X 05X,

4o’

_|_

4o’

/ d*oVhAR®P g" 9, X, 05 X,

3

SO(D -1, 2) invariance
dXH = MHev XY
og"” = MpFgP” + M," g'* (3.6)
0X,=-M,"X,

where Muv are generators of the so(d - 1, 2) algebra.

és =

4’

] d*oVhh*P (M, g™ + M," g"*)0,X,0,X,

f EaVhhP g M P9, X ,05 X, (3.7)

4’

4’

f 2o vVhh*P g’ M, PD, X 05X,

Given the classical symmetries, the effect of a conformal transformation on the quantization may be
considered.
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Setting
gn’“’ — E] —r_-.’n,ulf

and

— )2
Quup = 2 T s
the action is

1

dmer

S = : [ d2oVhh Q2 9, X, 05 X,,. (3.8)

The partial derivative of the variation with respect to daXv is

Since ™ T Bagl—1, L)y each component separately satisfies the Laplace equationV2xX+ = 0. The

mode expansion, the coefficients and the operators will be unchanged.

By normal ordering, D = 26 and a = 1. It follows that critical dimensions will be 26for Minkowski space-
time, anti-de Sitter space and the geometry with the scale factor

a(7) = g+ 72,

which interpolates between the two maximally symmetric space=times. The massless graviton state is
defined in terms of the oscillator modes. The Weyl anomaly cancellation is a variant of the Lorentz
anomaly. The commutation relations of the anti-de Sitter generators include the dimension, curvature
and a. The limit of vanishing curvature must yield D =26 and a = 1.

4. STRING THEORY ON ANTI-DE SITTER SPACE

String theory on three-dimensional anti-de Sitter space may be quantized because it is diffeomorphic to
the group SL(2; R). String theory on group manifolds may be quantized by adding a WZW term to the
two-dimensional action

k k
5= - ] dr dadnim;'wTr[g_lfiﬁgg_lr'}ay] - - f Trlg~'dg A g~ 'dg A g™ dg], (4.1)
= I Al

The additional term is necessary for conformal invariance at the quantum level which is ensured by the
vanishing of the beta function for Weyl transformations. The level numberk is initially introduced in the
WZW term such that eS is not altered by coordinate transformations in components of the
diffeomorphism group not connected to the identity [6]. However, it can be included as a coefficient of
the first integral by setting it to be proportional to R? [7]. The space B is the three-dimensional
coboundary of S and geSL(2; R). Since S is string worldsheet with signature (-+), the coboundary is
defined for a Lorentzian manifold. Since the Euclidean continuation of the string worldsheet is a
Riemannian two-dimensional manifold, it would be the boundary of a three-dimensional manifold with
Euclidean signature. The analytic continuation to the Lorentzian manifold would have signature (-++).
An element of the group would be

a b
g— ((: J )+ ad—bc = 1.
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m

k . : k .
5= > f dr doflad — a'd" — bé + b'c’ — — / dr dolog(b)[ad’ — a'd]. (4.2)
s 5

It follows from the determinant condition for matrices in SL(2; R) that the coordinates
(T, U, X, Y), defined by

a=5U+X), b=%(T-Y), c= —%{T—I— Y), d= z(U - X),

describe the embedding of three-dimensional anti-de Sitter space into a four-dimensional
space-time of signature (- - ++),

P XA = § (4.3)

where R is the radius of curvature. The action equals

S3 = — 2:?2 / dr do {Tﬁ —T?+ U -U? - X2+ X% —Y? 4+ Y"
i g

; ST . 1
TEEY ) OOy o QW U D o WO Ty, 7 ) 7. (E(T o Y}) } ;

(4.4)
and, after setting, qu equal to the four-vector
1 Lyr 1 1
(T, %V, %X, £Y),
the equations of motion are
¢ +e*q" + e gt g g’ =0 -
el
et = —Nupvlegy
where v is the flat embedding space metric and
p_ dgt e
i+t = ¥ [8]
Setting
P = ff_“'ﬁz‘aﬁf;‘”qiqi,
e gh_ + g +e g dhgl = e gt +¢" + 8 =0, (4.6)
4.6
q:‘__ = —e“(g" + ).
Suppose that
gy, = a1 q" +q5" +bypqt +ul” (4.7)
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The coefficients can be determined by the contractions with the basis vectors

B E
{q#'. i?+1 q—- EI#}1
which are normalized to have the inner products

q"qu = -1, ¢iq1, =0, ghgq_, =1, #6, = 1.

Since
p T PO
Qy+u = 04"y = —044
A Iz Iz I Iz .
357 (@ ) = 20419, + 04 0+p204 G = —2a4+ = 0.
+
Given that
# = bg" =—bh
L BT M _G+p ++
d H i - Iy
T (@4 0+p) =20+ ++"q4 = —2b44 = 0.
ok

The coefficient a+ is nonvanishing because

H ] —
@i 9—p = a4 qhqp = —aie”
ay =—e gk g p.
Differentiating
e = —r'ippq':'_qi_’
: ] L
ape®=—g g p+ g
— _q'fj—-p'?—p = q{:ﬁ'ﬁ(qlu 7 'E,u.}
And
ay = _ﬁ_nffi+Q—u =T Qi(qF & 'F,u} = _’H_ﬂ‘?i-q-Q—w-
i T T
i
The expansion of in the basis of four-vectors is

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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g _=a__g¢"+b__q +a_g’ +v*,

¢ qu=a——g"qu=—a—_=0
¢C_grp=a-glqp, = —a_e”
¢ _gp=b__glg,=-b__=0
g b=

The second relation follows from
d
do_

=gy %
The derivative of the scalar function u with respect to o is
d
do_

= —ape®(g" + ), — e (g + ) +ayghil_, = —aie” —aiq €,

= —aye® — as[—e®(¢" + )6 = 0.

T

a4
N TR t—+
Setting equal to

¢ =op_ ¢ +argi_ +u_ 0" +ul”

Chp = —a4e(¢" +07) — e (dy + £)

The difference equals

(4.16)

(4.17)

(ghg_p) =a5 _q_p+dia_p=—e(g" + ), +aiq__,

(4.18)

' & o "
~—u=qy, Litgh b= _E[*—’ (" + €)]€, + (ap gy +ult)e_,

(4.19)

(4.20)

gii_ — g =oge®q" + (g +e*)gy +aiq 4+ (uo + ape®) 0 +ult ek

= aseg" + (a4— + e*)g + ayr(—e®(¢" + ) + (u- + aye®)t*

= (g + )l + u_OF + ul” + e

The derivatives of (+ are

+ uf” 4 e

(4.21)
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p= f?i (e el 5a"q970%)
= —apf" + e % Pﬂaﬁqiqiqi +¢°q5,4° +¢°q+°¢° )
= —aplt + e, 5(¢°(arqf + ul’)gl + ¢ g (—e%(¢° + £°))
=—ay bl +a bt +e7® ;‘Jéq (ut®q’ — g7t

=T ﬁaaq"’{uf" Ml

9 . _ .
(2 = o= (7600795 42)

= —a_t' +e e 5(¢2a5el + 9795 + ¢qiql ) (4.22)
= —a_M+ e‘“ﬁ'“ s(@°1—e%(q° + £7))q + q"qi{(_r_q_ + vf%)

]
=g~ ijqf’{ e“L7q° + vggl’),
In
which are linear combinations of 9+ and qu. Since

ull + e = E’_QEEU‘_SQP[U(—E“EUQ‘&_ + v l®) + e*(ul’q’ — e®ql0%)] (4.23)
=e *(uv — eza)ﬁ':;msqpqifé. .
Therefore,
Qs — o = (o + %) +u_F + e (uv — ezﬂ}eﬁgaqpqifﬁ, (4.24)

which vanishes when

a;._+e =0
g=10 (4.25)
uv — e** = 0.

The equality of the derivatives g--+ and gq+--, with

d
i = do. —(a—gt +vft) = —a_4q" +a_g!, + vt +vf”
= a_+q +a_[—e*(gh ") + v 0" + offy (4.26)
G- = —[— g + )] = —a_e®(¢" + &) — e*(¢Z + &),
requires
(azgte®)gl ot Lol e =0. (4.27)
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Since
f_u _n:f;_u = ,u P a _o pd T B a pd
pEC et = o5 [v(uf® 7 e o S il |
=e" {m'.' o ]ﬁ";msqf’f“q_
And
(a—4 +e ") + vy e (uv — ega}ﬁﬁaﬁq”f”qi =0
Then

a_y +e* =0

Uy = 0

uy —e® =1

(4.28)

(4.29)

(4.30)

in accordance with the equations derived from the second derivative of the equation of motion [7].

Furthermore, the derivative of v with respect to o+ is

&

vy = f.}f]— (g—— F#)

= q__+F +gt _l=q__t,+ (a_g +vt")e,,

ng_[—.. (¢" + )], + a_q"t,,

=—a_e*(g" + u)l, —e* (¢ + ), +a_g"l, = a_¢"ty, — g L, —a_e*

=—a-g b, —a_ —e" == —a_[-€(¢" + ")), —a_e*=0.

The Liouville equation
ay_+e*=10

is derived

f d* [0y ad-a — ).

(4.31)

(4.32)

Even though the action with the WZW term is conformally invariant at the quantum level, the SL(2R)

current algebra for the components of the currents K® =Tr(T*dgg™"),
K® =Tr(T%g™'0yg),
defined by
E K2
a ) T
KN2) = )iver 97

yields the generators

1 {i b e
In=1— Y inaKEE] (4.33)
m=—0oo
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with nab being the metric on SL(2; R), of a centrally extended Virasoro algebra [7]

:
[Lm-. Lnl — (T'” T ”}Lm—;—n = E(”?a =¥ m}ﬁm+r1_{}
3k

c= ——

k—2°

(4.34)

The central charge never equals 3 for finite integer k, and it only reaches this value in the limit k — oo. It
does equal 4 when k = 8. Therefore, this model might be regarded as a description of the dynamics of
strings moving on a three-dimensional hyper surface embedded in an ambient four-dimensional space-
time.

Without the Wess-Zumino term, it is found that the potential [9] is

Via) =2 sinh a AdS;. (4.35)
The action
8= fd?:r [0rad_a — 2 sinh al. (4.36)
and the equations of motion
0,0 _a+ 2 cosh a=0. (4.37)

describe the cosh-Gordon model. The sinh-Gordon is integrable with an infinite number of conserved
charges in the classical and quantum theories [10][11][12]. Conserved charges also exist in the cosh-
Gordon model [13]. The quantization of the sinh-Gordon theory is generally given through the
renormalization group. It is renormalizable model with asymptotic freedom [14]. Therefore, the AdS3
conformal field theory may be transformed into a cosh-Gordon theory for the logarithm of the distance in

) g
the coordinates (9+9-)-

The other variables can be regarded as nondynamical, leaving a renormalizable model. Since the central
charges cannot always be arranged to equal a selected dimension, the action constructed by this method
would serve as an alternative quantum theory for the string in maximally symmetric conformally flat
manifolds such as anti-de Sitter space.

The four-dimensional anti-de Sitter manifold is a coset space SO(3, 2)/SO(3, 1) and not a group. The

WZW term can be defined for a coset space conformal field theory action [15].Given the equation for
AdS4 embedded in a five-dimensional pseudo-Euclidean space

T2 24+ W2+ X24+Y?==R? (4.40)

the Polyakov action is

.. / dr do[T? — T2 + U2 —U? — W2 - W? - X2 4+ X2 Y2 1 Y"
2 Js (4.41)

+4(-T?2-U?+W?2+X2+Y2+ R?).
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The vector gu now may be defined to be
dep Lyp 1oy 1 e 1xr
(7. LU LW, £X, 1Y).
The basis of the five-dimensional space would be

o 45008 4 0m?),

Where

_iqi :ﬂqif#: . e l.l‘-"‘q:r:‘.l
94 = 8oy ¢ = &, e” ﬂpaﬁq’”q+q . mt = eTaey 0" q1q7 ¢
With
g gy = —&%, P, = I, mPm, =1

Furthermore, the equations for the action with the constraint on the embedding space
coordinates will be

g4 £ (g¥q¥)g" = 0.

There is an extra contribution from my, since the second derivatives of qu now will be
qi L= fr+qi + uft + um#
And

Where
AT |
i =q,_ m,
And
g =g _ .
0?2 a
— "= —(a_e")
dorda— oy
a3 (o} (:j
=a_4e" +ara_e ——(j:{j_r_,_ q—u + g_,_q__'u}
o,

(q+q—uq“q“+q g—p) = —q448——p + 40—
(4.42)

=—qh g+ & —[d59-09,)

¢
do_
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=—q g+ (g _ququ + 4 q——0qu + 95 q-0q-p)
=gt q—p+ (dhg—p)? = —(agqh + ul* 4+ am*)(a—q—p + vEu + Dmy) + *°

: L oA 2 3 ~ - 20
= a40_q; g—p + w0, +ddmfm, + e = aja_e® +uv 4 id + ™.

Then

y_€® —uv — 0D + 2 = 0. (4.43)

+—

The metric on the worldsheet is transformed for AdS3 such that “¥ — L1-Now, it is necessary to use a

conformal transformation such that “* = 3and %’ — Z-. Then the equation for a is either

- —e 4+ e " =0r- —2cosh a=0. (4.44)

or
=¥

a,_+e*—e*=a,_ +2sinha=0, (4.45)

which are the equations of the sinh-Gordon and cosh-Gordon actions respectively.
5. CONCLUSION

This study of the effect of curvature on string theory includes the expansion of the string coordinates on
the Euclidean continuation of string worldsheets at higher genus, the preservation of Lorentz invariance
in the critical dimension and the invariances of the action on conformally flat space-times. Even though
there are extra terms in the series formula for the light cone coordinates, resulting from the
transformations in the uniformizing group of the surface, the coefficients of the leading terms have the
same operator form. Since the formula for the Lorentz generators remains unaltered, critical dimension D
equals 26 and the normal ordering constant is a = 1 for the bosonic string at arbitrary genus. The string
action can be formulated in curved space by replacing the metric of Minkowski space-time, nuv, by guv.
Generally, the new metric would introduce couplings between the different coordinates. However, when
the geometry is conformally flat, there will be only an overall Weyl rescaling factor. The two-dimensional
conformal field theory will continue to have the reparameterization, Weyl and a space-time symmetry.

When the curved space-time is the maximally symmetric anti-de Sitter space, the Poincare group will be
replaced by SO(D-1, 2). Nevertheless, the generators will continue to have given by an expression
proportional the sum of the orbital component and the sum over the products of creation and
annihilation operators such that the critical dimension D equals 26 and a = 1. The partition function of the
string theory may be evaluated when the curvature of the embedding space-time is considerably less than
the curvature of the Riemann surfaces representing the interactions. Then, the conformal factor Q can
be separated in the action and partition function is approximately multiplied by a scale which is a power
of Q [4].

These computations may be extended to the superstring in anti-de Sitter space and other maximally
symmetric curved space-times. The superstring coordinate and fermion fields again may be given by a
sum over the transformation of Fourier components under the elements of the uniformizing group. The
critical dimension then would continuet o be 10 and the normal ordering constant is a = 1/2 in the
Neveu-Schwarz sector anda = 0 in the Ramond sector. The invariances of the superstring action in a
conformally flat background would have additional supersymmetry, superreparameterization and super
Weyl invariances. The quantization of the superstring again would be most directly completed on space-
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times of maximal symmetry such as AdSs x S5. The proof of the consistency of the quantum theory
requires the vanishing of anomalies such as the cancellation of counterterms [5] required for the
preservation of symmetries.
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